Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "1 Algebraic
functions\1.1 Binomial products\1.1.3 General"

Test results for the 3078 problems in "1.1.3.2 (¢ x)"m (a+b x*n)*p.m"

® Problem 240: Result more than twice size of optimal antiderivative.
sz (a+bx3)3 dx

Optimal (type 1, 16leaves, 1step):

(a +b X3)4
12b
Result (type 1, 43 leaves):
a’sx3 1 1 b3 x12
+—a’bxf+—ab?x®+
3 2 3 12

® Problem 245: Result more than twice size of optimal antiderivative.

(a +b X3>3
o

Optimal (type 1, 19leaves, 1step):

i (a+bx3)4

12 a x12
Result (type 1, 43 leaves):

as aZb ab? b3

C12x12 3x% 2x6 3x3
® Problem 262: Result more than twice size of optimal antiderivative.

J-xs (a+bx3)5d1x
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Optimal (type 1, 34leaves, 3steps):

a (a+bx3)6 (a+bx3)7
- +

18 b2 21 b2
Result (type 1, 69 leaves):
a’x® 5 5 2 5 b5 x21
+—a*bx®+ —adbh?x12, —a?pd3x1, —abxi® .,
6 9 6 3 18 21

Problem 263: Result more than twice size of optimal antiderivative.
J-xz (a+bx3)5 dx

Optimal (type 1, 16leaves, 1step):

(a +bx3) 6
18 b
Result (type 1, 69 leaves):
a®*x3 5 10 5 1 b° x18
+—a*bx®+ —adb?x%+ —a?b¥x? 4+ —ab*x®® .
3 6 9 6 3 18

Problem 270: Result more than twice size of optimal antiderivative.

(a +b X3>5
—

Optimal (type 1, 19leaves, 1step):

(a+bx3) 6
 18axi®
Result (type 1, 69 leaves):

a® a*b 5a%b? 10a?b® 5abt b5

18x18 3x15  6x12  9x°  6x5  3x3

Problem 289: Result more than twice size of optimal antiderivative.
st (a+bx3)8 dx

Optimal (type 1, 53 leaves, 3steps):

a? (a+bx3)9 a (a+bx3)10 <a+bx3)11

N
27 b? 15 b3 33 b8
Result (type 1, 108 leaves):
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atx® 2 28 28 10 7 28 4 b® x32
+-a’bx2+ —a®b?xB .+ —a®p®x® . atbtx? . —ab®x®+ —aZb®x% + —ab’ x%+
9 3 15 9 3 3 27 15 33

Problem 290: Result more than twice size of optimal antiderivative.

st <a+bx3)8dlx

Optimal (type 1, 34leaves, 3steps):
a(a+bx3)g (a+bx3)1°
- +

27 b? 30 b?
Result (type 1, 108 leaves):
aéx® 8 7 56 35 8 7 8 b8 x30
+—a’bx%+ —afb?x2 s —avp3x1Py —atb*x18 . —adb i x?y —a?bbx** s —ab’ x¥ +
6 9 3 15 9 3 6 27 30

Problem 291: Result more than twice size of optimal antiderivative.

sz <a+bx3)8d1x

Optimal (type 1, 16leaves, 1step):

(a +b x3) o
27b
Result (type 1, 108 leaves):
atx3 4 28 14 14 28 4 1 b8 x27
+—a’bxf+ —a%pZx®+ —a®b3x12 s —a*bp*x® s —adp x84 —a?bbx2l s —ab’x* .
3 3 9 3 3 9 3 3 27

Problem 301: Result more than twice size of optimal antiderivative.

(a+b x3)8
—

Optimal (type 1, 19leaves, 1step):

(a+bx?) o
- 27ax?7
Result (type 1, 108 leaves):

a8 a’b 4a%b? 28ab® 14a*b* 14a3b> 28a?b® 4ab’ b8

27 x27 3 x4 3x2 9 x18 3 x15 3 x12 9 x° 3 x5 3 x3

® Problem 302: Result more than twice size of optimal antiderivative.

(a+b x3)8
— X
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Optimal (type 1, 40leaves, 3steps):

(a+bx3)° b (a+bx?)°

.
30 a x30 270 a2 x?7

Result (type 1, 108 leaves):

a8 8a’b 7a®b? 8a°b® 35a*b* 56a3b®> 7aZb® 8ab? Dbl

30x30  27x2 6 x2 3 x2t 9 x18 15 x15 3 x12 9x° 6x8
® Problem 364: Result unnecessarily involves imaginary or complex numbers.
1
Ji ax
1+a-bx3
Optimal (type 3, 124 leaves, 6 steps):
1+2b1r3x
(1+a)1/3
ArCTan[ J3 } Log[(1+a>1/3—b1/3x] Log[(1+a)2/3+(1+a)1/3b1/3x+b2/3x2}
- +
\/? (1+a)2/3 bl/3 3 (1+a)2/3 pl/3 6 (1+a>2/3 pl/3
Result (type 3, 124 leaves):
1
6 (1+a)2/3 bl/3
1. 2(—1)1/3b1’3x
+ 1/3
(-1)2/3 —2\/?ArcTan{ @) ]—2Log[<1+a)l/3+(—1)1/3b1/3x]+Log[(l+a)2/3—(—1)1/3 (L+a)3pt3x+ (-1)23p2/3 x2|
V3
|

1
Jidlx
-1+a-bx3

Optimal (type 3, 138leaves, 6 steps):

ArcTan[ El

3

Problem 366: Result unnecessarily involves imaginary or complex numbers.

} Log[(l_a>l/3+b1/3 X] Log[<1_a>2/3_ (1_a)1/3 b1/3X+b2/3 XZ}

V3 (1-a)2/3pls3 3 (1-a)2/3pl/3
Result (type 3, 124 leaves):
1

6 (-1+a)?/3pt/3

-1+
(-1)2/3 |_2+/3 ArcTan{

(-1+a)1/3

V3

2 (71)1/3 bl/3 x

+

6 (1-a)?/3pl/3

] —2Log[(—1+a)l/3+ (_1)1/3 bl/3x} +Log[(—1+a)2/3— (_1>l/3 (_1+a)1/3 b1/3X+ (_1)2/3 b2/3X2]



® Problem 376: Result unnecessarily involves imaginary or complex numbers.
Jxe rJa+bx® dx

Optimal (type 4, 275leaves, 4 steps):

48a’x+/a+bx® 6ax*+a+bxd 2
- + + “Ja+bx® +

— X
935 b2 187 b 17
2/3 _g1/3 pl/3 h2/3 x2 1-+/3 ) al’3pl3x
32x33%4/2 /3 a3 <a1/3+b1/3x) a 2 X X EIIipticF{ArcSin[( ) ] —7—4\@}/
((l+\/3_) a1/3+b1/3x)2 (1+\/?) al’3 + pl/3x

035 b7/3 al/3 (al/3 Jrb1/3 X) a+bx3

(1] a2 cbrax)”

Result (type 4, 184 leaves):

48a2x 6ax* 2x’7
Ja+bx® |- +

+
935hb2 187b 17

1

935 (-b)1/3bZ2+/a+bx3

+

_ (,1)5/6 _i(-b)tEx
(7b>l/3 X (7b)2/3 x2 al/s
EIIipticF{ArcSin[ " . (~1)1/3
3

(7b)l/3X

al/3

32]-133/4 a10/3 (_1>5/6 1+

al/3 i a2/3
® Problem 377: Result unnecessarily involves imaginary or complex numbers.
JXS a+bx® dx
Optimal (type 4, 251 leaves, 3steps):

6ax~a+bx3 +2 Wf

55b 11

1/3 , p1/3
a2/3 _ gl/3 pl/3 x , h2/3 x2 17\/3)a +bt3x

a1/3 <al/3 + bl/3 X)
55 p*4/3 rJa+bx3

((l+\/?) a1/3+b1/3x)2

4%3%34+24++/3 a2 (a1/3+b1/3x)

EllipticF[ArcSin[

, -7-44/3 /
1+\/?)a1/3+b1/3x2 (1+\/?)a1/3+b1/3x} ]

1.1.3 General.nb |5
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Result (type 4, 168 leaves):

2x+/a+bx3 (3a+5bx3) 1

+

55b 55 (-b)*4/3+/a+bx3
1/3X

5/6 1(-b)
py1/3 W 2/3 42 \/ (-1)>"° - — 55—
41’133/4a7/3\/<1>5/6 \/1+ (-b)y*°x  (-b)“°x a

EIIipticF{ArcSin[ ,(~1)1/3
® Problem 378: Result unnecessarily involves imaginary or complex numbers.

31/4
Jx/ a+bx3® dx

Optimal (type 4, 227 leaves, 2 steps):

(_b)l/S X

al/s

-1+

+
al/3 a2/3

a2/3 _ a1/3 b1/3 X + b2/3 X2

—_—
[EEN

7@) al/3 , pl/3x

2
fXA/a+bx3+ 2« 33/4 2+\/?a(a1/3+b1/3x) 2 EIIipticF{ArcSin[ ],7774\/?} /
5 ((1+\/3_) al/d ;. pl/3 (1+\/?) al/® + /3 x
al/S a1/3+b1/3x
5pl/3 ( ) . \Ja+bx®

((1+\/CT) a1/3+b1/3x)
Result (type 4, 155 leaves):
2 1
—xa+bx® +
5 5 (-b)¥3+/a+bx3

_(-1)5/6 _ 1 (-b) 3 x
(7b>1/3x (—b>1/3X (7b)2/3 X2 ) al/s
2133448 [ (L1)86 | 1, © 1+ . EIIipticF{ArcSin[ . (~1)1/3
a1/3 a1/3 a2/3 31/4

® Problem 379: Result unnecessarily involves imaginary or complex numbers.

J\/a+bx3
— dx
3

Optimal (type 4, 228 leaves, 2 steps):
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1-+/3 ) al/3 . pl/3

Va+bx® a2/3 _gl/3 pl/3 y , ph2/3 x2
I PR PRSI (a3 + b173 x) . EllipticF[ArcSin{(

, -7-443 /
2% ((1+ﬁ)a1/3+b1/3x2 (1+\/37)a1/3+b1/3x} ]

) al/3 <a1/3+b1/3 X> a+bX3
((1+\/?) a1/3+b1/3x)2

Result (type 4, 158 leaves):

Ja+bx3 1

- +

i(-b)18x
_ (_1)5/6 _ 17X

(_b>l/3x al/s

al/3

(_b>1/3x (—b)2/3X2 . . .
1+ o s EII|pt|cF[ArcS|n[ " (=118
a a 3

133/431/3b (71>5/6 1+

® Problem 380: Result unnecessarily involves imaginary or complex numbers.

J\/a+bx3
— dx
6

Optimal (type 4, 253 leaves, 3steps):

Ja+bx®  3b+ja+bxd

N
5 x° 20 a x?

a2/3 _al/3pl/3y 4 p2/3 x2 1—\/37) al/3 + p1/3 x
3%/41/2++/3 b%3 (al3+pM3x) Bl lipticF|ArcSin|

(1+\/?)a1/3+b1/3x2 (1+\/?)a1/3+b1/3x

3 3 3
20 a al® (@0 Px) rJa+hbx3
((1+\/?) a1/3+b1/3x)2

|, -7-4v3] /

Result (type 4, 173 leaves):
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1 3b

1
Ja+bxd -
20a%/3 (-b)¥3+/a+bx®

_b 1/3X
133/4 bZ\/(_1>5/6 [—l+ ( )

5x5 20ax?

i (-b)13x
_ (_1)5/6 _1(=h)7 X

(7b>1/3X (7b)2/3X2 al/s

al/s al/s a2/3 31/4

® Problem 381: Result unnecessarily involves imaginary or complex numbers.

J\/a+bx3
— dx
%)

Optimal (type 4, 277 leaves, 4 steps):

\/a+bx3 3bx/a+bx3 21b2wa+bx3

8 x8 80 a x® 320 a? x?

1+ . EIIipticF{ArcSin[ . (~1)1/3

2/3 _g1/3 pl/3 h2/3 x2 1-+/3 ) al’8 pl/3x
7x33/4“/2+\/? p8/3 (a1/3+b1/3x) a a X X EIIipticF[ArcSin[( ) }, —7—4ﬁ]/

1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x

(

a1/3 (al/3 +b1/3X>
320 a? \Ja+bx3
) ((1+ﬁ) a1/3+b1/3x)2 o

Result (type 4, 181 leaves):

1

320a2x8+/a+bx3

-40a%-52a?bx®+9ab?x®+21b3x°-

_ (71)5/6 _

i (-b)1/3x

al/s

EIIipticF{ArcSin[

-b 1/3 y -b 1/3 b 2/3 y2
7 i 33/4 gt/3 (7b)8/3 x8 {71)5/6 [1+ LJ 1+ ( ) ( )

+
a1/3 al/S a2/3

® Problem 382: Result unnecessarily involves imaginary or complex numbers.
J-x7 vJa+bx® dx

Optimal (type 4, 535 leaves, 6 steps):

31/4

N
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60 a2 x?+/a+bx3 6ax>+a+bx8 2 \/? 240 a%+/a+bx3
- + + a+nxw +

8
E— X —
1729 b2 247 b 19 1729 b8/3 ( (1 N \/?) al/3 , pl/3 X)

l—ﬁ) al’® + b3 x

a2/3 _ al/3 pl/3 x , p2/3 x2
120 x 3442 -+/3 a'?’? (al/® + b1 x) Ellipti cE{ArcSi n[

, -7-43
((1+V3) a1/3+b1/3x)2 | | /

—_—

1V ] 8t bl x

al/3 <a1/3 + bl/3 X)

b 3
(Lova] s |

1729 p8/3

80 /2 33/4 al0/3 (al/? + b1/3 x) a??-al P bt xsb?Px2 pti cF[Ar ¢Sin [M
((1+\E) al"3+b1"3xJ2 (1+\E) al/3ipl/3 x

1729 be/3 al® (a7%0%) a4 bx3

( <l+\/?) al/3.pl/3 X)Z

[, -7-4v3]

Result (type 4, 238 leaves):
1

1729 (-b)83+/a+bx3

(7b)l/3X (7b)l/3X (7b)2/3 X2
2| (-b)?? (a+bx?®) (30a*x?-21labx®-91b?x®) +40 (-1)?/33%4aM/3 | (_1)%° [-1+ + +
a1/3 a1/3 a2/3
~(-1)5/6 _ i(-b)¥x ~(-1)5/6 _ i(-b)*3¥x
al/3 al/3
ﬁEHipticE[ArcSin[ , (-1)173] 4 (—1)5/8 EIIipticF[ArcSin{ ,(-1)L/3

31/4 31/4

® Problem 383: Result unnecessarily involves imaginary or complex numbers.
Jx4\/a+bx3 dx

Optimal (type 4, 511 leaves, 5steps):
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6axZ~/a+bx3 2 \/T 24 a%+/a+bx3
—_——————— + a+DbXx" -

L5 N
91b 13 91 b5/3 ((1+ﬁ) a1/3+b1/3x)
- 7@ 1/3 , pl/3
12x3Y4~2-4/3 a’’? (al® 4+ b3 x) @t malP b bR EIIipticE{ArcSin[(l )a : X], 7774\/?} /
((1+\/?) al/3+b1/3x)2 (1+\/?) al’® + pl/3x

a:L/3 <a1/3 + bl/3 X)
91 p5/3 Ja+bxd | -

1++/3 ) al’3 4 pl3x :
[(L+vE] )

/3_1/3 pl/ / 1-4/3 ) al/3.4p1/3
g2 33/4a7/3 (al/3 + b3 x) a?3-alh 3X*b23x22 EIIipticF[ArCSin{(,)a—x], —7—4\/?}
((1+\E) al"3+b1f'3xJ (1+\E) al/3.pl/3 x
1/3 1’3+b1,’3x)
91 b5/3 2’ fa \Ja+bx3
((11»\/?) al/3+b1/3X>2
Result (type 4, 231 leaves):
| 3 2 5 1/3 1/3 2/3 2
2 a+bx (Sax +7bx ) N 1 8 (71)1/633/4a8/3 (71)5/6 1+ (_b> X (_b> X i (_b> X
91b o1 (_b)5/3 \/m a1/3 a1/3 a2/3
i (-b)1/3 i (-b)1/3
_(_1)5/6_TX _(_1)5/6_TX
_jﬁEllipticE[Arcsin[ ] (-1)1/3 +<_1>1/3E||ipticF[Arcsin[ , (-1)L/8
31/4 31/4

® Problem 384: Result unnecessarily involves imaginary or complex numbers.

Jx\/a+bx3 dx

Optimal (type 4, 487 leaves, 4 steps):
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éxz r+bx3+ 6a+a+bx3

7 p2/3 ((1+\§) a1/3+b1/3x>

2/3 _g1/3 pl/3 h2/3 x2 1-+/3 ) al’8 4 pl/3x
3x31/4“/2—ﬁa4/3 (a1/3+b1/3x) a a X X EIIipticE[ArcSin[( ) }, —7—4\/?] /
(1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x

Na+bx® |+

a1/3 (al/3 + b1/3 X)

1++/3 ] al’3 4 pl3x ?
[(1+vE) )

7 b2/3

22 3%4a%3 (al/3 .+ pt3x) a?PalBOIRXDTEXE gyt cF[Ar cSin [—(lfﬁ) BT
((1+\E) al"3+b1"3xJ2 (1+\E) al/34pl/3 x

a1/3 a1/3+b1/3 X
7 p2/3 ( L Jaibx3

( (l+\/37) al/3+pt/e X)Z

[, -7-4v3]

Result (type 4, 218 leaves):

2 1 (_b)l/3X (_b)l/3X (_b>2/3X2
—xZ2+Ja+bx® + 2 (-1)1/633/4%3 | (-1)%6 e — ot "
7 a a a
7 (-b)?3+Ja+bx?
_(_1>5/6_ i(-b)*3x _(_1)5/6_ i(-b)M3x
al/3 a1/3
_jﬁEllipticE[Arcsin[ , <_1>1/3}+<_1>1/3E||ipticF[Arcsin[ , (-1)L/8

31/4 31/4

® Problem 385: Result unnecessarily involves imaginary or complex numbers.

J\/a+bX3
——  dx
XZ

Optimal (type 4, 479 leaves, 4 steps):
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Ja+bx3 3bl3+/a+bx3

_ . _
X (1+ﬁ) al/3 + pl/3x
a2/3 _al/3pl/3y 4 p2/3 x2 1-+/3 ) al’8 pl/3x
3x3Y41/2-+/3 al’?pl/? (al/® 4 p1/3x) EllipticE|[ArcSin| |
(1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x
al/3 al/3+b1/3x
2 ( ) . Ja+bx® |+
((1+ﬁ) a1/3+b1/3x)
a2/3 _al/3pl/3y 4 p2/3 x2 1--/3 ) al’3pl3x
V2 33/4al/3pli3 (gl/3 4 pli3y) , EllipticF|ArcSin| ) [, -7-4v3] /
((1+\/3_)a1/3+b1/3x (1+\/?)a1/3+b1/3x
al/3 al/3+b1/3x
( ) . rJa+bx3
((1+ﬁ) a1/3+b1/3x)
Result (type 4, 214 leaves):
3 1/3 1/3 2/3 y2
Naibx 1 Ly g g2y | g5 [1+ (-b)13x D)X (b)?x
1/3 1/3 2/3
X (-b)22 \/a+bx3 2 a 2
-~ (-1)5/6 _ i(-b)*3x _(~1)5/6 _ i(-b)¥3x
al/’3 a1/3
_jﬁEllipticE{Arcsin[ } <_1>1/3}+<_1>1/3E||ipticF[Arcsin[ , (-1)L/3

31/4 31/4

® Problem 386: Result unnecessarily involves imaginary or complex numbers.

J\/a+bX3
———  dx
X5

Optimal (type 4, 511 leaves, 5 steps):

| -7-av3])/
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Ja+bx3 3b+a+bx3 3b43+/a+bx3

— + —

4 x4 8ax 8a((l+\/?)al/3+bl/sx)

1—\5) al’® + bl3x

82/3 _ gl/3 pl/3 y 4 h2/3 x2
3x31/4mb4/3 (a1/3+b1/3x) EIIipticE[ArcSin{

, -7-43
(1+\/?)a1/3+b1/3x)2 (1+\/?)a1/3+b1/3x} ] /

(13 ) a5 i x
<l+ﬁ) al/3.+pb1/3 x

2/3_a1/3 p1/3 y  p2/3 x2 . . .
3%/4p4/3 (al/3 .+ pt3x) |2 CRRRSLER S ElllptlcF{ArcSm{

(13 | areiptan |, -7-4v3]

al/3 (al/S Jrbl/3 X)
16 a2/3 Ja+rbx® |+

2
((l+ V'3 ) a1/3+b1/3x) al’3 (al/3:+b1/3 x)
/2 g2/3 N 3
4+/2 a® ((h . )a1/3+b1,sx)2 a+bx

Result (type 4, 231 leaves):

Ja+bx® (2a+3bx3) 1 (~b)1/3x (-b)1/3x  (~b)2/3x2
_ St N (1)1/633/4 (_p)y4/3 | (11)5/6 | 1, o . - —
ax a a a
8al/3+/a+bx3
_(_1)5/6_ i (-h)18x _(_1>5/6_ i (-b)1/8x
a1/3 a1/3
,jﬁE”ipticE[Arcsin[ S ’ (71>1/3} F(-1)18 E|IipticF[ArcSin{ a1/ , (—1)1/3

® Problem 394: Result unnecessarily involves imaginary or complex numbers.
st (a+b x3)3/2 dx

Optimal (type 4, 296 leaves, 5 steps):

432 a%x~Ja+bx® 54a?x*-la+bx? 18 2
- + Ja+bx® + —x7 (a+bx3)*? 4
23

+ ——ax’
21505 b? 4301 b 391

a2/3 _al/3 pl/3 y , ph2/3 x2 o . 1-+/3 ) al/3 1 pl/3 x
288 x3%%1/2+/3 a* (a’®+b13x) El lipticF|ArcSin|

(1+\/§)a1/3+b1/3x)2 (1+ﬁ)a1/3+b1/3x

21505b7/3 ) \Ja+bx®

((14—\/?) a1/3+b1/3x)2

|, -7-4v3| /
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Result (type 4, 195 leaves):

432a%x 54a?x* 52ax’ 2bx10
Ja+bx® |- + + +

21505b2 4301b 391 23

+

~(-1)5/6 _ i (-b)13x
(—b)l/?’X (—b)2/3X2 al/s

1+ " EIIipticF[ArcSin[ , (—1>1/3] /
al/s a2/3 31/4

(—b)l/SX

al/s

288 1 33/4 a13/3 (71>5/6 1+

(21505 (-b)y13p2~Ja+bx® ]

® Problem 395: Result unnecessarily involves imaginary or complex numbers.
st (a+b x3)3/2 dx

Optimal (type 4, 272 leaves, 4 steps):

54 a2x~/a+bx3 18 2
’ axtya+bx3® + — x4 (a+bx3)3/2—
17

"
935D 187

a2/3 _al/3 pl/3 yx 4 p2/3 x2 1 —\/?) al’3 + p1/3x
36x334/2+/3 a® (al/3+b3x) ~ EllipticF[acsin| [ -7-4v3] /
((1+ﬁ) a1/3+b1/3x) (1+ﬁ) al/3 . pl/3x
al/3 a1/3+b1/3x
935 p*/3 ( ) . Ja+bx®
( 1+\/?) a1/3+b1/3x)
Result (type 4, 178 leaves):
1
- 2| (-b)¥3 (a+bx?) (27a’x+100abx*+55b*x") -
935 (-b)*3+/a+bx3
,(,1>5/6,M
(7b)1/3X (7b)l/3X (7b}2/3 >(2 al/3
18 i 33/4 1073 | (_1)5/6 [_1+ 1+ " EllipticF[ArcSin{ , (-1)L/3
a1/3 al/3 a2/3 31/4
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® Problem 396: Result unnecessarily involves imaginary or complex numbers.
J(a+bx3)3/2 dx

Optimal (type 4, 246 leaves, 3steps):

18 2
—ax~/a+bx® + —x (a+bx3)3/2+

55 11

a2/3 _ gl/3 pl/3 x . p2/3 2 o . 1-+3 ) al/3 + pl/3 x
18 x3%41/2++/3 a® (al®+ b3 x) ElllptlcF{ArcSm[

((1+ﬁ)a1/3+bl/sxz (1+ﬁ)a1/3+b1/3x

[, -7-4v3] /

al’? (al/? 1 bl/3x)

((1+\/?) a1/3+b1/3x)2

55 bl/3

rJa+hbx3

Result (type 4, 166 leaves):

28ax 2bx* 1
rJa+bx® + +
2> 1 55 (-b)¥3+ja+bx3
S (-1)5/6 - DX
(—b)1/3X (fb)1/3X (7b>2/3X2 al/s
18 3%4a7/3 | (-1)56 |14~ " 1+ + EIIipticF[ArcSin{ , (-1)L/3
a1/3 a1/3 a2/3 31/4

® Problem 397: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2
73d1x
X

Optimal (type 4, 246 leaves, 3steps):

3/2

9 a+bx®
—bx+a+bx® —!+

10 2x?

2/3 _ g1/3 h1/3 y , h2/3 x2 1-+/3)al’8;plex
9X33/44/2+\/? ab2/3 (a1/3+bl/3x> a a X X EIIipticF[ArcSin[( ) } —7—4\/3_] /
(1+\/?)a1/3+b1/3x2 (1+\/?)a1/3+b1/3x
al’3 (al/3 1 p1/3 )

10 . rJa+bx3

((1+\/§) a1/3+b1/3x)

Result (type 4, 167 leaves):
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a 2bx
+

2 x2 5

1
VJa+rbxd o+
10 (-b)18+/a+bx3
1,’3X

i (-b)
\/l (7b>1/3X <7b)2/3X2 \/_<_1)5/6_ al/s
+

(7b>1/3X

al/s

-1+

EIIipticF{ArcSin[ o L (-3
3

+
al/s a2/3

9133/4a4/3b\/(_1>5/6
® Problem 398: Result unnecessarily involves imaginary or complex numbers.

J\(a+bx3)3/2
76d1x
X

Optimal (type 4, 247 leaves, 3steps):

9b+Ja+bx3 (a+bx®)®?

- +

20 x2 5 x5

a2/3 _al/3 pl/3 x 4 p2/3 %2
9x3%34/2 /3 b5/3 (al/s +b1/3x) J Ellipti cF[ArCSi n[ (

L-V3 ) al o piax

, -7-44/3 /
(1+\/?)a1/3+b1/3x2 (1+\/?)al/3+bl/3x} ]

a1/3 al/3 + b1/3 X
20 ( ) \Ja+hbx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 167 leaves):

rJa+bx3 (4a+13bx3) 1

- +

5
20 x 20+/a+bx3

(_b)l/3X

al/3

-1+

_(-1)5/6 _ 1(b)1Bx
\/1 (_b)l/SX (_b>2/3 X2 \/ ( 1) al/3
+

EllipticF[ArcSin[ " , (~1)13
3

+
al/S a2/3

9 i 33/4a1/3 (b)5/3\/(1)5/6

® Problem 399: Result unnecessarily involves imaginary or complex numbers.
Jx7 (a+b x3)3/2 dx

Optimal (type 4, 556 leaves, 7 steps):
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108a%x2+/a+bx® 54a?x®+/a+bx? 18 432 a*+/a+bx3 2 32
- + + ax8+a+bx® + -

+—x8 (a+bx?)
8645 b? 6175b 475 8645 h8/3 ( (1 + \/37) al/’ L pl/3 X) 25

1/3 . pl/3
a2/3 _ ql/3 pl/3 x | p2/3 x2 l—\/3)a +b1t/3x

216 x 31/4 1/27\/37 al3/3 (a1/3+b1/3 X)
((l+\/?) al/?’erl/SX)2

EIIipticE{ArcSin[

Al

—_—

1V ] 8t bl x

al/3 <a1/3 + bl/3 X)

8645 b8/3 . Ja+bxd |+
((1+\/?) a1/3+b1/3x)
a2/3 _al/3pl/3y 4 p2/3 x2 1-+/3 ) al’8pl/3x
144 /2 3%/%a13/3 (al/3 . p1/3 ) - EllipticF|ArcSin| ) | -7-4V3] /
(1+\/?)a1/3+b1/3x) (1+\/3_)a1/3+b1/3x
al/3 a1/3+bl/3x
8645 h8/3 < ) . rJa+bx3
((1+\/?) a1/3+b1/3x)
Result (type 4, 253 leaves):
2x2+/a+bx3 (—270a3+189a2bx3+2548ab2x6+1729b3x9)
N
43225 b2
1 b 1/3X b 1/3X b 2/3X2
144 (_1)1/6 33/4 a14/3 (_1)5/6 [_1+ ( 13 J ¥ ( 13 i ( )2/3
/ /
8645 (-b)8/3+/a+bx3 a a a
7(71>5/67 i(-b)13x 7(71>5/67 i(-b)13x
al/3 al/3
. S : _14,1/3 _14,1/3 0t ; _1y1/8
lﬁElluptucE[Arcsun[ o ] (-1) }( 1) ElluptlcF[Arcsln{ o ,(-1)

® Problem 400: Result unnecessarily involves imaginary or complex numbers.
Jx“ (a+bx3)3/2 dx

Optimal (type 4, 532 leaves, 6 steps):
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54 a? x2+/a+bx3 18 216 a%+/a+bx3 2 32
+—ax®+ya+bx® - + —x° (a+bx3) +
1729 b 247 1729 b5/3 ((1 . \/37) al/3 , pl/3 X) 19

l—ﬁ) al’® + b3 x

a2/3 _ gl/3 pl/3 yx . p2/3 x2
108 x 3142 - /3 al%? (a3 pl/3x) El i pticE[ArcSin|

, -7-43
((1+V3) a1/3+b1/3x)2 | | /

—_—

1V ] 8t bl x

al/3 <a1/3 + bl/3 X)

Va+bx® | -
(Lo as e

1729 b5/3

72 /2 33/4 g10/3 (al/? + b1/3 x) a??-al P bt xsb?Px2 pti cF[Ar ¢Sin [M
((1+\E) al"3+b1"3xJ2 (1+\E) al/3ipl/3 x

1729 bS/3 al® (a7%0%) a4 bx3

( <l+\/?) al/3.pl/3 X)Z

[, -7-4v3]

Result (type 4, 238 leaves):
1

1729 (-b)5/3+/a+bx3

+

(7b)1/3x (7b)1/3x (7b)2/3 X2
2| (-b)?? (a+bx?®) (27a*x?+154abx®>+91b*x®) +36 (-1)2/33%/4alt/3 [ (-1)/° (-1+ ] 1

+
al/s al/s a2/3

5/6 i(-b)?3x 5/6  i(-b)?3x
e R e

ﬁEHipticE[ArcSin[ (-1)L3 +(—1)5/6EllipticF[ArcSin{ ,(-1)L/3

31/4 31/4

® Problem 401: Result unnecessarily involves imaginary or complex numbers.
Jx (a+b x3)3/2 dx

Optimal (type 4, 508 leaves, 5 steps):
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18 54 a2 4/ b x3 2
Ja+bx® o+ 2 arbx )3/2—

—ax? +—x% (a+bx?
91 91 ph2/3 ((1+\§ a1/3+b1/3x> 13
a2/3 _al/3pl/3 y 4 p2/3 x2 1-+/3 ) al’3+pl3x
27 %342 -+/3 a7’ (al/? 4 b3 x) El i pticE[ArcSin| ) [, -7-4v3] /
1 \/_ al’s  pl3x)’ (1+\/?) al/3 4+ bl/3 x
al/3 a1/3+bl/3x
91 b?/3 < \a
((1+\/?) a1/3+b1/3x)
/3_a1/3 pi/ / 1-/3 ) al/3.:pt/3
18 /2 33/4 a7/3 (al/3 + b1/3 x) a’3-alb 3’“"2”22 EII|pt|cF[ArcS|n[H#}, —7—4\/3_]
((l+ﬁ)a1"3+b1"3x) (1+F) al/3.pl/3 x
2/3 a1/3 (a1/3+b1/3x) 3
S () smen) VETEX
Result (type 4, 229 leaves):
2 5 1/3 1/3 2/3 2
Jasbx® 32ax” 2bx?) ! 18 (-1)1/633/498/3 | (_1)5/6 |_1 . =bTx (b)TxEbTX
91 13 o1 (_b>2/3\/m a1/3 a1/3 a2/3
_(-1)5/6 _ i(-h)*3x ~(-1)5/6 _ i(-b)¥3x
al/’3 a1/3
_jﬁEllipticE[Arcsin[ ] (-1)1/3 +<_1>1/3E||ipticF[Arcsin[ , (-1)L/8
31/4 31/4

® Problem 402: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2
72d1x
X

Optimal (type 4, 504 leaves, 5 steps):
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\/T 27 ab'/3+/a+bx?
a+bx” +

7 ((1+\/37) a1/3+b1/3x)

9 (a+bx3)%?
— DX
-

X

l—ﬁ) al’® + b3 x

a2/3 _ al/3 pl/3 x 4 h2/3 x2
27x 342 /3 a%?pl/? (al/3 1 bl x) ~ EllipticE[arcSin| [, -7-4v3] /
\ ((1+\/3_)a1/3+b1/3x (1+\/?)al/3+bl/3x
al’s (al/3 , pl/3 x
14 ( ) 2 Ja+bxd |+
((1+\/?) a1/3+b1/3x)
a2/3 _al/3pl/3y 4 p2/3 x2 1-+/3 ) al’3pl3x
9+/2 334a%3pl/3 (al/3 + p13x) , EIIipticF{ArcSin[( ) [, -7-4v3] /
((1+\/3_)a1/3+b1/3x (1+\/?)a1/3+b1/3x
al/3 (al/3 , pl/3 x
7 ( ) . \Ja+bx3
((1+ﬁ) a1/3+b1/3x)
Result (type 4, 228 leaves):
a 2bx? 1 (-b)1/3x (-b)13x  (~b)2/3x2
-— Ja+bx?® + 9 (-1)1/63%4a%3p | (-1)%6 |1+ " 1+ " "
x 7 7 (-b)23/a+bx3 a a a
-~ (-1)5/6 _ i(-b)*3x _(~1)5/6 _ i(-b)¥3x
al/3 a1/3
. S ' _14y1/3 _14y1/3 i nti ; _1)13
Jl\/?EHIptICE{AI’CSIn[ Yy } (-1) +(-1) ElllptlcF[ArcSm{ 314 , (-1)

® Problem 403: Result unnecessarily involves imaginary or complex numbers.

J

Optimal (type 4, 505 leaves, 5 steps):

(a+bx3)3/2

dx
x5
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9b+/a+bx3 27b%3\/a+bx? (a+bx3)%?

— + — —

8 x 8((1+\E)a1/3+b1/3x> 4 x4

1/3 . pl/3
a2/3 _ ql/3 pl/3 x | p2/3 x2 l—\/3)a +b1t/3x

27 x 31/4 A [2 _ \/? al/3 p4/3 <a1/3 L pl/3 X)

EIIipticE{ArcSin[

. -7-443
((l+\/?) z’:’ll/?’erl/SX)2 (1+\/?) a1/3+b1/3x] } /

2/3_41/3 pl/3 2/3 y2 . . . 1-+/3 | al/3+b13 x
9 x 33/4al/3 p#/2 (al/3 4 pl/3 x) atP-all? b P x+bB X ElllptlcF{ArcSm[#},
(l+\/3 ]a1"3+b1"3x

. ~7-4+/3
((1+\/?) al/34pl/3 x) ]

al/d (al/3 4 pl/3 x
16 ( ) Ja+bx® |+

2
((l +V3 ) al/3 4 pt/3 X) al’3 (al/3:+b1/3 x)
v 5 / 3
4z ([173 ) a1 x)° arbx

Result (type 4, 228 leaves):

Ja+bx® (2a+11bx3) 1 (-b)1/3x (-b)1/3x  (~b)2/3x2
_ ’ + 9 (71)1/6 33/4 a2/3 (7b)4/3 (71)5/6 (1 N s . " N s
8x 8+/a+bx3 a a a
i(-b)1/3 i (-b)1/3
_(—l)S/G_TX _(_1)5/6_ e X
qﬁEllipticE[Arcsin[ , (-1)18 +(71)1/3EllipticF[ArcSin{ , (-1)L/3
31/4 31/4

® Problem 411: Result unnecessarily involves imaginary or complex numbers.

XG
——F—  dx
\Ja+bx3

Optimal (type 4, 254 leaves, 3steps):

(Lﬁ) al/3.pl/3x
(1+\/37> al/8.ipl/3 x

|, -7-4v3|

321/2++/3 a? (al/?.pt3x) | LIXDIC gy pticFArcSin

2
l6ax W 2 x4 W ((1+\/:T) a1/3+b1/3x)
_ . .
> b2 o 1/3 (g1/3,p1/3
55 3Lap7/s | AEENT o pxs

( (1+\/37) al/3.pl/3 X)

Result (type 4, 174 leaves):
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l6ax 2x*
Ja+bx® |- +

55b%2 11b

+

5/6 i (-b)'3x
,(,1) -

(_b)l/S X
7 EIIipticF{ArcSin[ o , (—1>1/3] /
3

al/s

(—b)l/SX (—b)2/3X2

+
al/3 a2/3

32ia’?® | (-1)%% -1+

(55x3l/4 (“b)13b2+/a+ b x3 )

® Problem 412: Result unnecessarily involves imaginary or complex numbers.

%3
——F  dx
\Ja+bx3

Optimal (type 4, 230 leaves, 2steps):

2/3_41/3 pl/ 2/3 y2 /3 ) al/3,pl/3
472443 a(a1/3+b1/3x)Jaga3“x*b o EIIipticF[ArcSin{—(l R "] -7-4v3 ]

<(1+\5) a1'3+b1’3x)2 (1+\E) al/34pl/3 x

2x+/a+bx3

5b
5 3274 i’ J ey

1+ﬁ) al/34pl/3 X)z

Result (type 4, 158 leaves):

2x~/a+bx3 1

+

5b 5 %314 (_p)y43+/a+bx3

- (-1)5/6 - LCBIEX

(7b}1/3X (7b)2/3 X2 al/s
EIIiptiCF{ArcSin[ — . (-1)1/3
3

(7b}l/3 X

4]-la4/3 (_1>5/6
al/s

-1+

+
al/s a2/3

® Problem 413: Result unnecessarily involves imaginary or complex numbers.

1
— dx
Jxla+bx3

Optimal (type 4, 207 leaves, 1step):
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(1—r) al’3,pl/3 x

B Py
(1 ﬁ)a13+b13x

21243 (al? . bl3x) ??fﬁff“”*““ji HlipticFPvCSin{
1+V3 | al’3+p1/3 x

a1/3 a1/3+b1/3 X
31/4 y1/3 ( ) la+bx3

((1+V3 ) ar/a.prsa x)z

|, -7-4v3]

Result (type 4, 136 leaves):

1 (_b)l/SX (_b)l/SX (—b)2/3X2

2ial® | (-1)%° |14 — R s HlimichvCan[ " , (-1)Le
/ 3
31/4 (—b)l/?’ a+bx3 a a a
® Problem 414: Result unnecessarily involves imaginary or complex numbers.
1
J LR
x3+/a+bx3
Optimal (type 4, 234 leaves, 2steps):
/2 . \/? b2/3 (31/3 L pl/e X) e’12/3,;,11,3b1/3>(+b2/3><22 Elli pti CF{AI’CSi n[M}’ -7 -4 \/?}
W ((1+V3 ) at2+b13x) (144/37) at2ubtox
N
© 2ax? 5 e al’® (al/3.p1/3x) \/T
X a a+bX
((l*\/?] al'3+b1’3x)2
Result (type 4, 161 leaves):
_(_1)5/6 _ i (-b)1/8x
Ala+bx3 (fb)1/3X (fb)1/3X (7b)2/3X2 . ) ) ( ) al/s
~ “lib | (-1)58 -1+ 1+ + ElllpthF[ArCSIn[ ) (—1>l/3} /
2 ax2 al/S al/3 a2/3 31/4

(2X31/4a2/3 (_b)1/3 /a+bx3 ]

® Problem 415: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x8~/fa+bx3

Optimal (type 4, 256 leaves, 3steps):
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/ /3_a1/3 p1/ / 1-V/3 | al/3.b1/3
7 2+\/3— b5/3 (a1/3+b1/3x> az3,a13b13x+b23x22 ElllpthF{ArCS|n[H#}v ,7,4'\/?}
Jaiox 7ofaroe (1075 a2 002 o) s
+
- + +
5ax® 20 a? x? 18 (atpiax) Ji
20 x 3174 a2 G Gt a+bx8
((1+V3 ) araptax)®
Result (type 4, 170 leaves):
1
-12a%?+9abx3+21b%x6 +
60 a?x%+/a+bx3
i (-h)13x
(-b)1/3 x (-b)13x  (~b)2/3x2 - (-1 as
713%49L/3 (_p)5/3 x5 <1>W6[1+] 1+ . aliptichchin[ . (~1)1/8
a1/3 a1/3 a2/3 31/4
® Problem 416: Result unnecessarily involves imaginary or complex numbers.
X7
—— dx
rJa+bx3
Optimal (type 4, 514 leaves, 5 steps):
20ax?+Ja+bx® 2x%+/a+bx3 80a%+/a+hbx3
_ N N _
91 b2 13 b 91 b8/3 ( 1+ \/?) al/3 L pl/3 X)
a2/3 _al/3 pl/3 x 4 p2/3 2 1-+/3 ) al’3pl3x
40 x 31412 -/3 a7’ (al/3 4 b3 x) - alimicqmman[ ) ],7774v3ﬁ /
((l+\/§) a1/3+b1/3x) (l+\/§) al/s + p1/3x

(1—r) al/8ipt/e x
(l+\/37) al/34pl/3 x

802 a7’ (al/? + bl/3x) TE/S’;‘f)bf:*?Z: X)ZZ Ellipti cF[Ar cSi n[
1+V3 | al’3+bl/3x

[, -7-4v3]

o1 b5 al’? (al/? + b3 x) — .

2
((1 /3 ) al/d , pl/3 X) al’3 (al/3,b1/3 x)
1/4 KBL8/3 3
91 x3Y%Db ((1+ = )a1/3+b1/3x>2 \a+bx

Result (type 4, 228 leaves):
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1 (—b)l/SX (—b)l/SX (7b)2/3 X2
- 2|3 (-b)?3 (a+bx3) (10ax?-7bx°) +40 (-1)2/33%/4a%3 | (-1)°° -1+173 + . "
273 (-b)83 +/a+ b x3 at/ at/ a?/
i (-b)l/3 i (-b)1/3
- (-1)%6 - L R
ﬁEllipticE[ArcSin[ , (~1)13] 4 (—1)5/8 EllipticF[ArcSin[ , (~1)13
31/4 31/4

® Problem 417: Result unnecessarily involves imaginary or complex numbers.

X4
——FF  dx
\Ja+bx3

Optimal (type 4, 490 leaves, 4 steps):

2x2+/a+bx3 8a+/a+bx3

7b _7b5/3((1+\/3_)a1/3+b1/3x)

+

a2/3 _al/3 pl/3 y , p2/3 x2 o . 1-+/3 ) al/3 pl/3 x
4x3Y4~2-/3 a*3 (al/3 . M3 x) El lipticE|[ArcSin|

(1+ﬁ)a”3+b1/3x)2 (1+ﬁ)a1/3+b1/3x

|, -7-4v3| /

(1—r) al/3.pl/3 x
(13 ) at2bt 2 x

82 a¥/? (al/? (/3| | FATOTICOIIC gy gt cF[Ar cSin {

i [, -7-4v3]
((1”@) a1’3+b1’3x]

al/3 al/3 +b1/3x

7 b%/3 ( ) ; Ja+bxd | -
1/3 1/3

( 1+\/3)a/ + b/ x) 7X31/4b5/3\/((a1/3<a1/3+b1,3x) Ja-bx®

l+\/?) al/8ipl/3 X)z

Result (type 4, 221 leaves):

2x%2+/a+bx3 1

+

8 (_1)1/6 a5/3\/(_1>5/6 [_1+ e
b 7 <34 (_b)%3+Ja+bx3 a

(7b>1/3x

) (—b)1/3x (7b)2/3X2
- al/s i a2/3

5/6 1(-b)'3x 5/6 1(-b)'¥x
B Ay v B Ay v

}, <_1>1/3}+<_1>1/3 EIIipticF[ArcSin{ " . (-1)1/8
3

_jvs_EllipticE{Arcsin[ "
3
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® Problem 418: Result unnecessarily involves imaginary or complex numbers.

X
——  dx
J*w/a+bX3

Optimal (type 4, 462 leaves, 3steps):

2~/a+bx3

p2/3 ((1+ﬁ) a1/3+b1/3x)

a2/3 _gl/3 pl/3 x 4 p2/3 x2
314/2-+/3 al/® (al/? . b3 x) EllipticE|[ArcSin|
( 1+\/?) a1/3+b1/3x)2 (1+“/3)a1/3+b1/3x

1-V3 ) at bt

| 7eav]|/

(17\/?) al/3:pl/3x
(1+ﬁ) al/3ipl/3 x

[, -7-4v3]

2+/2 al/? (al/? 1 b3 x) \/ ?iefﬁ)blf:ff TZ Ellipti cF[Ar cSi n[
1+v3 | al’3+bt/3x

ba al/3 (al/S + bl/3 X>
b /

N b 3
((1+\/?) a1/3+b1/3x)2 T ’ 1/3 (41/3,p1/3
31/4 b2/3\/ ((a (al2+b1 x) la+b x3

l+ﬁ) al/3pl/3 X)Z

Result (type 4, 197 leaves):

1 _b 1/3X
2 (71>l/6 32/3\/(1)5/6 (1+ ( )

1/3
31/4 (_p)2/3 la+bx3 a

L (_b)l/3x (_b>2/3 x?2
i al/3 i a2/3
_(_1>5/6_]‘l(’b>1/3>< _<_1)5/6_ﬁ(’b)1/3x

al,’3 a1/3

], <_1>1/3]+<_1>1/3E||ipticF[ArcSin[ " , (~1)18
3

~i+/3 EIIipticE[ArcSin{ —
3

® Problem 419: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x2~fa+bx3

Optimal (type 4, 484 leaves, 4 steps):
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Ja+bx3 bl/3+/a+bx3

— + —

ax a((l+ﬁ a1/3+b1/3x)

1—\5) al’® + b3 x

a2/3 _ ql/3 pl/3 x 4 p2/3 x2
31/4 m pl/3 (a1/3 +pl/3 x) Ellipti cE[ArcSi n{ (

, -7-443
((l+\/?) a1/3+b1/3x)2 (1+\/?> a1/3+b1/3x} ] /

(173 | a2 x

2 bl/3 (al/3 4 bl x) a*P-al BB bR EXE gy gy cF[Ar cSi n[
((l+\§) a1/3+b1/3x)2

a1/3 a1/3+b1’3x
31/4 52/3 ( ) [a+bx3

((1+\/?) al/s.pt/s X)z

R

al/3 (al/3+bl/3 X>
2 2/3 b 3
S (pevE e |

Result (type 4, 217 leaves):

NJa+bx3

-+
ax

5/6 i (*b)1/3><
A

1+ " ﬂiﬁEllipticE[ArcSin{ N SR RN R

al/3 31/4

_b 1/3X -b 1/3X -b 2/3 x2
L1 | (L1y50e [1+ (-b) J (-b) (-b)
al/s a2/3

5,6 1 (-b)¥3x
- -1y

EllipticF[ArcSin[ , (71)1/3] /[31/4a1/3 (7b)2/3x/a+bx3)

31/4

® Problem 420: Result unnecessarily involves imaginary or complex numbers.

1
——F  dx
x5+/a+bx3

Optimal (type 4, 514 leaves, 5steps):
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Ja+bx3 5b+/a+bx3 5b43+/a+bx3

- + - +

4axt 8a?x 8a2((l+\/?)al/3+bl/sx)

— f,\/g* Lo (a1/3+b1/3x> a2/3 _ ql/3 pl/3 x 4 p2/3 x2 Bt CE[ArCSi n{ (1—\/37) a1/3+b1/3x}’ 7774\@] /
(1+\/?)a1/3+b1/3x)2 (1+\/3_)a1/3+b1/3x

2/3_41/3 y1/3 2/3 32 1-/3 | al/3:b1/3
5b%/3 (al/® 4 pl/3x) | EEEXBIC gyt oF[ArcS] n{u} -7-443 |
(1 V3 ) al/®ipt/3x <1+\/?) al/3.pl/3 x
al/s <a1/3 +b1/3x) ( " ) * )
16 a5/ Ja+bx® |-
2
((1+\/?) al/3 , pl/3 X) al/® (al/3,pl/3
1/4 45/3 (al2+b2% x) 3
4+/2 3144 e \Ja+bx
Result (type 4, 231 leaves):
\Ja+bx® (-2a+5bx3) 1 (-b)1/3 x (-b)13x  (_b)2/3x2
_ 5 (71>1/6 (7b)4/3 (71>5/6 1y + +
8 a2 X4 al/3 al/3 a2/3
8«34 a%3/a+bx3
i(-b)1/3 i (-b)1/3
_(_1)5/6_TX _(_1>5/6_TX
,jﬁE”ipticE[Arcsin[ S ] (-1)1/3 +(71)1/3E|IipticF[ArcSin{ a1/ ] (-1)13
® Problem 428: Result unnecessarily involves imaginary or complex numbers.
XG
———dXx
(a+bx3)3/2
Optimal (type 4, 251 leaves, 3steps):
/ / / / 1-4/3 ) al/3.+pl/3
321/2++/3 a (al’®+bl3x) PEABDIEXDEX gyt cF{ArcSi n[W#} —7—4\@}
(1+ﬁ) al/3:pl/3 x

2 x4 16x /a+bx3 ([2/3) amepox)?

— + —

/ 15 b?
3b a+bx3 1/3 (g1/3,pl/3
: 15 3taprs | AR o ks

( (l+\§) al/8pt/3 X)z

Result (type 4, 161 leaves):



1

45 (-b)"3+/a+bx®

6 (-b)*3x (8a+3bx3) -

i (—b)1/3X

_ (_1)5/6 _ 6‘17/3

EIIipticF{ArcSin[ ” , (~1)1/8
3

-1+

(_b>1/3XJ \/1 (—b>1/3X (—b)2/3X2
_ +

+
al/3 a2/3

al/3

321 33/4 a.4/3 \/ (71>5/6

® Problem 429: Result unnecessarily involves imaginary or complex numbers.

X3
_——d
J(a+bx3)3/2 "

Optimal (type 4, 229 leaves, 2 steps):

P , P , ,\/* 1/3,pl/3
a\2V/3 (atF bty [ EEEERECYIC gy py i oF [Arcs n[w} 7443 ]
((l+\/37) al"3+b1/3)<)2 (1+\E> al/3+pl/3 x

/ 3 s s 1)
3b+/a+bx 3x31/4b4/3\/,(a13<a13+b 2 x) W
(

1:/3 ) aleblax )

Result (type 4, 151 leaves):
1

9 (-b)43+/a+bx3

_(-1)5/6_ i (-h)13x
(7b)l/3X <7b)l/3x (fb)2/3X2 al/s
1+ 31/4

6 (—b)l/SX—4j33/4al/3\/(—1)5/6 [_1+

+
al/s al/s a2/3

® Problem 430: Result unnecessarily involves imaginary or complex numbers.

71 d
(a+bx3)3/2 g

Optimal (type 4, 232 leaves, 2steps):
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EIIipticF{ArcSin[ . (~1)18
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(1—r) al/3ipl/3 x

(l+\/?) al/8+pl/3 x

2/2++/3 (al/®.plix) | EEAEOTLCOIIC gy gy cF[ArcSi n {

(173 | @t | -7-4v3]

2 X

+

3a+a+bx3 al/3 (al/3,pl/3 x
' 3x31/4apis3 L) Jasbx®

((1+37) av3.prr2 x)z

Result (type 4, 154 leaves):
1

9a (-b)y3+/a+bx3

i (-b)l/3
1/3 1/3 2/3 o2 - (-1)se - bl)/s :
(-b)*"°x (-b)y3x  (-b)2/3x a
- 1+ + EllipticF|ArcSin , (-3
31/4

6 <_b>l/3x +2133/43L/3 <_1>5/6 [_1+

al/s al/s a2/3

® Problem 431: Result unnecessarily involves imaginary or complex numbers.

J 1
——— dXx
x3 (a+bx3)3/2

Optimal (type 4, 255 leaves, 3steps):

(17 ) et x
(1+ﬁ) al/34pl/3 x

7 \/T V3 b3 (al/3 pty) [ HEAEEEBHTNE gy cF[Ar cSi n[

2 7 \/m <(1+\5) al’3+b1/3x)2

/ 6 a2 x?
3ax?+/a+bx3 al/3 (al/3,pl/3
6 x 31/4 a2 @) Jabxe

1+/3 | al/3+b1/3 x z
((1+v3)

| 7]

Result (type 4, 170leaves):

1

18a2 (-b)3x2+/a+bx3

-3 (-b)13 (3a+7hbx?) -

i (-b)1/3
1 273 2 S (-1)Se -
(-b)¥°x  (-b)“°x S ) é
1+ + ElllptlcF[Arcsln{ , (-3
al/3 a2/3 31/4

(7b)1/3x

a1/3

7]133/4al/3bX2 (_1)5/6 (_1+
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® Problem 432: Result unnecessarily involves imaginary or complex numbers.

1

—————dXx

x6 (a+bx3)3/2
Optimal (type 4, 277 leaves, 4 steps):

2 13+/a+bx® 9lb+a+bx8
- + +
2 5 3 y2

3axs /a+bx3 15ax 60 a° x

2/3 _ 41/3 b1/3 b2/3 2
9123 b3 (als . piex) | 2 ey El i pticF[ArcSin|
((1+ﬁ) a1/3+b1/3x)2 (1+\/§) al/3 , pl/3

1-+/3 ] al/ b3 x

|, -7-4v3] /

1/3 (g1/3 , pl/3
60 x 31/4 a3 il d ; rJa+hbx3
((14—\/?) a1/3+b1/3x)

Result (type 4, 183 leaves):

(_b)1/3x
3 (-b)*% (-12a*+39abx®+91b*x%) +9113%%al/3p? XSJ (-1)%/8 [1+ 7]

al/3

_b 1/3 ¢ b 2/3 y2 al/3
\/1+ b , P EllipticF[ArcSin{ , <_1)1/3] / [180a3 (—b)l/sxsx/a+bx3]

al/3 a2/3 31/4

® Problem 433: Result unnecessarily involves imaginary or complex numbers.

X7
—d
J(a+bx3)3/2 i

Optimal (type 4, 511 leaves, 5steps):
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22 20x%\[a+bx® 80a-Jabx®
- + _
SbW 21 b2 21b8/3((l+\/?) a1/3+b1/3x)

+

—_—
=

7@) al/3 , pl/3 x

a2/3 _ gl/3 pl/3 x . p2/3 x2
402 -+/3 a*® (al/® . b'3x) El i pticE[ArcSin|

. -7-43
((1+\/3_)a1/3+b1/3x)2 (1+\/?)al/3+b1/3x] } /

al/’3 (al/3 L pl/3x
7 x 334 p8/3 S ) ~ as+bx® |-
((1+\/3 ) a1/3+b1/3x)

(17\/37) al/3,pl/3x
(103 ) 2o

802 a*® (al/3  bl/3 x| FZG’?S;T:*‘ZZ: X)zz Ellipti cF{Ar cSi n[
1+V/3 | al/3+bl/3x

a1/3 a1/3 bl/3x
21 x 3174 p8/3 (at3+ ) [a+bx3

(13 ) areebrox)?

|, -7-4v3|

Result (type 4, 221 leaves):

1 (7b)1/3x (—b)l/SX (7b)2/3 X2
23 (-b)?3x* (10a+3bx3) +40 (-1)2/33%4a%3% [ (-1)%° |14+ ———— + +
63 (7b>8/3\/m al/3 al/3 a2/3
_(-1)5/6 _ i(-b)t3x ~(-1)5/6 - i(-b)3x
a1/3 a1/3
ﬁEllipticE[ArcSin[ , (~1)1/8 +(71)5/6EllipticF{ArcSin[ , (~1)1/8
31/4 31/4

® Problem 434: Result unnecessarily involves imaginary or complex numbers.

X4
—d
J(a+bx3)3/2 "

Optimal (type 4, 487 leaves, 4 steps):



2 x2 8+/a+bx3
+
3barbes 307 ([14V3)ars biax]

/ / / / *\/7 1/3,pl/3
47243 al/3 (al/ . pt3x) [ EEEIXVIC g pticE|ArcS n[w} -7-443 ]
(<l+\/?) .5\1’34-b1’3><)2 (1+\/3_) al/3.p1/3 x
1/3 1/3 1/3
33/4 p5/3 al’® (al/+b1 x) la+bx3
((1+\/3_> a1/3+b1/3x)2 ’
, , , , /3 ) al/dplss
82 al/d (al/3 . plox) | LA IDUDIDC g pticF[ArcSin {“s)a—bx] -7-4+3
(l+ﬁ) al/3.pl/3 x

(1443 ) al/3:b1/3 x 2
(13 )

al,’3 al,’3+bl’3x
3 31/4 p5/3 ( ) ! [a+bx3

((1+ﬁ) al/34pl/3 X)

Result (type 4, 216 leaves):

(_1>5/6 (_al/3+ (_b)1/3 X) (_b)l/3X

(—b)2/3 X2

2 73X2+1/ (7b)2/34 (71>1/6 33/4 a2/3

1
_ +

1/3 1/3
9b~/a+bx3 a a

5/6 1 (-b)¥3x
- (-1 v

a2/3

1/3 X

_(-1)5/6 _ LCb)TX

31/3

—Ji\/?EIIipticE[ArcSin[ , (-1)L/3 +<_1>1/3E||ipticF[Arcsin{

31/4

® Problem 435: Result unnecessarily involves imaginary or complex numbers.

X
—_—d
(a+bx3)3/2 g

Optimal (type 4, 489 leaves, 4 steps):

31/4
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, <_1)l/3
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/ / / / /3 ) al/3.pls3
23 (al/3.pi3y) |EAlpcb EIIipticE[ArcSin“l J ae-bix

3 ) araprax)® (173 ) at2:b12 x
2 x? 2+a+hbxd (2

[, -7-4v3]

- +

3 3ab?3 ((1++v3]alt?+pl3x s 1s b1
3a+/a+bx (( + ) * ) 33/4 42/3 2/3 al’® (at:+bix) [a+bx3

’l+\g al/8ipl/3 x
(/3] )

22 (a1/3 +b1/3 X) a®®-alP bl x bt R X! Ellipti cF[Ar cSin [M
((1+\E) a1’3+b1’3x)2 (1+ﬁ) al/3.ipt/3x

al/3 (al/3.pl/3 x
3 x 31/4 a2/3 p2/3 ( L Ja+bx3

((l*ﬁ) al/3pl/3 X)2

| 7-avE

Result (type 4, 212 leaves):

_1)5/6 _al/3 (—b)1/3x _pbyi/3x _p)2/3 x2
2 13x2+1/ (-b)?/3(-1)2/333%/4a2/3 ( ! - -

1
- n
N al/s3 al/3 a2/3

i(-b)?3 i (-b)l/3
7(71>5/67TX 7(71)5/67TX
, (~1)Ls +(—1)5/6EllipticF{ArcSin[ e o (-1)Le

ﬁEllipticE[ArcSin{ "
3

® Problem 436: Result unnecessarily involves imaginary or complex numbers.

1
— dXx
x2 (a+bx3)3/2

Optimal (type 4, 513 leaves, 5steps):



2 5+/a+bx3 5bl/3+/a+bx3

— + —

3ax\/m 3a%x 3a2((1+ﬁ)a1/3+b1/3x)

, , , , 7\/* 1/3,pl/3
51/2-+/3 b/ (al/2 i pl/iy) | APt E||ipticE{ArcSin[w] -7-443 ]
(<l+\/?) a1’3+b1’3x) (1+\/3_) al/3.p1/3 x
N
1/3 1/3 1/3
2 x33/4 3573 GG I AN
) (13 |ammag?
} , } , /3 ) al/dplss
+ at’/e+bt/° x

(1443 ) al/3:b1/3 x 2
(13 )

al,’3 al,’3+bl’3x
3 31/4 55/3 ( ) ! [a+bx3

((1+ﬁ) al/34pl/3 X)

Result (type 4, 226 leaves):

1 (—b)l/3X (_b)l/3x (—b>2/3X2
-3 (-b)?® (3a+5bx3) -5 (-1)2/33%4a?3px | (-1)%° [1*713 et ”
9a? (-b)?8x~/a+bx3 al/ al/ a*/
i (-b)1/3 i (-b)1/3
,(,1)5/67 (ab],)/g X 7(71)5/67 (abl)/g X
V3 EllipticE|lArcSin L (-1)Y3] 4 (—1)5/SEllipticF|ArcSin , (-1)1/3
31/4 31/4

® Problem 437: Result unnecessarily involves imaginary or complex numbers.

J 1
—  dx
x5 (a+bx3)3/2

Optimal (type 4, 535 leaves, 6 steps):
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2 11+/a+bx® 55b+/a+bx® 55b%/3+/a +bx3
- + -
3axtJasbxd 12 a% x4 24 a3 x 24 33 ((1#@ ) a1/3+b1/3x)

+

- 7\/§ 1/3 , pl/3
55+/2 /3 b4 (a3 + b3 x) L EIIipticE{ArcSin[(l e X], -7-443 | /
((1+\/3_) a1/3+b1/3x)2 (1+\/?) al/3 + pl/3x

al/S <a1/3 + bl/3 X)

((l+\/?) a1/3+b1/3x)2

rJa+bx3

16 x 33/4 a8/3

55 b*/3 (al/3 4 b1/3x) F?s’?)bl/sx*bz’ax)z Ellipti CF[Ar cSi n{ El
1+V3 | al/3.bt/3 x

12+/2 31/4 g8/3 P Jasbx?

(173 ) arebrax)?

Result (type 4, 241 leaves):
1

72 a3 (-b)?2/3x*+/a+bx3

2/3 2 3 2 6 2/3 3/4 42/3 K2 4 5/6 (-b)1=x (-b)1=x (-b)2=x2
3 (-b) (-6a*+33abx®+55b%x°%) +55 (-1)?/33%%a%3b?x (-1) 1l — + +
al/3 al/3 a2/3
_(-1)5/6 _ i(-b)*3x _(~1)5/6 _ i(-b)*3x
al/3 a1/3
V3 EIIipticE{ArcSi n[ , (~1)13] 4 (—1)5/8 EIIipticF[ArcSi n[ , (~1)13
31/4 31/4

® Problem 446: Result unnecessarily involves imaginary or complex numbers.

JLM
A1 +x3

Optimal (type 4, 136 leaves, 3steps):
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1-x+x2 1-V/3 +x _7
322+V3 (1+x) PR ElllptlcF[ArcSm{hﬁM], 7-43 ]

55x 34 [ 1% J1.x3

16 2
—xALax® s —x*A 1 o
55 11

(l+\/3_+x)2
Result (type 4, 108 leaves):
1
165 /1 + x3
- (-1)%6 (1+x)
2 [3x (-8-3x3+5x%) +16 (-1)1/63%4 [ (-1)1/6 ((-1)%/3 . \/1+ S, (21)2/3 %2 EIIipticF{ArcSin[ . (~1)1/8

31/4
Problem 447: Result unnecessarily involves imaginary or complex numbers.
X3
J LA
A 1+x3
Optimal (type 4, 120leaves, 2 steps):

4243 (14x) ““ﬁ ElllptlcF[ArcS|n{l+g:], 7443 |

5><3]'/4 Lz \/1+X3

L1+\/3_+X>

ng1+x3 -

Result (type 4, 100 leaves):

5/6
6(x+x4)—4(_1>1/633/4\/_(_1)1/6( 1273 \/1+ ~1) 8 x4 (-1)2/8 %2 EIIipticF[ArcSin{ DT A ex) (-1)1/3

1/4
15+/1 +x3 3

Problem 448: Result unnecessarily involves imaginary or complex numbers.

1

Jl ix
A 1+x3

Optimal (type 4, 103 leaves, 1step):
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2243 (1ix) | 2 E|||pt|cF[Arcs|n{lr*x], 743
(1+\/?+XJ l+ﬁ+x

g4 | I /1 %8

(1+\/3_+X>2

Result (type 4, 88 leaves):

- (-1)%8 (1+x)
1/6\/ )1/6 )23, \/1+ _1)MBx 4 (-1)2/3 2 EllipticF{ArcSin[\/ C(-1)R

1/4
3441+ X3 3

® Problem 449: Result unnecessarily involves imaginary or complex numbers.

1

1
— dx
x3 /1 +x3

Optimal (type 4, 122 leaves, 2steps):

2473 (Lix) | X E|||pt|cF{Arcs|n[@}, 7-443]

Jroxs o/ e

2 x?2 N
234 | i 5 AJ1+x3

(l+\/3_+)<)

Result (type 4, 104 leaves):

1 ~-(-1)%/8 (1 +x)
34334 (-1 ME 32 [ (L1)16 ((-1)23 \/1+ S 4 (21)273 %2 EIIipticF[ArcSin{\/ . (~1)18

1/4
6x2+/1+x3 s

® Problem 450: Result unnecessarily involves imaginary or complex numbers.

1
— dx
x8 /1 +x3

Optimal (type 4, 138leaves, 3steps):

2473 (Lix) | X E|||pt|cF{Arcs|n[@}, 7443 ]
(l+ﬁ+x) 1+/3 +x
\/1+X3 7J1+X3
- + +
5 2
5% 20 20x 34 | i 5 AJ1+x3
(l+\/?+)()

Result (type 4, 110 leaves):
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1

60 x5+/1 +x3
- (-1)%% (1+x)

S12+9x3 421847 (-1)1E 3345 [ (—1)16 ((-1)23. \/1+ 1) Y3x 4 (~1)2/3x2 EllipticF[ArcSin[ ” o (-1)Ls8
3

® Problem 451: Result unnecessarily involves imaginary or complex numbers.

X7
J LN
A 1+x38
Optimal (type 4, 262 leaves, 5 steps):

40 x 31472 -4/3 (1+x) “7“) EllipticE[ArcSin[@], 7443 |
3

1+/3 +x 1+/3 +x

0 2 80+/1 +x3 (
— X2 1ex® s — x5 1 o - +
13

91 1+\/37+X) 91 1:+x - /1+X3
(1+\/37+X>

802 (1+x) | 22X EII|pt|cF{ArcS|n[lr*X}, 7774\/3*]
(l+ﬁ+x) 1443 +x

91 %314 | X J14x8

(l+\/?+xj2
Result (type 4, 145 leaves):
1
T 213x% (14+x3) (-10+7x3) -40 <334 [ (C1)T (C1)2 i x) /14 (-1)V3x 4 (-1)23x2
2734/ 1 +x3
- (-1)%% (1+x) . - (-1)%% (1 x)
. . . _ /3 _ 5/6 . . . _ 1/3
\/?ElllptlcE{ArcSm{ 174 ] (-1) }+( 1) ElllptlcF[ArcSm{ vy , (-1)

® Problem 452: Result unnecessarily involves imaginary or complex numbers.

=
— dX
1+x3

Optimal (type 4, 246 leaves, 4 steps):



40| 1.1.3 General.nb

4x34~2 3 (1ix) | X E|||pt|cE[Arcs|n{1r*X], 7-43 ]
8m (1+ﬁ+x) 1+V3 +x
—x%2/1+x% -

+

7(1+ﬁ+x) 7mm

82 (1 1 g yipticF|aresin[ 22X 7 443
V2 (1) (15 )’ i pti cF[arcsin| =2 V3]

7x314 | X [1.x3

(1+\/37+X ) 2
Result (type 4, 138 leaves):

1

21+/1+x3

2 3x% (1+x3) +4x33/4\/—(—1)1/6 ((-1)272 +x) \/1+ (-1)13 x4+ (-1)2/3x2

- (-1)%® (1+x)

31/4

- (-1)%® (1 +x)
], (71)1/3}+(71)5/5EllipticF[ArcSin{ . (~1)1/3

V3 Ellipti cE[ArcSi n[
31/4

® Problem 453: Result unnecessarily involves imaginary or complex numbers.

J#dx
\/l+X3

Optimal (type 4, 224 leaves, 3steps):

3144243 (1ex) | X ElipticE[aresin[FEX] 7 43

ey e e

1+\E+x

( +x3
1:/3

1-x+x2 1-/3 +x
22 (1+x) m ElllptlcF[ArcSm{lﬂ/?M], 7774\/?}

1
34 X ~ J1+x3

(l+\/37+><)

Result (type 4, 123 leaves):
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o ! 2\/7(7_1_)1/6 1273, \/lJr S84 (-1)2/3 %2

3441 +x3

ﬁEHipticE[ArcSin[

1/3 56 . - (-1)%% (1+x) La
[ 03] cnscEtipticF[arcsin| RNEEIEY
31/4

- (-1)%8 (1 +x)

31/4

® Problem 454: Result unnecessarily involves imaginary or complex numbers.

1
J LI
x2+/1+x3
Optimal (type 4, 238 leaves, 4 steps):

31442 43 (1+x) |2 EIIipticE{ArcSin{@}, 7774\/3}
\/1 3 \/1 3 (1+ﬁ+x) 1+V3 +x

+ +
- +

- +

X 1+vV3 +X 14X / 3
2  —— 1+x
\ (13 )

2 (1 1 g yipticF|arcsin[iB ] 7 443
V2 (1+x) T |p|c[rC|n{7ﬁ+x] V3|

, 1 /
34 | =X — 1+x3

(l+\/?+x)

Result (type 4, 138 leaves):

1 3 (1+x3
_ < ) _33/4\/_(_1)1/6 ((-1)27% +x) \/1+ (~1)Y3x 4 (~1)2/3 x2
34/1+x3 x
- (-1)%8 (1+x) L - (-1)%6 (1+x)
N ot ; /3 5/6 P ; 1/3
3 ElllptlcE{ArcSm[ a1/ } (-1) ]+(—1) ElllptlcF{ArcSm[ 31/ , (-1) }

® Problem 455: Result unnecessarily involves imaginary or complex numbers.

1
— dX
x5/ 1+x3

Optimal (type 4, 262 leaves, 5 steps):
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5534123 (1+x) Hi*xElllptlcE[ArcSm{lr*x],—7—4\@}

\/]_+X3 5\/1+X3 B\W (1+\/?+x) 1:43 +x
- +

4 x4 8 x 8(1+\/3_+x 6 | —* m
(1+\/?+x]
5 (1 X g yipticF|aresin[ 22 X] 7 443
(1 +x) 1/ ] i ptic { c In[uﬁﬂ} \/_}

4+/2 314 li(llrgxx)z V14x3

Result (type 4, 145 leaves):

1 3(1+X3> (—2+5X3)

24+/1+x3 x

+5X33/4\/7<71>1/6( T1)28 \/1+ S1)MBx 4 (-1)2/3 x2

- (1) (1 x) L - (1) (14 x)
H i i /3 5/6 H i 1 1/3
ﬁEIIlpthE[NCSln[ - } (-1) ]+(71) EII|pt|cF{ArcS|n[ o . (1)
® Problem 464: Result unnecessarily involves imaginary or complex numbers.
XG
———dx
3/ 1-x3
Optimal (type 4, 152 leaves, 3steps):
32243 (1-x) | Xt ElllptlcF[ArcSm[lrx], 743
16 ) (197 %) 13 x
- —xA/1-x% - —x*J1-x% -
55 11 T
55x 314 | —=% — 4/1-x8
(l+ﬁ—x)2
Result (type 4, 93 leaves):
—(-1)%% _ix

2 3x(78+3x3+5x5)+161’133/4\/(71)5/6 (-1+x) \/1+x+x2 EIIipticF{ArcSin[
165+/1 - x3

31/4 ]’ (71)1/3

® Problem 465: Result unnecessarily involves imaginary or complex numbers.

b=
—F— dX
1-x3
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Optimal (type 4, 134 leaves, 2steps):

4243 (1-x) | i E||ipticF{ArcSin[@}, -7-44/3]
2 (lﬂﬁ—x) 14+V3 —x
3

-—xy1-x° -

5 5 x 31/4 _ix A/1-x3

(lm/?—x]Z

Result (type 4, 86 leaves):

2

3x (-1+x2) +283%4/ ((1)%0 (-14x) \[Lox+x BlipticFlaresin[ U], <1>1/3}]

31/4

154/1 - x3

® Problem 466: Result unnecessarily involves imaginary or complex numbers.

Jl ax
y1-x3

Optimal (type 4, 115leaves, 1step):

14x+X2 . . . 1-4/3 -x
2 2+\/37 (1*X> m EIllpthF{NCSln[m}, *7*4\/37]

31/4 1:4)2 /1 _x3

(LW

Result (type 4, 73 leaves):

234/ (-1)5 (-14+x) \J1ex E||ipticF{ArcSin[@}, (-1)73

31/4

31/4 /1 _ %83

® Problem 467: Result unnecessarily involves imaginary or complex numbers.

Jl ax
x3+/1-x3

Optimal (type 4, 136 leaves, 2steps):

14x+X2 . . . 1-4/3 -x
; X3 2+\/37 (1*X) W EIllpthF{NCSln[m}, *7*4\/?}

2 x? 2 5 31/4 1-x
(’1+\57x)2

1-x3
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Result (type 4, 90 leaves):

73+3x3+j133/4\/(71)5/6 (-1+Xx) x2\/1+x+x2 EIIipticF{ArcSin[i“(’l)%(}, (-1)%/3

31/4

6x2+/1-x3

® Problem 468: Result unnecessarily involves imaginary or complex numbers.

J; ax
x6+/1-x3

Optimal (type 4, 154 leaves, 3steps):

7V24VE 1-x) |2 mlipticE|arcsin[ 2l X], L7 43
Jl—x?’ 7\/1—x3 + (1/3 x) [ L*”*X} }

5 2
5x 20 x 20 x 31/4 1-x

3
5 1-x

(\1+\/377x\]

Result (type 4, 95 leaves):

71279x3+21x6+71133/4\/(71)5/6 (-1+Xx) x5\/1+x+x2 EIIipticF[ArcSin{w], (-1)1/3

31/4
60 x>/1-x3

® Problem 469: Result unnecessarily involves imaginary or complex numbers.

7=
— dxXx
1-x3

Optimal (type 4, 294 leaves, 5 steps):

40x31/4m(17x) Lo - EIIipticE{ArcSin{—l’ﬁ’x}, 77,4\E]
80 \/:I.—X3 20 2 (1+\E—x> 1443 -x
e 2 1 3 5 3

91 (143 -x) Ol 13 91 | —1* ; N
3 -x

(l+r—

802 (1-x) L B iptioF [Aresin[ 2] 7 443 ]
(lﬂ/?fx) 1443 -x
91 x 314 | 12X [1_x3

(l+\/?—x)2

Result (type 4, 144 leaves):
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1

273+/1 - x3

2 13x% (-1+x%) (10+7x%) +40 (-1) 8334 (21)5/8 (~14x) J1ax+x2

- (-1)%% - ix S (-1)5/6 _ix

. H H ] 1/3 1/3 H H i 1/3
ﬂﬁEmptlcE[Arcsln{ o } (-1) ]+(71) E|||pt|cF{Arcs|n[ P ] (-1)
® Problem 470: Result unnecessarily involves imaginary or complex numbers.
X4
J X
y1-x3
Optimal (type 4, 276 leaves, 4 steps):
4x31/42 -3 (1-x) | X EllipticE{ArcSin[@], —7—4\5]
8+/1 X3 2 (1+\/?7X)2 1+4/3 -x
— —X%41-x% - +
7(1+V8 -x) 7 7 [ 1y
(1+ﬁfx)
82 (1-x) | 22X gElipticF|arcsin[iEx] 7 43
N2 (1-x) <1+\/377>()2 |p|c[ C'”L,ﬁ,x] \/_}
7x3v4 [ X 1 %3
(1+\/?—x)
Result (type 4, 137 leaves):
1
2 3x% (-1+x3) +4 (-1)1/® 334 (11)5/6 (“14x) \1ex+x2
21+/1-x8
S (-1)5/6 i x ) - (-1)%%-ix
: i i 1 /3 1/3 H H + 1/3
_lx/?ElllptlcE[ArcSm[ 314 } (-1) ]+(—1) ElllptlcF[ArcSm[ vy ] (-1)

® Problem 471: Result unnecessarily involves imaginary or complex numbers.

dex
A 1-x8

Optimal (type 4, 252 leaves, 3steps):
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31442 /3 (1-x) Mi*xElllptlcE[ArcSm{lrx],—7—4\/37}

2-/1-x3 (13 ) 13 x

- +

1++/3 —x 1-x 3
o J1-x
(lﬂ/?—x)Z

242 (1- L g ipticF|aresin[ 22X 7 443
\/_( X) (1+ﬁx) |p|c[ cm{hﬁx] \/_}

31/4 1-x AJ1 - x3
V3 x)*
Result (type 4, 122 leaves):

71 1/6\/ 5/6 -1+Xx) J1+X+X2

31/4 1 —X3

_ (—1)5/6—]‘lX

31/4

-(-1)%% —ix

31/4

71\/?EllipticE[ArcSin{ ] (-1)1/3 +(71)1/3EllipticF[ArcSin{ } (-1)1/3

® Problem 472: Result unnecessarily involves imaginary or complex numbers.

Jl ix
x2+/1-x3

Optimal (type 4, 270leaves, 4 steps):

31402 43 (1-x) | 2% ElipticE[arcsin[1EX] 7 43
\/17)(3 \/17)(3 (1+ﬁx) [ {hﬁx} }
) N .

1443 ox X , ﬁ

(1+

V2 (1-ox) | e EllipticF[ArcSin[@], 7-4+3]
(l+\/377x)2 1+v3 —x

31/4 1-x . 1-x3
(1+\E—X)

Result (type 4, 133 leaves):
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1 3 (-1+x3
( ) C(c1)233344) (C1)56 (1x) J1exsx?
X
34/1-x3
- (-1)%%-ix S (-1)5/6 _ix
ﬁEllipticE{ArcSin[ P <71)1/3]+ (~1)5/6 EIIipticF{ArcSin[ P ] (-1)1/8

® Problem 473: Result unnecessarily involves imaginary or complex numbers.

J;dx
x®+/1-x3

Optimal (type 4, 294 leaves, 5 steps):

5x34[2-4/3 (1-x) (1;_7”‘2}2 EIIipticE[ArcSinH’g’x], —7—4\@}
1+V3 -x + X
5y1-x3 _\/17x3 _5\/17x3 ) \
8(1+\/3——X> 4 x4 8 X 16 1-x m

(l+\/377xJz
5 (1- 1 g ipticF|[ArcSin[ 22X 7443
0 (173 x)° 'prie { ¢ In{hﬁfx} }

1-
4~/2 314 7;#)2 \J1-x3

(l+\/_

Result (type 4, 145 leaves):

1
3 (-1+x%) (2+5x3) +1/ N<71>5/6 (-1+x) ]5><33/4 (-1+x) x*/1+x+x?
24 x4/ 1 - x3
. . . —(—l)S/G—j.X . ) ) —(—1)5/6—11X
—j\/?EIIIptlcE{ArcSm[ i ] (—1)1/3}+(—1)1/3Elllpt|cF[ArcS|n[ i } (—1)1/3}

® Problem 478: Result more than twice size of optimal antiderivative.

chﬂx
xAa/-1+x3

Optimal (type 3, 14leaves, 3steps):

gArcTan{\/—1+x3 ]
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Result (type 3, 36 leaves):
2+/-1+x3 ArcTanth ~x3 }

34/1-x3

Problem 482: Result unnecessarily involves imaginary or complex numbers.

X
—— dX
J\/1+X3

Optimal (type 4, 153 leaves, 3steps):

324/2-v3 (1-x) ﬁ ElluptucF{ArcSun[%}, 7+43 |

55x31/4 [o 21X ([ 1.x3

(17\/374()

16 2
—x-1+x% s —x*/-1+x% -
55 11

Result (type 4, 91 leaves):

1 - (-1)56 _ix

- 2|3x (78+3x3+5x6)+16j33/4J(71)5/6 (c1ex) JLex+x? EIIipticF{ArcSin{ "
165~/ -1 +x3 3

Problem 483: Result unnecessarily involves imaginary or complex numbers.

]’ (-1)1/3

X
—F— dX
J\/1+X3

Optimal (type 4, 137 leaves, 2 steps):

1+x+x2 1443 -x
- - ———— EllipticF|ArcS — |, -7+4+3
, 412 3 (1-x) (er) iptic { cm[ 7F7x}’ + }
—xa-1+x3 -
° 5x 31/4 A -1 +x3
(1Wx

Result (type 4, 84 leaves):

3x (-1+x%) +203%4 (-1)%0 (~14x) \[Lex+x2 BlipticF[aresin[ U], <_1>1/3H
15/ -1+ x3

2
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® Problem 484: Result unnecessarily involves imaginary or complex numbers.

Jldx
A -1 +x3

Optimal (type 4, 120leaves, 1step):

1+x+x2 . . . 1+7/3 —x
2 2*\/37 (1*X> m EIllpt|CF{ArCS|n[m}, *7+4\/37:|
314 | _ 1-x /-1 +x3
(13 )’ i

Result (type 4, 71leaves):

21‘1\/(71)5/6 (-1 +Xx) \/1+x+x2 EIIipticF[ArcSin[w}, (-1)%/3

31/4
3174/ -1 +x3

® Problem 485: Result unnecessarily involves imaginary or complex numbers.

1
——  dx
x34/-1+x3

Optimal (type 4, 139leaves, 2steps):

1+x+x2 . . . 1+/3 -x B
— 2-3 (1-x) 7{/1#3_#)2 EII|pt|cF[ArcS|n[—liﬁix}, 7+4\E}
A -1+

2
2x 234 [ ix [ g, x3
(‘l—\g—x)

Result (type 4, 90 leaves):
A1+ x3 11\/(71)5/5 (-1 +Xx) \/l+x+x2 EIIipticF[ArcSin{#], (-1)1/3
+
2
2x 234 4/-1+x8

® Problem 486: Result unnecessarily involves imaginary or complex numbers.

1
——  dx
x84/ -1 +x3

Optimal (type 4, 155Ileaves, 3steps):
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1+X+ 13
[ e 7N2-/3 (1-x) ﬁElllptlcF{ArcSm{ﬁ},—7+4\/?]

"
5 2
5x 20 % 20 x 34 o =% 1ox 5 A -1+ x3
(l—\/3_—x)

Result (type 4, 93 leaves):

12 -9x%+21x6+7 1334 (C1)5/6 (—1ax) x5+/1+x+x2 Bl lipticF[Aresin[ L2t | gy

60x%+/-1+x3

® Problem 487: Result unnecessarily involves imaginary or complex numbers.

JX?O“X
A -1+x38

Optimal (type 4, 294 leaves, 5 steps):

40x34~/243 (1-x) | ExX E|||pt|cE{Arcs|n{@}, 74443 |
(17\/374() 1-V3 x

,ﬂ 20x2m+ix5 “1+x3 4
91(1—ﬁ-x) o ” ) o

(l\/3_x

1+x+x2 1473 -x
802 (1-x) T ElluptucF{ArcSun[ﬁ}, -7+4\/3]
91 x 31/4 \J-1+x3
(1—rx

Result (type 4, 142 leaves):

1

2734/ -1 +x3

ﬂiﬁEllipticE[ArcSin{

2(3x% (-14x3) (10 +7x3) +40 (-1)1/6 3341 (-1)5/8 (-1 4x) [1+x+x2

- (-1)%%-ix S (-1)5/6 _ix

31/4

, (71)1/3

}, (71)1/3]+(71)1/3EllipticF[ArcSin[ o
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® Problem 488: Result unnecessarily involves imaginary or complex numbers.

J“dx
A -1 +x3

Optimal (type 4, 278 leaves, 4 steps):

4x3v4n2NE (1ox) | E|||pt|cE{Arcs|n[1*?x}, 7443 ]

*\/3_)() - -X
8+/-1+x3 2 (l
X% -1xE s

7(1-/3 - 7 1x [ 1.3
( X) 7 —7(14374)2 1+X

1+x+x2 1443 -x
82 (1-x) pevaT ElllptlcF[ArCSInL?ﬁix], -7+43

7 x 31/4 A/ -1 +x3

(1\/?x

Result (type 4, 135leaves):

1

21+/-1+x8

—j\/?EIIipticE[ArcSin[

2 13x% (-1+x3) +4 (1)1 33/4J<71>5/6 (-1+x) \/1+x+x2

- (-1)%%_1ix

31/4

- (-1)%6_ix

31/4

}, (_1>1/3] + (-1)Y3Eipti cF[ArcSi n[ ] (-1)1/3

® Problem 489: Result unnecessarily involves imaginary or complex numbers.

X
— dX
J\\/1+X3

Optimal (type 4, 255 Ileaves, 3steps):
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3442443 (1-x) Mi*xElllptlcE{ArcSm{@},—7+4\/?]

2 (13 ) 13
1- \/_ X A/ -1 +x3

(1\/?x

242 (1- L g ipticF|aresin[ 22X 7,443
V2 (1-x) TREL IpIC[ Clnhfﬁx]’ + \/_}

31/4 A -1+x3

(1rx

Result (type 4, 120 leaves):

! 1/6\/ 5/6 -1+X) \/1+X+X2

3174 4 —1+X3

- (-1)%%-ix ~(-1)5/8 _ix

. H H 0 1/3 1/3 i H © 1/3
71\/?E|||pt|CE[ArCS|n{ 312 ] (-1) +(-1) ElllptlcF[ArcSm{ 314 } (-1)
® Problem 490: Result unnecessarily involves imaginary or complex numbers.

J 1

——— dx

X2/ -1+x3
Optimal (type 4, 269 leaves, 4 steps):

314402443 (1-x) | 2 ElluptucE[ArcSun{l*rx},-7+4\/?}
\/—1+X3 \/—1+X3 <17\/7X) DA
+ - +

Pt 2 [y Ve

1+x+x2 . . . 1+/3 —x
V2 (1-x) m ElllptlcF[ArcSm[m], 77+4\/?}

1-
a4 [ Ix [ 1.x3

(1—r7x)

Result (type 4, 130 leaves):
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+

X 31/4\/—1+X3

[-1+x3 1 2/3\/ )5/6

-1+X) \/1+X+X2

S (-1)5/6 4 x . - (-1)%®%-ix
i i 0 /3 5/6 H H 1 1/3
\/?ElllptlcE[ArcSm[ 31/ } (-1) }+ (-1) ElllptlcF[ArcSm{ 31/ } (-1) ]
® Problem 491: Result unnecessarily involves imaginary or complex numbers.
J 1
————dx
x34/-1+x3
Optimal (type 4, 294 leaves, 5 steps):
53141243 (1-x) “?X E|||pt|cE{Arcs|n[1*vr_X}, 7+443 |
- -V3 -x
5/-1+x3  +/-1ex3  B5/-1.x3 (13 )
+ + - +
4
8(1-+3 -x)  4x 8x 16 VIR I
(l F x
5 (1-x) Mi*x E||IptICF[AI’CSIn[lM/7x}, —7+4\/?}
(17\/? x) V3 x
42 314 A\ -1+x3
(1—rx
Result (type 4, 140 leaves):
1 3 (-1+x3) (2+5x8
( )4( ) +1/ (\/(71>5/6 (-1 +X) )5x33/4 (-1 +x)\/1+x+x?
24+/-1+x3 X
- (-1)5%% _ix . - (-1)%/® —ix
. H i i /3 1/3 i H ] 1/3
71\/37E|I|pt|cE[ArcS|n[ o ] (-1) }+ (-1) ElllptlcF[ArcSm{ oW } (-1) }

® Problem 496: Result more than twice size of optimal antiderivative.

1
—  dX
J~x\/—1—x3

Optimal (type 3, 16leaves, 3steps):

gArcTan{x/flfx3 ]
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Result (type 3, 34 leaves):

24/-1-x3 ArcTanh{x/1+x3 }
3+/1+x3

Problem 500: Result unnecessarily involves imaginary or complex numbers.

Jxedx
A/ -1 -x3

Optimal (type 4, 149leaves, 3steps):

327243 (1ex) | XX EllipticF{Arcsm{@}, 7+43 |
(1—r+x) 1-/3 +x

55x31/4 [o 2X [ 1_x3
(1*\/37+X>

ngflfx3 712—lx4x/717x3 +

Result (type 4, 115leaves):
1

165+/-1-x8

\/7(71>l/6 ((71>2/3+X)

2 3x (-8-3x3+5x%) +16 (~1)5/633/4 [ (L1)5/6 i x A[1- (-1)28x - (-1)13%2 EIIipticF{ArcSin[ " ] (-1)1/3
3
® Problem 501: Result unnecessarily involves imaginary or complex numbers.
X3
J LAY
A -1-x3
Optimal (type 4, 131leaves, 2steps):
42-3 X EipticF|Aresin|[ 23], _7.,4+/3
2 Vs o (13 x)? ot o [Arc 'nL,V?J 4v3 |
——x-1-%x3 -
5 M 1=
5 x 31/4 o lx _1_x3
. (‘17r+x)2
Result (type 4, 107 leaves):
- S (=1YE((-1)23 4 x
6(x+x4)74(71)5/633/4\/7(71)5/6+jx J1-(-1)28x - (-1)1/3%2 EIIipticF[ArcSin{\/ ( ) ] (-1)1/3

1/4
154/ -1-x3 3
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® Problem 502: Result unnecessarily involves imaginary or complex numbers.

Jldx
A -1-x8

Optimal (type 4, 112leaves, 1step):

2v2-/3 (1+x) (:ﬁ ElllptlcF[ArcSm{ltgii], 77+4\E}
34 - W+x A -1-x8

Result (type 4, 95 leaves):

o 1/6 = 2,3+
1)5/6\/7(7 5/6 4 3 x \/1 ~1)2/3 x - (-1)1/3x2 EIIipticF{ArcSin[ b 35;1) x) } (-1)1/3

31/4 ~1-x3

® Problem 503: Result unnecessarily involves imaginary or complex numbers.

1
— dX
JX3\/1X3

Optimal (type 4, 133leaves, 2steps):

2-/3 (1+x) |t EII|pt|cF[ArcS|n[1*r*X}, 77+4ﬁ}

/717)(3 (l—\/3_+x) /3 +X
2x¢ 234 [ ix [ g 3

(‘l—\gﬂ)z

Result (type 4, 111 leaves):

1 _<_1)1/6 (—1)2/3+X
343 x34 (-1)5/63%4_ (L1)5/6 , ix x2~[1- (-1)23x - (-1)1/3x2 EllipticF[ArcSin{\/ ( ) } (-1)1/3

1/4
6x2+/-1-x3 3

® Problem 504: Result unnecessarily involves imaginary or complex numbers.

1
—F  dx
JXGN/].XS

Optimal (type 4, 151 leaves, 3steps):
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732-V3 @ex) | ElipticF|arcsin[ BYEX] 743 ]
\/71 _x3 7 J71 _x3 (17v3*+x) 13 4x
- +
5 x5 20 x2 20 x 31/4 7% m
(lf\/3_+x)

Result (type 4, 117 leaves):
1

60 x%+/-1-x3

_ (_1)1/6 <(_1)2/3 +X>

120 9x% 421 %647 (~1)5/6 334/ (L1)5/6 , ix x5+[1- (-1)2%x - (-1)1/3x2 EIIipticF[ArcSin{ " } (-1)1/3
3
® Problem 505: Result unnecessarily involves imaginary or complex numbers.
X7
J L
A -1-x3
Optimal (type 4, 282 leaves, 5 steps):
40x314/24V3 (1ix) | X ElluptucE[ArcSun[l*r*x}, 7+443 |
13 +x

V3 )

20 2 80+/-1-x3 [z

—x%q/-1-x% - —x54/-1-x8 - + -
91 13

dEE [ o

802 (1 X g pipticF|aresin[ 2] 7,43
V2 (1+x) P |p|c[ cm[?ﬁq} + \/_]

91 x 31/4 /-ﬁ \J-1-x3

Result (type 4, 164 leaves):

23x% (1+x%) (-10+7x3) +40 (-1 )5/633/4\/ 1)56 . ix A/1- (-1)23x - (-1)13x2

1
2734/ -1-x3

7j\§EIIipticE[ArcSin{

_(—1)8 <(71)2/3 +x)

31/4

\/7 (—1)1/6 ((71)2/3”()
31/4

], (71)1/3] F (1) Y3E L pti cF{ArcSi n[ } (-1)1/8
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® Problem 506: Result unnecessarily involves imaginary or complex numbers.

J“dx
\-1-x8

Optimal (type 4, 264 leaves, 4 steps):

434243 (1+x) l’xi*xzzEIIipticE{ArcSin[@},77+4ﬁ]
9 SW (143_4) 1-/3 +x
- —x%A/-1-x% + -
7 7

1-+/3 + 1+x [ 1 o3
| ‘) " vy VX

1-x+x? . . . 144/3 +x
8ﬁ<1+x>mElluptucF[Arcsun{m], -7+43
7 x 3174 /7% Jo1ox
(1— 3+x)

Result (type 4, 157 leaves):

1

21+/-1-x8

—j\/?EIIipticE[ArcSin[

2 3x2 (1+x3%) -4 (-1)%° 334 (11)50 s ix /1o (11)23x - (-1)13x2

\/* (~1)1/6 <(71)2/3+X>

31/4

\/7 (~1)1/6 ((71)2/3“()

31/4

], <_1>1/3] S (-1)Y3Eipti cF[ArcSi n[ } (-1)1/3

® Problem 507: Result unnecessarily involves imaginary or complex numbers.

X
— dXx
J\x/1x3

Optimal (type 4, 239 leaves, 3steps):
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31442443 (14x) Hi*xElllptlcE{ArcSm{@},—7+4\/?]

24/-1-x3 (13 )’ 13 X

1-+/3 +x 1+x 3
N A
(1—\/?+x)2

242 (1+x) | ElluptucF[ArcSun{l*r*x], 7+473 |

(17W+x) 1-V3 +x
31/4 o Lx 4/717)(3
(l*\/37+>()2
Result (type 4, 142 leaves):
1 5/6\/ 1)5/6 4 i x \/1 C1)28x - (1)1 2

31/4 -1 —X3

_ (71)1/6 ((71)2/3+X>

31/4

J7(71>1/6 ((71)2/3+x)

71\/?EllipticE[ArcSin{ } (-1)1/3 +(71)1/3EllipticF[ArcSin[ ] (-1)1/3

31/4

® Problem 508: Result unnecessarily involves imaginary or complex numbers.

1
— dx
sz A/ -1-x3

Optimal (type 4, 257 leaves, 4 steps):

\/ \/ 31442 4+/3 (1+x) (ll\’xﬁi“)ElllptlcE[ArcSm{l*C”;},—7+4\/?}
-1-x8 -1-x8 B o

+ —

X l,\/?+x 1+x 3
2 |- —rx L J1-x
(17\/37”()2

V2 (1+x) l’x—*x E||IptICF[ArCSIn[1+r+X], 77+4\/?}
(14/3*»() 1-/3 +x

31/4 B 1+Xx . /_1_X3

(1—r+x)

Result (type 4, 156 leaves):
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1

3+4-1-x3

—i\/SiEIIipticE{ArcSin[

3 (1+x3
~ ( ) +(_1>5/633/4\/_<_1)5/6+jx \/1—(—1)2/3x—(—1)1/3x2
X

J_ (-1)L/8 ((—1)2/3+x)

31/4

1,1/3 1,1/3 P :
}, (-1)¥3] 4 (-1) E|||pt|cF{Arcs|n[ o

\/_<_1>1/6(<‘1)2/3+X) ] <1)1/3}”

® Problem 509: Result unnecessarily involves imaginary or complex numbers.

1
— dX
J*x5w/1x3

Optimal (type 4, 282 leaves, 5 steps):

5x3M4124+/3 (Lax) |22 EIIipticE[ArcSin[@}, 77+4ﬁ]
Jo1ox sfi1oxd sa[i1ox® (13 ) 13
- + _
4x* 8 x 8(1-/3 +x -
[L-V3 +x] o [ e

(lf\/iJfXV
5 (1 1% B ipticF|Aresin| 22X 7. 44/3
e (1-v3 x)° e { ¢ In{lfﬁq} N \/—}
42 34 [ A 1 %8
(l’\/?*’)()

Result (type 4, 164 leaves):

1 3(1+X3> (—2+5X3>

244/ -1-x8

_jﬁEllipticE[Arcsin[

_5 (71)5/6 33/4 \/7 (—1)5/6+J‘lX \/17 (71)2/3X7 (71)1/3)(2

x4

\/7(71>l/6 ((71>2/3+X)

_(_1\1/6 ~1)2/3
J ( l) (( 1) +X> }’ (_1)1/3}+(—l)1/3E||ipticF{ArcSin[ i ], (_1>l/3}]J

31/4

® Problem 514: Result unnecessarily involves higher level functions.

J(a+bx3)1/3
— dX
X

Optimal (type 3, 95leaves, 6 steps):



60| 1.1.3 General.nb

al’2:2 (a+bx3)'?
al/3 ArcTan | X2 20X

13 1 1
(a+bx3)1/3— /3 a ——a1/3Log[x]+—al/3Log[al/3—(a+bx3)1/3]
Yl 2 ?
Result (type 5, 61 leaves):
2 (a+bx®) -a (1+ &)2/3 Hyper geonet ri c2F1[§, % 2 —ﬁ}
2 (a +b X3)2/3
® Problem 515: Result unnecessarily involves higher level functions.
J(a+bx3)1/3
——dx
X4
Optimal (type 3, 107 leaves, 6 steps):
al/3:2 (a+b x3)1’3
(a +b x3)1/3 b ArcTan[im_al/3 blog[x] blLog [31/3 _ (a +b x3)1/3}
- - - +
3 %3 3 \/3— a2/3 6 a2/3 6 a2/3
Result (type 5, 67 leaves) :
-2 (a+bx®) -b (1+ %)2/3 x3 Hyper geonet ri c2F1[§, % 2 71)%}
6x% (a+bx3)??
® Problem 516: Result unnecessarily involves higher level functions.
Jx"' (a+bx3)%ax
Optimal (type 3, 120leaves, 3steps):
1. 2bt/3x
(asbx3)1/3
a x? (a+bx3)l/3 1 La a2ArcTan{ NeS ] aZLOg[b1/3x—(a+bx3)l/3}
+—x5(a+bx3)/ + +
18b 6 9/3 bs/3 18 b5/3

Result (type 5, 78 leaves):

px3\2/

3
x2 (az+4abx3+3b2x6—a2 (1+ - ) Hyper geomret ri c2F1 % 2 g —ﬁ])

18b (a+bx3)%°
Problem 517: Result unnecessarily involves higher level functions.
Jx (a+bx3)%ax

Optimal (type 3, 94 leaves, 2 steps):
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1+ 263 x
(a+h x3)1/3
1 2 (a bx3>1/3 aArcTan{?] aLOg[b1/3x7 (a+bx3)l/3}
- . . )
34/3 p2/3 6 b2/3
Result (type 5, 63 leaves):
3,2/3 . .
X2 (2 (a+bx3) +a (1+ bTX) Hyper geomet ri c2F1 % % g _DTX])

6 (a+bx3)2/3

Problem 518: Result unnecessarily involves higher level functions.

J\(a+bx3)l/3
72d1x
X

Optimal (type 3, 88leaves, 2steps):

1. 2b1/3x
a+bxd)3 b1/3ArcTan[an”} 1
_ ( ) _ /3 - Ebl/S Log[b/3 x - (a+bx3)1/3}
. 5

Result (type 5, 66 leaves):

-2 (a+bx®) +bx3 (1+¥)2/3 I—IypergeonetricZFl[%, 5 5 -

2 x (a+bx3)2/3

Problem 524: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(a+bx3)l/3 dx

Optimal (type 5, 33leaves, 2steps):

X (a+bx3)4/3l-typergeonetric2F1 L3 3

a

Result (type 6, 196 leaves):

. 2ibt/3x
i <(71)2/3 a1’3+b1/3x) i+V3 -

al/3

V3 al? " 3i.v3

3 ((-1)23al? + b3 x) (a+bx3)1/3AppeIIFl[§, —:l)—’, —%, % -

1/3

) pl/ag )\ 1/3
4. 21/3p1/3 (al”3+<—1>2"3 b x )1/3 [1 -] J

(14(-1)1/3) al/3 3i:V3
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® Problem 526: Result more than twice size of optimal antiderivative.

(a+bx3)l/3
e K
X

Optimal (type 5, 38leaves, 2steps):

(a+bx3)4/3 HypergeometricZFl[—%, 1, —%, —ﬁ]

5ax®
Result (type 5, 83 leaves):

2/3 ) 1 2 2
Hyper geonetric2F1| %, 2, %, -

b x3
a

—2a2-3abx3-h2x6_b2xb (1+bai)

10 a x5 (a+bx3)2/3

Problem 531: Result unnecessarily involves higher level functions.

(a+bx3)2/3
—dx
X

Optimal (type 3, 98leaves, 6 steps):

al’3,2 (a+bx3)®
a2/3 ArcTan \ )

1 1/ 1 1

— (a+bx3)2/3+ J3 e - —a*®Log[x] + —a??Log[a'’? - (a+bx?)
2 J3 2 2

Result (type 5, 58 leaves):

a+bx372a(1+%)”%—lypergeometricZFl[%, % %, 7ﬁ}

2 (a+bx3)l/3

Problem 532: Result unnecessarily involves higher level functions.

(a+bx3)2/3
X

Optimal (type 3, 107 leaves, 6 steps):

23 2b ArcT al/3.2 (a+bx3)1’3 13
fa+bx) cTan =75 ] blog  bloglat - (arbx?) ]
- + - +

3 x3 3+/3 al/3 3al/s 3al/3

Result (type 5, 67 leaves):

—a-bx3-2b (1+ﬁ)1/3x3 HypergeornetricZFl[%,

Wk
W
E

b x3

3x3 (a+bx3)l/3

1/3]
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® Problem 533: Result more than twice size of optimal antiderivative.
Jx“ (a+bx3)2/3 dx

Optimal (type 5, 38leaves, 2steps):

x5 (a+bx3)5/3 HypergeomatricZFl{l, %, %, —baﬁ}
5a
Result (type 5, 78 leaves):
1/3
X2 (a2+3abx3+2b2x6—a2 (1+ baﬁ) / Hyper geomet ri CZFl[%, % g —%])
14b (a+bx3)"®
® Problem 536: Result more than twice size of optimal antiderivative.
(a+bx3)2/3
- dx
X5
Optimal (type 5, 38leaves, 2steps):
(a+bx3)°" Hyper geomet ri cZFl[%, 1, -1, 7:%3}
) 4 ax*
Result (type 5, 82 leaves):
1/3
~—a2-3abx®-2b2x%+b2x6 (1+ bai) / HypergeonetricZFlE, % g —%
4 ax* (a+bx3)1/3
u

Problem 538: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(a+bx3)2/3 dx

Optimal (type 3, 91leaves, 2steps):

1. 2b1/3x
(a+hx3)1/3
1 ) ZaNcTan{T] aLog[—b1/3x+(a+bx3)1/3]
—x (a+bx®)*7+ -
3 3+/3 bl/3 3 bl/3
Result (type 6, 196 leaves):
: /3 a1/ 1/ ]‘1+\E*21b1/’3x
_112/3 91/3 , p1/3 3,2/3 5 2 2 8 i(CD1)?Ealfbiex)
3 ((-1)?%al%+bl3x) (a+bx3) AppeIIFl[B, 5 3 3 T as T

) b1/3 x 2/3
5. 22/3 bl/3 (31,/3+(,1)2,f3 pl/3 x )2/3 i [l+ o ]
(1+(-1)%/3) al’3 313
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® Problem 548: Result unnecessarily involves higher level functions.

J 1
— dx
X (a+bx3)l/3

Optimal (type 3, 83leaves, 5steps):

al/s:2 (a+bx3)1’3 ,
ArcTan[iﬁam ] Log[x] Log[a1/3— (a+bx3)1/3}
- +
/3 alsd 2 al/3 2 al/3

Result (type 5, 46 leaves):

(1+b%)1/3 HypergeomatricZFl[%, % %, 7%]

(a+bx3)1/3

Problem 549: Result unnecessarily involves higher level functions.

1
—  dx
x* (a+bx3)%?

Optimal (type 3, 110leaves, 6 steps):

23 bAcT al/3+2 (a+b ><3)1’3 13
fabx)?® PACTan[TE 0T ogix) bLog[al® - fasbx] ]
_ _ N _
3ax3 3+/3 a4/ 6 a4/3 6 a4/3
Result (type 5, 69 leaves):
a 1/3 . 1 1 4 a
—a—bx3+b(1+ﬁ) x3l-|ypergeometr|cZFl[gv 33 —ﬁ}

3ax3 (a+bx3)l/3

Problem 550: Result more than twice size of optimal antiderivative.

X7
_— d
J(a+bx3)1/3 "

Optimal (type 5, 38leaves, 2steps):

x8 (a+bx3)2’/3 I—rypergeonetriCZFl{l, ?, % b

8a
Result (type 5, 80 leaves):

1/3
x2 (—Saz—abx3+4b2x6+5a2 (1+¥) Hyper geonet ri c2F1 % 5 o3 ——H

28 b2 (a+bx3)l/3



® Problem 554: Result more than twice size of optimal antiderivative.

1
x5 (a+bx3)l/3

dx

Optimal (type 5, 38leaves, 2steps):

(a+bx3)2/3 HypergeometricZFl[—%, 1, —%, —ﬁ]

4 ax*

Result (type 5, 82 leaves):

—a2+abx3+2b%2x%_-pZx® (1+bai)

1/3

Hyper geonetri cZFl[%,

J 1
—  dX
X (a+bx3)2/3

Optimal (type 3, 84 leaves, 5steps):

4a%x* (a+bx3

)1/3

al’3:2 (a+b x3)1’3
areTan| =0 Logixg Log[at - (asbx) ]
- - +
3 a2/3 2 a?/3 2 a?/3
Result (type 5, 48 leaves):
a 2/3 . 2 2 5 a
(1+W) HypergeorretrchFl[g, 5 o 75]

2 (a+bx3)2/3

J 1
—  dx
x4 (a+bx3)2/3

Optimal (type 3, 110leaves, 6 steps):

(a+bx3)l/3 2bArcTan[

- +

\/3 al’?

al/?:2 (a+bx3®

)1,3

b Log [x]
+

bLog[al/® - (a+bx3)"?]

Problem 565: Result unnecessarily involves higher level functions.

Problem 566: Result unnecessarily involves higher level functions.

3ax?

3+/3 a5/3

Result (type 5, 69 leaves):

—a-bx3+b <l+i
b x

3

)2/3

x3 Hyper geonet r i c2F1[§,

3 a5/3

w|N

w|o

b x3

3ax® (a+bx3)

2/3

3 a5/3
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® Problem 567: Result unnecessarily involves higher level functions.

X7
— d
J(a+bx3)2/3 ’

Optimal (type 3, 123 leaves, 3steps):

2b1/3 x
1+
2 3113 U5 3,13 5a? ArcTan{w}
5ax? (a+bx?) x® (a+bx3) Nes

5a2Log[bY3x - (a+bx3)'?]

— + — —

18 b? 6b 9+/3 p8/3 18 b8/3

Result (type 5, 80 leaves):

2/3
x2 (756127261bx3+3b2x6+5a2 (l+?) Hyper geonet ri c2F1 2 % g ——H

18b? (a+bx3)%?

Problem 568: Result unnecessarily involves higher level functions.

X4
—d
J(a+bx3)2/3 ”

Optimal (type 3, 97 leaves, 2 steps):

2b1/3 x
1+

x2 (a+bx3)'? 2aArcTan{‘“‘v‘b743“] alog[b'3x - (a+bx3)"?]
+ +

3b 3 \/? p5/3 3 bp5/3

Result (type 5, 64 leaves):

bx3\2/3 .
2 (a+bx3*a (1+TX) Hyper geomet ri c2F1 % 2 g f—])

3b (a+bx3)2/3

Problem 569: Result unnecessarily involves higher level functions.

X
—d
(a+bx3)2/3 i

Optimal (type 3, 72leaves, 1step):

2b1/3x
1+

ArcTan{‘a}—;:} Log[bl3x - (a+bx3)*]

3 b2/3 2 b2/3
Result (type 5, 52 leaves):




x2 ( arbx3 |2/
a

3 X 2
HypergeometrchFl[g, 2 5 e

2 (a+bx3>2/3

Problem 574: Result more than twice size of optimal antiderivative.

X6
—d
J(a+bx3)2/3 "

Optimal (type 5, 38leaves, 2steps):

x7 (a+bx3)1/3 Hyper geonet ri CZFl[l, 3 3 " a

7a
Result (type 5, 78 leaves):

2/3
-2a’x-abx*+b?2x7+2a%x (1+bai) HypergeomatricZFlE, % %, 7¥

5b% (a+bx3)%?

Problem 576: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
—d
(a+bx3)2/3 ”

Optimal (type 5, 33leaves, 2steps):

>1/3

X (a+bx3 Hyper geomret ri c2F1 % 1, 5 -

a

Result (type 5, 177 leaves):

1 al/3 1 (-1)2/3pl/3x 2/3
3., 21/3 ((71)2/3 a1/3+b1/3x)
pl/3 (a+bx3)2/3 <1+ (_1)1/3> al/s
J'l(1+bali%) 13 1 2 4 (1+jﬁ)al/3+(l—jﬁ) bl/SX
_— I—NpergeomatricZFl{f, - -,
3i+/3 3 3 3 2 (al/3 4+ b1/3x)

Problem 578: Result more than twice size of optimal antiderivative.

J 1
——— dXx
x8 (a+bx3)2/3

Optimal (type 5, 38leaves, 2steps):

b x3

(a+bx3)"° Hyper geonet ri c2F1 7‘31, 1, 7§, -2

5a x>

1.1.3 General.nb |67
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Result (type 5, 82 leaves):

2/3
—a2+abx®+2b%2x%+2b%x8 (1+baﬁ) Hyper geomet ri c2F1 % g % —%

5 a2 x5 (a+bx3)2/3

Problem 581: Result unnecessarily involves higher level functions.

X
(1 7)(3)2/3 ax

Optimal (type 3, 53 leaves, 1step):

2x

ArcTan{ ()72 } 1
- : - —Log[-x - (1-x3)'7]
vz 2
Result (type 5, 20 leaves):
1 2 2 5
—x2 HypergeometricZFl[f, — x3}
2 3 3 3

Problem 635: Result more than twice size of optimal antiderivative.
Jx3 (a+b x4)3 dx

Optimal (type 1, 16leaves, 1step):

(a +b X4> 4
16 b
Result (type 1, 43 leaves):
adx* 3 1 b3 x16
+—a?bx8+ —ab?xi2,
4 8 4 16

Problem 776: Result unnecessarily involves imaginary or complex numbers.
Jx“ rJa+cx* dx

Optimal (type 4, 127 leaves, 3steps):

cl/4x
al/4

2]

al/4 (\/;+.hc XZ) % EIIipticFPArCTan[
+ 2
raxsfaroxt 1 e e =)
—+7x5\/m—
21c 7 21c5%4+/a+cx?

Result (type 4, 106 leaves):
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2107 |17 @ liptick[i Arcsinn| "V/V’: x|, -1]

2a?2x +5acx>+3c2x%+

2lc+/a+cx*

® Problem 777: Result unnecessarily involves imaginary or complex numbers.

J\/a+cx4 dx

Optimal (type 4, 105leaves, 2steps):

a+c x4

N =

}

2

(\EM/? xz)

ad3/4 (\/ng\/C_Xz) R

Ellipti cF[ZArcTan[cll/i,X},

1
—x+a+cx? +
3

3cl/4+/a+cx*

Result (type 4, 89 leaves):

21‘134/1+% EIIiplicF[ﬁArcSinh{ % x},fl}

ive

x (a+cx*) -

Va

3+a+cx?

® Problem 778: Result unnecessarily involves imaginary or complex numbers.

Ja+cx?t
——  dx
X4

Optimal (type 4, 107 leaves, 2 steps):

20 EllipticF|2ArcTan| X ],

a 4

c3/4 (\/;+\/?XZ)

N |-

)

2

(\EJr\FXZ)

\Ja+cx?t

- +
3 x3
3al/4+/a+cx*

Result (type 4, 92 leaves):
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2ic [1.5% Bl i pticF[i Arcsinh | vac x|, 1]

a+c x4

x3

3+ a+cx?

® Problem 779: Result unnecessarily involves imaginary or complex numbers.

\Ja+cx?t
——  dx
XS

Optimal (type 4, 129leaves, 3steps):

a+c x4

(\EJrW X2)2

c7/4 (\/;Jr\/cfxz)

Elli pticF[ZArcTan{c;?f}, ﬂ

Ja+cx?t 2c+/a+cx*

7 3
[ 2lax 21 a%%4+/a+cx*

Result (type 4, 106 leaves):

21c2 1.5 BI1ipti cF i Arcsinh | AJ; x|, 1]

3a? 5ac

-2c2x +

x7 x3

2la+/a+cx*?

® Problem 780: Result unnecessarily involves imaginary or complex numbers.

Jx2x1a+cx4 dx

Optimal (type 4, 234 leaves, 4 steps):

a+c x*

2054 (Va +ve x2) | e
(ﬁ+\/?x2)2

Ellipti cE{ZArcTan[—x],

cl/4
a1/4

N |-

}

Exstr 2ax~/a+cx* )
5 S\E(ﬁdfﬁxz) 5c3/4/ascxt

a+c x4 _ E||ipticF[2ArCTan{c:1%}v %]

(\/;4‘\5 XZJ

5c¢c3/4+/a+cx*

as/4 (\/;+\/C_X2)

Result (type 4, 121 leaves):
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Bl 1ipti cE[5 Arcsinh | e x|, -1]-BI1ipticF[iarcsinh | “’Lx},fl}

Va Va

.
2ia. 1+
a

x® (a+cxt)+ [i)s,rz

pu—
Va

5+/a+cx*

® Problem 781: Result unnecessarily involves imaginary or complex numbers.

Jxla+cx4
———  dXx
X2

Optimal (type 4, 224 leaves, 4 steps):

a+cx*

(\EJA/C* X2)2

2 gl/4 cl/4 (\/;Jr\/C_Xz)

EIIipticE{ZArcTan[C;i,x}, ﬂ
m 2+/c x+/a+cx?
N _
X Va ++c x2 \Ja+c x4

al/s o1/ (ﬁ+dc_xz) ﬁ E||ipticF[2ArcTan[°;fﬂ, %]

\Ja+cx?

Result (type 4, 119 leaves):

[ .
2ic, 1+
a

a+c x4 .
X [mc ]3"2

\Ja+cx?

® Problem 782: Result unnecessarily involves imaginary or complex numbers.

\Ja+cx?t
——  dx
X6

ive ive

EIIipticE[JiArcSinh{ = x},—l}—EIIipticF iArcSinh[ — x},—l]
Va va

Optimal (type 4, 258 leaves, 5 steps):
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a+c x4

2 o5/4 (ﬁ+dc_x2) E||ipticE[ZArcTan{‘:;fﬂ. %]

2

m 2c+/a+cx? 2c3%2x+/a+cx? (Va e =)

- - + - +
5 x° Sax 5a(\/?+VC_X2) 5a34-/aqscx4

cd/4 (\/?+\Ex2) ﬁ EIIipticF[ZArcTan{c;?f}, %]

5a3%/4+/a+cx?

Result (type 4, 133 leaves):
1

5+/a+cx*

(a+cx*) (a+2cx*) .
- x5 -21

® Problem 796: Result unnecessarily involves imaginary or complex numbers.
J-x“ (a+c x4)3/2 dx

Optimal (type 4, 148leaves, 4 steps):

a+c x*

N~

2

20114 (Va oo x2) | e
(\E+WX2)

Elli pticF{ZArcTan{—x},

c1/4
a1/4

4a%x+/a+cx? 6 1 3
4 5 4\3/2
- a+cx? + —x (a+cx) -

+ —ax®

e " 11 77c54+/a+cx?

Result (type 4, 117 leaves):
4iad, 1+¥ HIipticF{jArcSinh[ ”’E x},fl}

ive

4a8x+17a%2cx®+20ac2x®+7c3x134

Va

77c+/a+cx?

® Problem 797: Result unnecessarily involves imaginary or complex numbers.

J(a+cx4)3/2 dx

Optimal (type 4, 122leaves, 3steps):
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a+c x4

2 a7/4 (\/§+\/c_x2) . E||ipticF{ZArcTan[";ff], %]

(\/?Jr\/? Xz)

2 4 1 4\3/2
—axia+cx +—x(a+cx) +
! 7 7cl/4+/a+cx*

Result (type 4, 102 leaves):

41‘1a21/1+¥ EllipticF [ ArcSinh| "\/"; x|, 1]

ive

3aZx+4acx®+c2x9-

Va

7+ a+cx?

® Problem 798: Result unnecessarily involves imaginary or complex numbers.

(a+cx4)®?
74d1)(
X

Optimal (type 4, 124 leaves, 3steps):

a+c x4
2

2a%/4c3/4 (\/;+\/C_X2) —er
(\/;4-\/?)(2)

)3/2 EIIipticF{ZArcTan[%], %]

2 a+cx*
—CXx/a+CX4—< : ; +
s 3x 3+/a+cxt

Result (type 4, 96 leaves) :

4iac, 1+% EIIipticF[JiArcSinh[ % x},fl}

—
ive

a?
——3+02X5—
X

Va

3+a+cx?

® Problem 799: Result unnecessarily involves imaginary or complex numbers.

(a+cx*)®?
s
X

Optimal (type 4, 126 leaves, 3steps):




74| 1.1.3 General.nb

a+c x*

2¢c7/4 (\/;Jr\/c_xz)

> Elli pticF{ZArcTan[c;:X}, ﬂ

('\E*’\/? X2>

2cqjarcxt  (avcx*)¥?

- - +

7 x3 7 x7
7al/4+/a+cx*

Result (type 4, 106 leaves):

41‘1c24/1+% EIIipticF{iArcSinh[ ‘Vg x],—l]

ive

a?+4acx*+3c?x8

X7

Va

7+/a+cx?

® Problem 800: Result unnecessarily involves imaginary or complex numbers.
J-xz (a+cx?) 32 gx
Optimal (type 4, 255leaves, 5steps):

2 | 4
2 3 B 4acx/a+cX 1 3 32

—ax®ya+cx* + +—x3 (a+cx?)
15 15+/c (\/a +v/¢ xz) 9
a+c x* . . cl/4x 1 + . . /
+ = — 2 I ala |0 2 o % C;:AX ! %
4 a%4 (x/a Ve x2) e Ellipti cE[ZArcTan[ } ] 2a%* (\/a +1/c xz) e EllipticF|[2ArcTan

15¢c3/4+/a+cx? 15¢c3/4+/a+c x*

Result (type 4, 133 leaves):

121a24/1+% EllipticE JiArcSinh[ ”E x},—l}—ElIipticF JiArcSinh[ ‘E x},l}’
va va
(a+cx*) (11ax*+5cx’) + —
=

45+/a+c x4

® Problem 801: Result unnecessarily involves imaginary or complex numbers.

J\(a+cx“)3/2
72d1x
X

Optimal (type 4, 251 leaves, 5 steps):
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o 12 a5/4 cl/4 (\/?+\/c_x2) ﬁ EIIipticE[ZArcTan{C;ﬁAx}, ﬂ

6 \/er128.\/07X\/a+CX4 (a+CX4

—cx® - - +
5

5(\/?+\/C_X2) X Sm

6 a5/4 cl/4 (ﬁ+ﬁx2) ﬁ EIIipticF[ZArcTan{c;‘jf}, %]

5+/a+cx*

Result (type 4, 136 leaves):

4
12iac_ /1+5C
3 a
a CcCX

Ja+cx? +

El i pti cE[i Arcsinh| ?“C_ x|, 1] ~E'lipticF|i Arcsinn| 1ve x|, -1]

a a

. 3/2
5(—lﬁ) iJa+cx?

Va

- — +

X 5

® Problem 802: Result unnecessarily involves imaginary or complex numbers.

(a+cx*)®?
76d1x
X

Optimal (type 4, 252 leaves, 5 steps):

12t/ ¢/ (\EJr\EXZ) _aext EIIipticE{ZArcTan[c;:x}, }
2
6crJarcxt  12¢32x+Jascxt  (a+cx*)¥? (Va e x?)

- + - - +

5 5 (va e x?) 5 x5 5farcxt

6 al/4 c5/4 (\/;+\Ex2) maIipticF[ZArcTan{C;?f}, ]

5+/a+cx*

N

N | =

ive

EllipticE J'LArcSinh[ x},fl}fEllipticF JiArcSinh[ e x},fl}

Result (type 4, 132 leaves):
12 i¢c2, 1+¥
~ (a+c x*) (a+7cx4) N

x® (WT)W

Va

5+/a+cx?

Va
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® Problem 803: Result unnecessarily involves imaginary or complex numbers.
J(l + x4)3/2 dx

Optimal (type 4, 72leaves, 3steps):

1+x4 . . 1
) y 2 (1+x2) /(Mz)z EllipticF[2ArcTan(x], ;|
.

2
—X 1+x4+—x(1+x4)
! ! 71 +x%

Result (type 4, 55 leaves):
3x+4x5+x%-4 (-1)V4[1+x* EllipticF[iArcSinh[(-1)Y*x], -1]

7+1+x

Problem 809: Result unnecessarily involves imaginary or complex numbers.
Jx/ 1+x% dx

Optimal (type 4, 58leaves, 2 steps):

Lax4 . 1
L (1+x2) ,(1+:2)2 EllipticF[2ArcTan[x], E}
4

— X\ 1+x* +
34/1+x*

Result (type 4, 48 leaves):
x+x% -2 (-1)M4+[1+x* EllipticF[iArcSinh[(-1)¥4x], -1]

34/1+x*

Problem 821: Result unnecessarily involves imaginary or complex numbers.

%8
J ax
\Ja+bx?

Optimal (type 4, 130leaves, 3steps):

5474 (Va « Vb x?) % EllipticF[2arcTan| %], L]
a +Vb x
_5axW+sz+ \

2
21b b 42b°4+Ja+bx*

Result (type 4, 106 leaves):



5ia?, 1+¥ EIIiplicF[iArcSinh[ \’af x},—l}

ib

-5a2x-2abx®+3b2x9-

Va

21b2+/a+bx*

® Problem 822: Result unnecessarily involves imaginary or complex numbers.

x4
—F  dx
\Ja+bx?*

Optimal (type 4, 108 leaves, 2 steps):

a+b x4

(Va /b x2)’

a3/4 (\E+sz) EIIiptiCF{ZArCTan[blﬁx}, ﬂ

a 4

x+/a+b x4

3b 6 b%/4+/a+bx*

Result (type 4, 92 leaves):

ia. l+¥ EIIipticF[jArcSinh{ "\/\’/T? x},fl}

n\c/b

X (a+bx4) +

a

3b+/a+bx*

® Problem 823: Result unnecessarily involves imaginary or complex numbers.

1
— dX
Jva+bx4

Optimal (type 4, 88leaves, 1step):

a+b x*

(\E*’\/F >(2>2

2a1/4 b1/4 ’a+bx4

Result (type 4, 74 leaves):

(Va b x?|

Ellipti cF{ZArcTan[b;ﬁf}, ﬂ
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i /142 EllipticF[iArcSinh| ]"g x|, -1]

NN ey

Va

® Problem 824: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x*+/a+bx*

Optimal (type 4, 110leaves, 2steps):

a+b x4

p3/4 (ﬁ+ﬁxz) .
(\/?ﬂ/sz)

i pti box] t
- E |pt|cF[2ArcTan{aH} 2}

3
sax 6a%%+/a+bx*

Result (type 4, 95 leaves):

4 i b
ib,)1.2% Bl i pti oF [i ArcSinh | LLLE x|, -1
a+b x4 @ Va
- +

x3

ib

Va

3a+/a+bx?

® Problem 825: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x8+/a+bx*

Optimal (type 4, 132leaves, 3steps):

a+b x4

(\EJAW Xz)z

5p7/4 (\/;#—\/FXZ)

\Ja+bx* 5b+/a+bx*
- + +

EllipticF[2 ArcTan |2 ],

a 4

;)

7 2 3
7ax 21a°x 42 a%%+Ja+bx*

Result (type 4, 106 leaves):



51b21/1+¥ EIIipticF{jArcSinh[ “\g x},—l}

[

iyb

Va

2 2
33+L3b+5b2x7
X

2l a?+/a+bx?

® Problem 826: Result unnecessarily involves imaginary or complex numbers.

X10
J RN
\Ja+bx?*
Optimal (type 4, 261 leaves, 5 steps):

7ax3+/a+bx* x"+/a+bx* 7a2x~a+bx*
- + +
45 p? 9b 15 p5/2 (x/?m/b_x?)

a+b x4

(ﬁ+ﬁx2)2

7 a%/4 (\/;+\/HX2)

a1/4

EllipticF[2ArcTan | 27X,

EIIipticE[ZArcTan{bl/ax}, %] 7 a%4 (ﬁ+ﬁx2)
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;]

15 b4 \/a + b x4

Result (type 4, 136 leaves):

.
211a2.)1-2%
a

30 b4 /a+b x4

EllipticE iArcSinh[ @x},—l}—ﬂlipticF JiArcSinh[ gx},—l}
va va

(a+bx*) (-7ax*+5bx") + [ /b*]“

Va

45pb%2+/a+bx*

® Problem 827: Result unnecessarily involves imaginary or complex numbers.

XG
——F  dx
\Ja+bx?

Optimal (type 4, 237 leaves, 4 steps):
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3 g5/4 (\/;+\/FX2) L“Z E||ipticE{2ArcTan{blfﬂ, ﬂ
@ Jasbxt  3axifarbxt i) a

+ —

5b 5 p3/2 (\/;Jr\/gxz) 5b7/4\/m

3 g5/4 (ﬁ+ﬁxz) \/%EIIipticF[ZArcTan{b;‘jf},

10b7/4+/a+bx*

Result (type 4, 168 leaves):

x3~/a+bx? 1

;|

5b ,
5 —lﬁ b3/2+/a+bx*
a
iVb x2 iVb x2
3a%2 |1- 1+ EllipticE jArcSinh{ x], _1}_E||ipticF jArcSinh{

Va Va Va

® Problem 828: Result unnecessarily involves imaginary or complex numbers.

X2
J ax
\Ja+bx?*

Optimal (type 4, 210leaves, 3steps):

al/4 (\/;Jr\/FXZ) \/WM’TZ)ZEIIipticE{ZArcTan[b;r;], ﬂ
x/a+hbx4 B

- +

Vb (v b x2) 24 Jarbxt

al/4 (\/;+\/Fx2) ﬁ EIIipticF[ZArcTan[b;ﬁAX}, %]

2b%4+/a+bx*

Result (type 4, 104 leaves):
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i [1+°% EIlipticE|i ArcSinh| ﬁﬁ x|, -1] -ElipticF[iAresinn| [ x|, 1]
a a
BN

® Problem 829: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x2~Ja+bx?

Optimal (type 4, 232 leaves, 4 steps):

b (\/;+\/sz) % E||iptiCE[2ArcTan{b11/4,4x}' %]
W \/FXW ('\/;+\/b7X2J a
- +

ax a(\/§+\/gx2) aamW

bl/4 (ﬁ+\mx2) (v?a:bivbfﬂ]z EIIipticF[ZArcTan[balrf}, %]

2a%4\a+bx*

Result (type 4, 121 leaves):

1 a+bx4 ivb b x* o _
- -1 1+ EllipticE jArcSmh{
\Ja+bx4 ax Va a

® Problem 830: Result unnecessarily involves imaginary or complex numbers.

x], 71]7EllipticF i ArcSi nh[

Va

1
——  dx
x8+/a+bx*

Optimal (type 4, 261 leaves, 5 steps):
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3654 (va + /b x2) #}“2]2 Bl 1ipticE[2 ArcTan 22X ], 1]
Ja+bx*  3byJa+bx? 3b3%2x+/a+bx* B
e 5a%x 5a? (\/;+WX2)+ 5a’/4+/a+bx*

3b54 (Va + /b x2] |2 B iptick[2arcTan| % E ],
(Va Vb x2) 2

10a’/4+/a+bx*

Result (type 4, 135leaves):
1

5aZ+/a+bx?

(a+bx4) (7a+3bx4>

;|

X4
+31a

Vb b o )
b [1+ EllipticE jArcSmh{
x5 Ja a

® Problem 841: Result unnecessarily involves imaginary or complex numbers.

XS
—_—dx
\Ja-bx*
Optimal (type 4, 100 leaves, 4 steps):
9/4 b x* . . . bl/4 x
5 ax /a-bx“ 5 /a—bx“ 5a% /177 ElllptlcF[ArcSm[—al,d],71}
- - +
2
21b 7b 21 b%4+/a-bx*
Result (type 4, 122 leaves):

_Yb oy (-5a%+2abx*+3b?x8) -51ia? 182 EIIipticF{JiArcSi nh{ _Yb x], —1]
vz VT vz
21 [-YP p2 ja-bx*
Vv a

® Problem 842: Result unnecessarily involves imaginary or complex numbers.

J‘de
\Ja-bx?*

Optimal (type 4, 77 leaves, 3steps):
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‘2 bxt ¥4 [1-2% EllipticF|arcsin[ 27X, ~1]
7 3b ) 3b54+/a-bx*

Result (type 4, 108 leaves):

_ b X (-a+bx*) -ia (L EIIipticF[jArCSinh[ _ b x}, —1]
Va T Va

3 /- pa-bx
r

a

® Problem 843: Result unnecessarily involves imaginary or complex numbers.

1
——F  dx
J~\/a—bx4

Optimal (type 4, 53leaves, 2 steps):

al/s /1_% EIIipticF[ArcSm{

bl/4 \/a - b x*

Result (type 4, 72 leaves):

i /12 ElipticF[iArcsinh| -% x|, -1]
a
—% \Ja-bx*

® Problem 844: Result unnecessarily involves imaginary or complex numbers.

1
J L
x4 +/a-bx*
Optimal (type 4, 79leaves, 3steps):
3/4 bxt Dot ca[Bix ]
W b 1-= ElllptlcF{ArcSm[al’,‘,], 1}
- +
3
3ax 3a%4+/a-bx*

Result (type 4, 90 leaves):
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ib, L% EIIiplicF{iArcSinh[ 712 x},—l}

Vb
Va

3a~/a-bx*

® Problem 845: Result unnecessarily involves imaginary or complex numbers.

- = +bx-

1
J .
x8/a-Dbx*
Optimal (type 4, 102leaves, 4 steps):
Aot sbane 5P 1- 2% EllipticF|arcsin[ 2 x|, 1]
- - +
7 2 3
7ax 2lacx 21 a7/4 /a—bx“

Result (type 4, 104 leaves):

5ib%,/1-— EllipticF nArcSmh[ JE x},—l}
Wa

3a? 2ab
st _2ab gpay
X X

21 a%?+/a-bx*

® Problem 846: Result unnecessarily involves imaginary or complex numbers.

X
j L
\Ja-bx*
Optimal (type 4, 158leaves, 8steps):

- bexél /7a oa Ta 12 E||ipticE[ArcSin{b;f}}, _1] 7ate 10X E||ipticF{ArcSin[b;fj], _1}

2
45b 15 b11/4 \Ja - b x4 15 bt/4 \Ja - b x4

Result (type 4, 134 leaves):
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EllipticE JiArcSinh[ WE x},—l}—lﬂlipticF JiArcSinh[ 7g x},—l}
Va

Va

i Jo 3/2
Vva

.
21ia2.)1-2%
a

(7a+bx4) (7ax3+5bx7) +

45b2+/a-bx*

Problem 847: Result unnecessarily involves imaginary or complex numbers.

JLM
Ja-bx*

Optimal (type 4, 135leaves, 7 steps):

3a4 [1-2 ElipticE
x3+/a-bx* a tpt
- +

5b

ArcSin[b:%], _1} 3a’4 [1- 2 E||ipticF{ArcSin[*j%], _1}

5b7/4+/a-bx* 5b7/4+/a-bx*

—

Result (type 4, 120 leaves):

:

. / /
3ia,/1-"" |EllipticE|iArcsinh| _yb x|, -1|-B1ipticF|iArcsinh| _yb x|, 1]
a Ja Va
—ax®+bx’+ —
7\/b
Va
5b+/a-bx*

Problem 848: Result unnecessarily involves imaginary or complex numbers.

szdx
\Ja-bx*

Optimal (type 4, 108 leaves, 6 steps):

a¥4 [1-2% ElipticE[arcsin[27X], ~1] a%* [1-2% BElipticF|Arcsin|2X] -1

b3/4<’a—bx4 b3/4<’a—bx4

Result (type 4, 100 leaves) :

i /1% |ElipticE|iArcSinh| _g x|, 1] ~EllipticF|iArcsinh| ‘% x|, _1”
a a
e
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® Problem 849: Result unnecessarily involves imaginary or complex numbers.

1
J LR
x?+/a-bx*
Optimal (type 4, 128leaves, 7 steps):
(ot PV [1-RC EvipticElAarcsin[ZX ], ~1] pv4 [1-RX ElipticF|Arcsin %X ] -1
ax a4 [a_bxt al/4Ja_bx*

Result (type 4, 115leaves):

1 1 bx3 Vb b x4 o _ Vb o _ Vb
S i |- [1-—" |ElipticE jArcS.nh{ S x},—1]—Elllpt|cF[jArcS|nh[ . x],—l}
b | X 8 va | a Ja Ja

® Problem 850: Result unnecessarily involves imaginary or complex numbers.

1
J ix
x8~/a-bx*

Optimal (type 4, 158 leaves, 8steps):

a b 3ba b 3P 17%“ E||ipticE[ArcSin[b;‘fj], 71} 3 p5/4 /17%‘ E||ipticF[ArcSin[b;",j], 71}

i
5 2
5ax 5a°x 5 a5/4 /afbx“ 5 a5/4 /a—bx“

Result (type 4, 131 leaves):
1

5a%2+/a-bx*

(-a+bx*) (a+3bx4) Vb b x4 Vb Vb
~3ia |-— b [1-—— |EllipticE JiArcSinh[ i x},—l]—ElIipticF JiArcSinh{ i x],fl}
x® Va a Va Va

® Problem 861: Result unnecessarily involves imaginary or complex numbers.

x12
7(1
J(a+bx4)3/2 i

Optimal (type 4, 151 leaves, 4 steps):
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a+b x*

1527 (Va +/b x?
x? 15ax~/a+bx* 9x°+/a+bx*

- + +

3 2
2b+/a+bx* 14b 14b 28 b13/4 \/a + b x4

Result (type 4, 106 leaves):
151a2, 1.2 EI1ipti cF [ Arcsinh | L: x|, 1]

—
b

S Elli pticF[ZArcTan{b::AX}, ﬂ

(\/;+\m Xz)

-15a?2x-6abx®+2b?x°%-

i

Va

14 b3+/a +bx*

® Problem 862: Result unnecessarily involves imaginary or complex numbers.

X8
_  d
J(a+bx4)3/2 "

Optimal (type 4, 129leaves, 3steps):

Elli pticF[ZArcTan{&}, ﬂ

a1,4

a+b x*

5234 (Va + b x?| o
a + x?

x5 5x+a+bx*
_ N _

2
2b+/a+bx* 6b 12 b%/4 </ a + b x*

Result (type 4, 93 leaves):

5ia,|1:2% Bl 1 pticF[i Arcsinh | \? x|, 1]

—
b

S5ax+2bx5+

iV

p—
Va

6b2~/a+bx?

® Problem 863: Result unnecessarily involves imaginary or complex numbers.

X4
—d
J(a+bx4)3/2 i

Optimal (type 4, 108leaves, 2 steps):
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(Va +vb x?) ma|ipticF[2ArcTan{";ﬂ,
X

- +
2b+/a+bx* 4 al/4p54+fa+bx*

Result (type 4, 102 leaves):
Jﬂ x+11\/1+M EIIipticF{jArcSinh{ ivh x},fl]
Va a Va

a
2 [P pJasbx4

Va

;|

® Problem 864: Result unnecessarily involves imaginary or complex numbers.

71 d
(a+bx4)®? )

Optimal (type 4, 108 leaves, 2 steps):

X (Va b x| ﬁ EllipticF[2 ArcTan[22X], 1]

+

2a+/a+bx* 4 @54 pl/4+/a+bx*

Result (type 4, 102 leaves):

JEX]'I\/IEIIiptiCF[JIArCSinh[ 20 k], -1
Va ° il

2a [ Jaibx4

Va

® Problem 865: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x4 (a+bx4)3/2

Optimal (type 4, 131leaves, 3steps):

5b%4 (Va b x2) | =2 ElipticF[2ArcTan| 2], 1]
1 5/a+bx (Ve ibe) )

23
2ax3+/a+bx* 6a%x 12 a%4+/a + b x*

Result (type 4, 93 leaves):
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51b4/1+¥ EIIipticF[jLArcSinh{ \V?? x],—l]

io

Va

6aZ+/a+bx*

® Problem 866: Result unnecessarily involves imaginary or complex numbers.

1
— dX
x8 (a+bx4)3/2

Optimal (type 4, 153 leaves, 4 steps):

2
——?—5bx+
X

a+bh x4
2

15 b7/4 (\/?Jr\/gxz) m
a + x2

Ellipti cF{ZArcTan[b;—ff], ﬂ

1 9+/a+bx?* 15b+/a+bx?

- + +
2 7 3 y3
2ax’+a+bx* 14a%x l4ax 28 ald¥/4+/a+bx*

Result (type 4, 106 leaves):

1502 1.2 BI1ipti oF [ ArcSinh | j?? x|, 1]

22
_2a,8ab 15p2x -
X X

%
:
=1

14 a%+/a+bx*

® Problem 867: Result unnecessarily involves imaginary or complex numbers.

X14
———dx
(a+bx“)3/2
Optimal (type 4, 282 leaves, 6 steps):
x11 77ax3+Ja+bx* 11x"+/a+bx* 77a%2x~/a+bx*
- + +
2b+/a+bxt 90 b 18 b 30072 (Va Vb x2|

a+b x*

a+b x*
2

m EIIipticF{ZArcTan[&], %]

al/4

77294 (Va ++/b x?)

E||ipticE{2ArcTan[kJ;%}, ﬂ 77a% (Va + Vb x?)

2

(\/?4-\/[)7 Xz)

30b15/4 +/a+b x4 60 b5/4 +/a + b x*

Result (type 4, 183 leaves):
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b x3 (-77a?-22abx*+10b?x®) +

x4

b
x}, —1]—231&5/2 1+ EllipticF jArcSinh[

a

Va

® Problem 868: Result unnecessarily involves imaginary or complex numbers.

XlO
———— dXx
(a+bx4)3/2
Optimal (type 4, 258 leaves, 5 steps):
x7 7x3~/a+bx* 2lax+/a+bx*
N _
2b~Ja+bx4 10 b? 10652 (Va + Vb x?

+

a+b x*

21 a%/4 (\/?+Wx2) Ellipti cE{ZArcTan[blﬁf}, ﬂ 21 a5/ (ﬁ+\mx2) —abx  Ept] cF{ZArcTan[b;:x], %]

a (\/?m/? xz)

2

(\EM/F xz)

10b!174 \/a + b x4 20 b11/4 \/a + b x4

Result (type 4, 172 leaves):

1 i Vb
. Vb x3 (7a+2bx*) -
10 | LYb ps2 va

a+bx?
Va

x4

EIIipticE[JiArcSi nh[
a

® Problem 869: Result unnecessarily involves imaginary or complex numbers.

XG
_— d
J(a+bx4)3/2 "

Optimal (type 4, 236 leaves, 4 steps):
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3 a1/ (ﬁﬂ/gxz) #ﬂfz)z E||ipticE[ZArcTan{b;ﬁﬂ. %]
a + X
i x3 X 3XW B +
2b+Jasbxt 207 (Va + b x?) 2b7/4Ja+bx
3al (Va + Vb x?) ﬁ EllipticF[2ArcTan[22X], 1]

4b74+Ja+bx*

Result (type 4, 163 leaves):
1

2 |1 pe2fapxt

Va

ivb

\/b7X3+3\/; ’3\/;

EllipticE jArcSinh[ EllipticF lercSinh[

® Problem 870: Result unnecessarily involves imaginary or complex numbers.

X2
_  d
J(a+bx4)3/2 ”

Optimal (type 4, 239 leaves, 4 steps):

(\/§+\/Fx2) LAZ EIIipticE{ZArcTan[%], ﬂ

x3 X+ a+bx4 [Yar )
2a-lasbx? Za\/g(\/;+\/bixz) 22a3/4p3/4 /a+bxd

( \/_x2 ra“brx EllipticF 2ArcTan{ } %]
X

a3/4 b3/4 /a +b X4

Result (type 4, 163 leaves):
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iVvb b x4
Vb x*-a |1+ EIIiptiCE]iArcSinh{
Va a

3/2

rJa+bx?

® Problem 871: Result unnecessarily involves imaginary or complex numbers.

J 1
— X  dx
x2 (a+bx*)%?

Optimal (type 4, 260 leaves, 5 steps):

3 pl/4 (\E+\/FX2) LAZZ EIIipticE{ZArcTan[%}, ﬂ
. 3yarbxt 3B xfasbxt \ el

- +

2ax~/a+bx* 2a%x +232 (\/;+\mxz) 2a’%+Ja+bx*

3 pl/4 (\E+\/Fx2)ME”W“CF[ZNCTE‘”{%}'

4a’%~Ja+bx*

Result (type 4, 178 leaves):

ivb b x4
x},_1}+ﬁ [1+ EllipticF ﬂArcSinh[
Va a

ivb

a

2 a3/2

N |-
[E—

1
[ v/a
2 a2 % x~/a+bx*
a

b x* b x4
3va Vb x |1+ EIIipticE{iArcSinh{ x],—l]—?m/;\mx 1.4 EllipticF JiArcSinh[
a a

® Problem 872: Result unnecessarily involves imaginary or complex numbers.

J 1
——— dXx
x8 (a+bx“)3/2

Optimal (type 4, 282 leaves, 6 steps):

Va
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1 7+/a+bx* 21b~/a+bx* 21b%2xa+bx?
- + - +
2ax5asbx? 10 a2 x5 10 a® x 10 a3 (\/;H/gxz)

Ellipti cF{ZArcTan{&], %]

a1/4

a+b x*

(Va Vb x2)*

a+b x*

(ﬁ*\/? X2)2

10al14+/a +bx4 20 all/4+/a + b x*

Result (type 4, 192 leaves):

21 p5/4 (H+Wx2) E||ipticE{2ArcTan[ki;—ﬂ, ﬂ 21 b5/4 (\/?+vb_x2)

b x4

ivb
Ja

(-2a?+14abx*+21b?x8) -21+a b¥2x°> [1+ EIIipticE[jArcSi nh[

a

x4

® Problem 873: Result unnecessarily involves imaginary or complex numbers.

1
7d1
(a+bx“)5/2 "

Optimal (type 4, 127 leaves, 3steps):

a+b x*

5 (va b x| . BllipticF[2arcTan[ 22X ], 1

X 5X (\EJAWXZ)

+

N
6a (a+bx?)® 1552 [o pye 24 a%4pt4+/a+bx*

Result (type 4, 99 leaves) :

5i (a+bx4) 1+¥ EIIipticF{iArcSinh[ % x],fl]

ib

Va

7ax+5bx5-

12 a2 (a+bx4)3/2

® Problem 927: Result unnecessarily involves imaginary or complex numbers.

JLM
A1+ x4
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Optimal (type 4, 74leaves, 3steps):

5 (1+x2) [ XX EllipticF[2ArcTan(x], 2]

[1+x2)2

42 /1 +x*

5 1
——xATx* + x5 1ext 4
21 7

Result (type 4, 57 leaves) :
5x+2x5-3x%+5 (-1)Y4+/1+x* B lipticF[iArcSinh[(-1)Y4x], -1]

21+/1 +x*

Problem 928: Result unnecessarily involves imaginary or complex numbers.

=
—— dX
1+ x4

Optimal (type 4, 58 leaves, 2 steps):

(1+X2) 1+x4

L EllipticF[2ArcTan[x], %}
1 +X

6/1+x*

Result (type 4, 47 leaves):
X+x%+ (-1)Y4+[1+x* EllipticF[iArcSinh[(-1)Y4x], -1]

34/1+x*

Problem 929: Result unnecessarily involves imaginary or complex numbers.

Jl ax
N 1+x*

Optimal (type 4, 43leaves, 1step):

(1+x2) | 2% EllipticF[2AcTan(x], %]

<1+X2)2
2+/1+x*

Result (type 4, 21 leaves):

- (-)Y*EllipticF[iArcSinh[(-1)Y*x], -1]
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® Problem 930: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x4/ 1+x%

Optimal (type 4, 60leaves, 2 steps):

+x4 . .
W (1+x2> (1l+:z)2 ElllptICF[ZArCTan[X], %]

3 W

Result (type 4, 55 leaves):
“1-x*+ (-1)Y4 X341+ x* EllipticF[iArcSinh[(-1)Y4x], -1]

3x34/1+x*

® Problem 931: Result unnecessarily involves imaginary or complex numbers.

1
J LI
x84/1 + x4
Optimal (type 4, 76leaves, 3steps):

2 1+x4 . . l
\/1+X4 5J1+x4 5 (1+x2) /—<1+X2>2 EllipticF[2ArcTan(x], 2]
- +

N
7 3
x 21x 421+ x*

Result (type 4, 61 leaves):

-3+2x4+5x8 -5 (-1)14x7/1+x* EllipticF[iArcSinh[(-1)**x], -1]

21 x7~/1 + x4

® Problem 932: Result unnecessarily involves imaginary or complex numbers.

XlO
J P
A1+ x4
Optimal (type 4, 140leaves, 5steps):

1x*

. . 1 1+x4 : ; 1
m 7 (1+x?) o] EllipticE[2ArcTan(x], ;| 7 (1+x?) (sz)z EllipticF[2ArcTan(x], ;|

(1+x?) 15+/1 + x4 30 /1 + x4

7 1 7 X
—— X3l ax* = xTA L xt
45 9 15

Result (type 4, 72 leaves):
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1 | x®(-7-2x*+5x8)
— -21 (-1)¥*EllipticE[iArcSinh[ (-1)Y*x], -1] +21 (-1)¥*EllipticF[iArcSinh[(-1)Y*x], -1]

B e

® Problem 933: Result unnecessarily involves imaginary or complex numbers.

5=
——FF dx
1+x4

Optimal (type 4, 124 leaves, 4 steps):

5 (1+x?) 5\@ 10m

Result (type 4, 73 leaves):

3(1+x2) [ XX EllipticE[2ArcTan(x], 1] 3 (1+x2) | -2X_ EllipticF[2ArcTan(x], %]
1 3\/174 3x4/1+x4 (1+x2) 2 (1+x2) 2
— X + X7 - +
5

x3+x7 -3 (-1)¥4/1+x* EllipticF[iArcSinh[(-1)**x], -1]

A1+ x4

1
— [3(-1)¥*EllipticE[iArcSinh[ (-1)Y*x], -1] +
5

® Problem 934: Result unnecessarily involves imaginary or complex numbers.

b=
— dX
1+x4

Optimal (type 4, 103 leaves, 3steps):

1ex oo 1 1ox N 1
Xm (1+x2) (1+:z)2 EllipticE[2ArcTan[x], 5} (1+x2) (1+xx2)2 EllipticF[2ArcTan[x], E}

- +
Loxd JToxt 2Toxt

Result (type 4, 37 leaves):

(-1)¥* (-EllipticE[i ArcSinh[(-1)*x], -1] +EllipticF[iArcSinh[(-1)"*x], -1])

® Problem 935: Result unnecessarily involves imaginary or complex numbers.

1
—  dXx
x2~/1+x%

Optimal (type 4, 117 leaves, 4 steps):

2y 1t i ot 1 2y [ _1ext i ot 1
\/1+X4 x\/1+x4 (1+x2) et EllipticE[2ArcTan(x], 2] (1+x2) TaE EllipticF[2ArcTan[x], 2}
- +

- +

X 1+x? A1+ x4 24/1+x*
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Result (type 4, 70 leaves):

1 x3

x\/1+x4 \/1+x4

® Problem 936: Result unnecessarily involves imaginary or complex numbers.

- (-1)¥*HElipticE[i ArcSinh[(-1)¥*x], 1]+ (-1)**EllipticF[iArcSinh[(-1)Y*x], -1]

1
Jidx
x84/1 +x*
Optimal (type 4, 140leaves, 5steps):
3 (1+x? L E|ipticE[2ArcTan[x], 1] 3 (1+x2 1 EipticF[2ArcTan[x], :
\/1+x4 3\/1+x4 3xA/1+x4 ( ) (14x2)? P [ ] 2] ( ) (14x2)? P [ o 2}
- + - + -
5 2
> X > X 5 (1+x%) 5+/1+ x4 101+ x4

Result (type 4, 94 leaves) :
1

5x54/1+x*

(—1+2x4+3x8+3 (-1)%4x5+/1+x* EllipticE[i ArcSinh[(-1)¥4x], -1] -3 (-1)¥*x5~/1+x* EllipticF[iArcSinh[(-1)¥4x], 71])

® Problem 947: Result unnecessarily involves imaginary or complex numbers.
X12
———— dx
(1 + X4>3/2
Optimal (type 4, 90leaves, 4 steps):

2 1+x4 . . 1
o s o 15 (1 +x2) IW EllipticF[2ArcTan[x], 5}
4 5 4

- —x\1+x 1+x" +
2+/1+x* 14 14 28 +/1 + x4

Result (type 4, 57 leaves) :

15x +6x5-2x%+15 (-1)¥4/1+x* EllipticF[iArcSinh[(-1)**x], -1]

14+/1 + x4

® Problem 948: Result unnecessarily involves imaginary or complex numbers.

XB
— d
J(1+X4>3/2 ”

Optimal (type 4, 74leaves, 3steps):
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2 1+x4 . . l
s . 5 (1+x?) | e EllipticF[2ArcTan(x], 2]
4

-+ =X\ 1+Xx" -
24/1+x% 6 12+/1 + x4

Result (type 4, 52 leaves):

5x+2x545 (~1)1/4+/1+x4 EllipticF[iArcSinh[(-1)Y4x], -1]

6+/1+x*

Problem 949: Result unnecessarily involves imaginary or complex numbers.

X4
—_—d
J(1+X4)3/2 "

Optimal (type 4, 58 leaves, 2 steps):

(1+x2) | 2% EllipticF[2AcTan(x], 1]

X (1+X2>2

- +
2+/1+x* 4/1+x4
Result (type 4, 38 leaves):

1
. (-LHY4BElipticF[iArcSinh[(-1)Y4x], -1]

2 1oxt 2

Problem 950: Result unnecessarily involves imaginary or complex numbers.

1
—_d
(1+X4)3/2 "

Optimal (type 4, 58leaves, 2 steps):

1+x4 . . 1
§ (1+x2) /(h%)z EllipticF[2ArcTan(x], |

+
2+/1+x* 44/1+x*

Result (type 4, 37 leaves):

1 X
— | ——— - (-L)Y*BllipticF[iArcSinh[ (-1)Y*x], -1]

2 A1+ x4
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® Problem 951: Result unnecessarily involves imaginary or complex numbers.

1
— dx
x4 (1+x4)3/2

Optimal (type 4, 76leaves, 3steps):

2 1+x4 . . l
. Sm 5 (1+x?) ,—(1+x2)2 EllipticF[2ArcTan[x], 2}

2x3+/1+x% 6 x° 12+/1 + x4

Result (type 4, 46 leaves):

1| -2-5x*
— | ———+5 (-1)Y*EllipticF[iArcSinh[(-1)*x], -1]

6 x3+/1+x%

® Problem 952: Result unnecessarily involves imaginary or complex numbers.

J 1
—  dx
x8 (1+x“)3/2

Optimal (type 4, 92 leaves, 4 steps):

15 (1+x2) | 2 ElipticF[2ArcTan[x], *
1 9+/1+x4  15+/1+x* (L+x) (1ex2)? P [ 1. 5]
- + +
7 3
2x7 /1 + x4 14x 14x 28~/ 1 + x*

Result (type 4, 61 leaves):

~2+6x4+15x8 15 (-1)Y4x7 /1 +x* EllipticF[iArcSinh[(-1)Y4x], -1]

14 x7 /1 +x*

® Problem 953: Result unnecessarily involves imaginary or complex numbers.

X14
—d
J(1+x“)3/2 "

Optimal (type 4, 156 leaves, 6 steps):




100 | 1.1.3 General.nb

Xlgox r x +7X 77X<\/1+2X)4
Zm 30 (1+x

|77 (14 %) /ﬁ EllipticF[2ArcTan(x], 7]

N
304/1 + x4 60 /1 + x4

Result (type 4, 72 leaves):

77 (1+x2)

EllipticE[2ArcTan(x],

NP

.
(1+x2)2

1 | x3 (—77—22x4+10x8>
— -231 (-1)¥*EllipticE[i ArcSinh[(-1)"*x], -1] +231 (-1)**El lipticF|[iArcSinh[(-1)"*x], -1]

o e

Problem 954: Result unnecessarily involves imaginary or complex numbers.

xlO
—d
J(l +X4>3/2 )

Optimal (type 4, 140leaves, 5steps):

2 J1.oxt 10 10 (1 +x?) 10 /1 + x4 20 /1 + x4

Result (type 4, 75leaves):

2 1x* . . 1 2 1x4 : . 1
v F 1 x /—1+x4 (1+x ot ]? EllipticE[2ArcTan[x], ;] 21 (1+x?) /(MZ)Z EllipticF[2ArcTan(x], ;]
+—x3 14+x4

1 7 x3 2 x7
— +
10 \/1+X4 \/1+X4

Problem 955: Result unnecessarily involves imaginary or complex numbers.

XG
J(l +X4>3/2 o

Optimal (type 4, 124 leaves, 4 steps):

1+x4 . . 1 1+x4 . . 1
s 3Xm 3 (1+x?) /(l+x2>2 EllipticE[2ArcTan(x], E] 3 (1+x?) /W EllipticF[2ArcTan[x], 5}

- + - +
2 J1.oxt 2 (1) 21+ x4 41+ x4

Result (type 4, 61 leaves):

+21 (-1)¥*EllipticE[i ArcSinh[(-1)*x], -1]-21 (-1)¥*EllipticF[iArcSinh[(-1)Y*x], -1]
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1 x3
—|-———— -3 (-1)¥*EllipticE[i ArcSinh[ (-1)Y*x], -1] +3 (-1)¥*EllipticF[iArcSinh[(-1)Y*x], -1]

2| roxr

® Problem 956: Result unnecessarily involves imaginary or complex numbers.

X2
— d
J(1+X4>3/2 ’

Optimal (type 4, 124 leaves, 4 steps):

1ex - 1 1ox4 - 1
. Xm (1+x2) (1+:z)2 EllipticE[2ArcTan[x], 5} (1+x2) (1+xx2)2 EllipticF[2ArcTan(x], 5}

) . )
2 J1ext 2 (1+%?) 21 +x 41+ x

Result (type 4, 59 leaves) :

1 3
il (-1)¥*E lipticE[i ArcSinh|[ (-1)Y*x], -1] - (-1)%*EllipticF[iArcSinh|(-1)"*x], -1]

2 | [1oxt

® Problem 957: Result unnecessarily involves imaginary or complex numbers.

J 1
—  dx
x2 (1+x“)3/2

Optimal (type 4, 140leaves, 5steps):

2 1+x4 . .
1 3m 3Xm 3<1+X) —(sz)z EII|pt|cE[2ArcTan[x},

- + - +
2x+/1+x4 2x 2 (1+x?) 2/1+ x4 4+J14x4

Result (type 4, 75leaves):

3 (1+x?) (11:::)2 EllipticF[2ArcTan(x], %}

NP

1 2 3x3
— 3 (-1)¥*ElipticE[iArcSinh[(-1)Y*x], -1] +3 (-1)%*EllipticF[iArcSinh[(-1)Y*x], -1]

2 x\/1+x4 \/1+x4

® Problem 958: Result unnecessarily involves imaginary or complex numbers.

J 1
— dx
X6 (1+x4)°2

Optimal (type 4, 156 leaves, 6 steps):




102 | 1.1.3 General.nb

1 7~/1+x*  21+/1+x* 21x+/1+x*
- + - +
2 %514 x 10 x5 10 x 10 (1 +x2)

1+x4
(1+x2)2

1+x4
(l+x2)2

10+/1 + x4 20/ 1 +x*

Result (type 4, 94 leaves) :
1

10 x5 /1 +x*

(—2+14x4+21x8+21 (-1)%4x5+/1+x* EllipticE[iArcSinh[(-1)¥4x], 1] -21 (-1)%4x5/1+x* EllipticF[iArcSinh[(-1)**x], 71])

21 (1+x?)

EllipticE[2ArcTan(x], %} 21 (1+x2) EllipticF[2ArcTan[x], %]

Problem 959: Result unnecessarily involves imaginary or complex numbers.

1
— d
(1+X4>5/2 "

Optimal (type 4, 72leaves, 3steps):

1+x4 . . 1
§ . 5 (1+x?) IW EllipticF[2ArcTan(x], 5]

+ +
6 (1L+x4)¥* 15 [1.x8 241+ x*

Result (type 4, 52 leaves):

3/2

7x+5x%-5 (-1)14 (1+x*)"“EllipticF[iArcSinh[(-1)**x], -1]

)3/2

12 (1 +x*

Problem 974: Result more than twice size of optimal antiderivative.

X
J LI
A -4+ x4
Optimal (type 3, 18leaves, 3steps):
1 x2
—ArcTanh[ }
2

-4 4+ x4

Result (type 3, 42 leaves):
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iLog{lXZ]+1Log{l+X2}

A -4+ x4 4 \ -4+ x4

® Problem 984: Result unnecessarily involves imaginary or complex numbers.

X2
J L
\/3-bx*
Optimal (type 4, 54 leaves, 4 steps):

34 E lipticE[arcsin[ 22X ], 1] 3V ElipticF|Arcsin| 2 2], -1

31/4

b3/4 b3/4

Result (type 4, 76 leaves):
i34+ /b [EIIipticE i ArcSi nh[“r “|, ~1] ~EllipticF|iArcsi nh[v’ﬁ <. _1}]

31/4 31 /4

b
Problem 993: Result unnecessarily involves higher level functions.

J\(a+bx“)1/4
—dX
X

Optimal (type 3, 66 leaves, 6 steps):

1 a+bx4)'* a+bx4)t*
(a+bx4)l/4f—a1/4ArcTan[( ) }7—a1/4ArcTanh{ )

2 a1/4 2 al/4
Result (type 5, 61 leaves):
3(a+bx4)—a(1+ﬁ)?’ﬂlﬂypergeorretriCZFl[%, % %, —&}

3 (a+bx4)3/4

Problem 994: Result unnecessarily involves higher level functions.

J\(a+bx“)1/4
7561X
X

Optimal (type 3, 75leaves, 6 steps):

(a+bx“)1’4}

(a+h x“)l’4
al/4 }

al /4

(a+bx4)t4 bArcTan[

4 x4 8 a3/4 8 a3/4

Result (type 5, 67 leaves):

b ArcTanh[
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-3 (a+bx*) -b (1+ﬁ)sﬂlx“l-lypergeomatric2Fl[%, %, %, 7;7}

12 x4 (a+bx4)3/4

® Problem 995: Result unnecessarily involves higher level functions.
J(a+bx4)l/4
———dXx
X9
Optimal (type 3, 101 leaves, 7 steps):
+b x4) 4 +b x4) 14
(a+bx4)l/4 b (a+bx4)l/4 3b2ArcTan[ @ 2:4) } 3b2ArcTanh[%}
- - + +
8 x8 32 ax* 64a’/4 64 a’/*
Result (type 5, 82 leaves):
-4a2-5abx*-bZx8+b? (1+ ;7)3/4 x8 Hyper geomet r i cZFl[%, %, %, —ﬁ]
32ax8 (a+bx4)®*
|

Problem 996: Result unnecessarily involves higher level functions.
J-xg (a+bx*) Y4 ax

Optimal (type 4, 125leaves, 6 steps):

2a%x2 (a+bx* ax® (a+bx* 1 4a’? (1+%)3/45IipticF[%ArcTanwbiXZ}, 2}

>1/4
- + + — x10 (a+bx4)1/4+ 2

)1/4

77 b? 77b 11 77 p5/2 (a+bx4)3/4
Result (type 5, 91 leaves):

3/4
x2 (72a37a2bx4+8ab2x8+7b3x12+2a3 (1+¥) Hyper georret ri c2F1 % + g -2

77 b? (a+bx4)3/4

Problem 997: Result unnecessarily involves higher level functions.
Jx5 (a+b x4)l/4 dx

Optimal (type 4, 101 leaves, 5steps):

) 2a%? (1+%)3/45IipticF[%ArcTanwbirXT, 2}

ax? (a+bx* =

1
+ —x8 (a+bx4)l/4f

21b 7 21b%2 (a+bx*)*

Result (type 5, 78 leaves):



px4\3/

4
X2 (a2+4abx4+3b2x8—a2 (1+ > ) Hyper geonet ri c2F1 %, o g,

21b (a+bx4)**

Problem 998: Result unnecessarily involves higher level functions.

Jx <a+bx"')1/4 dx

Optimal (type 4, 79leaves, 4 steps):

9372 (1+ b:4)3/4 Bl pticF[%ArcTan{WxT, 2}

1 1/4
—x% (a+bx*) """+
3 3vVb (a+bx4)®*

Result (type 5, 63 leaves):

X2 (2 (a+bx?) va(1+ %“)3/4 Hyper geonet ri c2F1[ %, 2, 2, J”"])

6 (a+bx*)*?

Problem 999: Result unnecessarily involves higher level functions.

(a+bx4)l/4
73&)(
X

Optimal (type 4, 79leaves, 4 steps):

(a+bxt)t \/?W(1+bx4)3/4EIIipticF[%ArcTanwbirxz}, 2}

a a

) 2x? + 2(a+bx4)3/4

Result (type 5, 66 leaves):

-2 (a+bx*) +bx* (1+bai4)3/4 I—lypergeonetricZFlE, T -

4 x2 (a+bx"’)3/4

Problem 1000: Result unnecessarily involves higher level functions.

(a+bx4)t*
X

Optimal (type 4, 101 leaves, 5steps):

3/4
1/4 14 p3/2 1+%) EIIipticFEArcTan[

(a+bx*) b (a+bx*)

Vb x

rz]’ 2]

a

6 x° 12 ax? 12a (a+bx4)*¥*

Result (type 5, 85 leaves):

1.1.3 General.nb | 105
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3/4
-2 (2a2+3abx*+b2x8) - b2 x8 (1+bai4) Hyper geomret ri c2F1 % %, g %

24 a xb (a+bx4)3/4

® Problem 1001: Result unnecessarily involves higher level functions.

J(a+bx4)l/4

————dx
Xll
Optimal (type 4, 125leaves, 6 steps):
/ b x4 3/4 i . 1 Vb x2
(a+bx4)l/4 b (a+bx4>l/4 b? (a+bx4)l/4 b®/2 (1+ T) B lipti cF[EArcTan[ Va } 2}
- - + +
10 x10 60 a x° 24 a% x? 24 a3/2 (a+bx4)3/4
Result (type 5, 94 leaves):
4\3/4 4
-24a%-28a%2bx*+6ab?x8+10b3x12+5p3x? (1+bTX) / HypergeomatriczFl{%, %, g —b:
24022 x10 (a+bx*)%*

® Problem 1002: Result unnecessarily involves higher level functions.

Jxe (a+bx4)l/4 dx

Optimal (type 3, 103 leaves, 6 steps):

2 b1/4 x 2 b1/4 x
ax3 (a+bx4)1/4 1 3a ArcTan[g(amXA)l,A} 3a ArcTanh{g(amxa)m}
7 4\1/4
+ —X (a+ b x ) + -
32b 64 b7/4 64 b7/4
Result (type 5, 78 leaves):
4\ 3/4 i 4
x3 (az +5abx?*+4b2x8-a2 (1+ bTX) Hyper geonet ri c2F1 %, %, %, 7%])
32b (a+bx4>3/4

|

Problem 1003: Result unnecessarily involves higher level functions.
sz (a+hbx?) Y4 ax

Optimal (type 3, 77 leaves, 5steps):

L a ArcTan #} a ArcTanh| X ]
14 + ) (a+bx4)

—x% (a+bx*)"" - +

4 8 b3/4 8 b3/4

Result (type 5, 63 leaves):
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x3 (3 (a+bx4) +a (1+ %)3/4 Hyper georet ri c2F1 %, e %, —ﬁ])

12 (a+bx“)3/4

Problem 1004: Result unnecessarily involves higher level functions.

J(a+bx4)l/4
72d1x
X

Optimal (type 3, 73leaves, 5steps):
a+bx4)t* b1/4 x 1 b1/4 x
—Q— —bl/“ArcTan{i} + —bl/“ArcTanh[i
X 2 (a+bx4)t*h 2 (a+bx4)**

Result (type 5, 66 leaves):

-3 (a+bx*) +bx* (1+ %)3/4 Hyper geonet ri c2F1L%, %, ZT' ,ﬁ}

3x (a+bx4)3/4

Problem 1009: Result unnecessarily involves higher level functions.
Jxlz (a+bx?) Y4 ax

Optimal (type 4, 150 leaves, 8steps):

3a’? (1+ 2%

3/4
bx“)/

X2 El1i pti cF[ L ArcCot [Wrxz] 2]

3a3x<a+bx4)l/4 3

3a2x5 (a+bx*)Y* ax® (a+bx4)¥* ¢
B (a+ ) . (a+ ) PRET (a+bx4)l/4+
112 b3 280 b2 140 b 14 112b5/2 (a+bx4)%*

Result (type 5, 101 leaves):

1 b X4 3/4

15a*x+9a%bx®-2a%b?x°+44ab¥x™®+40b*x7 -15a*x |1+

_ 1 3 5 bx*
Hyper geonetri cZFl{f, = = —7}
4 4 4 a

560 b® (a+bx4)>"* a
Problem 1010: Result unnecessarily involves higher level functions.
st (a+bx*) Y4 gx

Optimal (type 4, 126 leaves, 7 steps):

>1/4 >1/4 ad/2 (1+ba7 x3EIIipticFEArcOot[ﬁxz], 2]

)3/4
4)1/4 B a

a?x (a+bx* ax® (a+bx* 1
- + + —x° (a+bx :
24 p? 60 b 10 24 p3/2 (a+bx4)3’4

Result (type 5, 90 leaves) :
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3/4
-5a®x-3a?bx5+14ab?2x%+12b3x1% +5a%x (1+bai4) ' Hyper geonet ri c2F1 %, = %, —baﬁ
120 b2 (a+bx4)3/4
® Problem 1011: Result unnecessarily involves higher level functions.
Jx"' (a+bx*)**ax
Optimal (type 4, 102 leaves, 6 steps):

3/2 a 3/4 3 . . l Vb x2
ax(a+bx4)1/4 1 i a (1+bx4> X ElllptlcF[zArcCot[ﬁ},Z}
— + —X (a+bx ) + -

12b 6 12/b (a+bx4)®*

Result (type 5, 76 leaves):

3/4
X (az+3abx4+2b2nga2 (1+%) HypergeomatricZFl[%, %, ;, 7bx4])

12b (a+bx*)*"

Problem 1012: Result unnecessarily involves higher level functions.
J-(a +bx*) 14 ax
Optimal (type 4, 80leaves, 5 steps):

Va Vb (1+L)3/4X3EIIipticF{%/_\rCoot[J?z], 2]

4
b x a

1

— X (a+bx4)1/4—

2 (a+bx4)3/4

Result (type 5, 58 leaves):

4 w 3/4 . 1 3
x(a+bx +a(l+ a) HypergeorretncZFlLl, 2' 2

|0
|
o
D | x
S
R
—_

2 (a+bx4)3/4

Problem 1013: Result unnecessarily involves higher level functions.

(a+bx4)t*
X

Optimal (type 4, 82leaves, 5steps):

(aspxt)lt b (Ls )Y B ipti R[S ArcOot |

4

=] 2]

a

3x° 3%?(a+bx4)3/4

Result (type 5, 66 leaves):
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3

1 5 b x*
A

a

3/4
—a-bx*+bx?* (1+%) Hyper geonet ri c2F1

3x3 (a+bx4)3/4

Problem 1014: Result unnecessarily involves higher level functions.

J(a+bx4)l/4
78d1x
X

Optimal (type 4, 104 leaves, 6 steps):

¥ 3B tiptioF | L Arccot [P 2]

a

(a+bx4)l/4 b (a+bx4)l/4 2b%2 (1+

- +
7 x7 21 ax3 21 ad%/2 (a+bx4>3/4

Result (type 5, 83 leaves):

3

1 b x4
YRRV -

3/4
-3a?-4abx*-b?x®-2b2x8 (1+%) HypergeomatricZFl{ %

2lax’ (a+bx4)3/4

Problem 1015: Result unnecessarily involves higher level functions.

(a+bx*) 14
— X

Optimal (type 4, 128leaves, 7 steps):

(a+bx*)"* b (a+bx*)V* 2b2 (a+bx*)V* 4b’’ <1+%)3/4X3ElliptiCF[%ArCCOt{@2},2}

a

: : . g
11 x4 77ax’ 77 a2 x3 77252 (a+bx4)¥*

Result (type 5, 93 leaves):

3/4
~7a%-8a’bx*+ab?x8+2b%x1?+4b%x12 (1+ %) Hyper geomet ri c2F1[

1
PRV

77 a2 x11 (a+bx4)3/4

Problem 1016: Result unnecessarily involves higher level functions.

(a +b X4> 14
— e &

Optimal (type 4, 152 leaves, 8 steps):
Vb x2

a

(a+bx4)1/4 b(a+bx4)l/4 2b2 (a+bx4)l/4 4b3 <a+bx4)1/4 8b9/2 (1+b%)”“ﬁEllipticF[%ArcOot{ , 2}
- - + - +

15 x15 165 a x1! 231 a% x’ 231a%x8 231272 (a+bx*)*"
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Result (type 5, 105 leaves):
1 b x4

-77a*-84a%bx*+3a’b?x8-10abd®x'?-20b*x® - 40b*x16 |1+

3/4 _ 1 3 5 bx?
Hyper geonetri c2F1|—, —, —, - —}
4 4 4 a

a

1155a% x'® (a+b x“)3/4

Problem 1022: Result unnecessarily involves higher level functions.

J\(aubx“)a'/4
— dX
X

Optimal (type 3, 70leaves, 6 steps):

>1/4 )1/4

1 1 a+bx? a+bx?
— (a+bx4)3’4+ —a3/4ArcTan{( } - —a3/4ArcTanh[
3 2 2

al/4 al/4 }

Result (type 5, 58 leaves):

a+bx4—3a(1+i

b)(4)1/4

Hyper geomet ri cZFl[%, =

3 (a+bx4)l/4

Problem 1023: Result unnecessarily involves higher level functions.

J\(aubx“)a'/4
s K
X

Optimal (type 3, 75leaves, 6 steps):

3/4 (a+bx“)1/4 (a+bx“)1’4
_(a+bx4) +3bArcTan[—a“ } _3bArcTanh[—a“ }
4 X4 8 al/4 8 al/4
Result (type 5, 67 leaves):
4 a \1/4 4 . 1 1 5 a
—a-bx —3b(1+m) X I—Iypergeon‘etrlc2F1[4—, T 7bx“}
1/4

4 x4 (a+bx4)

Problem 1024: Result unnecessarily involves higher level functions.

(a+bx4)3/4
e K
X

Optimal (type 3, 101 leaves, 7 steps):

tbx4)174

(a+bx4>3/4 3p (a+bX4>3/4 3b2A|'CTan (az#}

- - - +
8 x8 32 ax* 64 a%/4 64 a%/4

Result (type 5, 83 leaves):

(a+h x“)“‘}

al,’4

3b2Ar cTanh[
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~4a2-7abx*-3b2x8+3b% (1+ =

1/4
bx“)/

x® Hypergeometri c2F1[ 3, 7. 7. -]

32 ax8 (a+bx4)1/4

Problem 1025: Result unnecessarily involves higher level functions.
ng (a+bx*)**ax

Optimal (type 4, 149leaves, 7 steps):

7/2 bxt \ /4 o 1 Vb x?
423 x2 2 a2 x2 (a+bx4)3/4 axb (a+bx4)3/4 1 4a (1+T) ElllptlcE[EArcTan{ N } 2}
- + + — x10 (a+bx4)3/4—
65b2 (a+bx4)* 65 b? 39b 13 65b%/2 (a+bx4)**
Result (type 5, 91 leaves):
1/4
X2 (—6&13—asz“+20ab2x8+15b3x12+6a3 (1+M) HypergeometricZFlH, % g —% )

195b2 (a+bx4)*

Problem 1026: Result unnecessarily involves higher level functions.
JXS (a+bx*) 3% ax

Optimal (type 4, 125leaves, 6 steps):

5/2 bxt)1/4 P 1 Vb x?
2 a2 x2 a x2 (a+bx4>3/4 1 » 2a (1+ a ) EII|pt|cE[2ArcTan[ N ] 2]
- + + —x8 (a+bx4) +
15b (a+bx*)* 15b 9 15b%2 (a+bx4)**
Result (type 5, 80 leaves):
4\1/4 4
x2 (3:;12+8abx4+5b2x873a2 (1+b7") Hyper georret ri c2F1 %, % 2 7b: ])

45h (a+bx4)1/4

Problem 1027: Result unnecessarily involves higher level functions.

Jx (a+b x4)3/4 dx

Optimal (type 4, 98leaves, 5 steps):

Vb x2

a

3a%? (1+ %)1/4 Elli pticE[%ArcTan{

2
3ax? 1 ' }
2x + —x? (a+bx4)

5(a+bx4)1/4 5 S\E(anbx“)l/4

3/4

Result (type 5, 64 leaves):
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1/4
x2 (2 (a+bx4)+3a(1+baﬁ) Hyper georet ri c2F1 %, o 5 -

10 (a+bx*)**

® Problem 1028: Result unnecessarily involves higher level functions.

J(a+bx4)3/4
73d1x
X

Optimal (type 4, 98leaves, 5 steps):

a

3b x? (a+bxs)> 3HW(1+bx")MEllipticEEArcTan[sz], 2]

2(a+bx4)l/4 2 x? 2(a+bx“)l/4
Result (type 5, 67 leaves):

-2 (a+bx4) +3bx* (1+%)1/4Wpergeonetric2F1H, % g -

4 x2 (a+bx4)l/4

® Problem 1029: Result unnecessarily involves higher level functions.
(a+bx“)3/4
——dXx
X7
Optimal (type 4, 125leaves, 6 steps):
bx4)1/4 A 1 Vb x2
b2 x2 (a+bx4)3/4 b(a+bx4)3/4 bh3/2 (1+TX) ElllptlchArcTan{ ax , 2}
4a(a+bx4)1/4 6 x® 4 ax? 4\/;(a+bx4)1/4
Result (type 5, 86 leaves):
-2 (2a?+5abx*+3b2x?) +3b?x® (1+ %)1/4 Hyper geonet ri cZFlH, % g —b:A]
24ax® (a+bx4)t*
® Problem 1030: Result unnecessarily involves higher level functions.
J(a+bx4>3/4
—dx
Xll
Optimal (type 4, 149leaves, 7 steps):
px4\1/4 . X 1 Vb x2
3 b x2 (a+bx4)3/4 b(a+bx4)3/4 3 b2 (a+bx4)3/4 3 b5/2 (1+TX) ElllptlchArcTan[ ax], 2]

- - - + +
40a2 (a+bx4)** 10 x*° 20 ax® 40 a® x? 40a%2 (a+bx4)**
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Result (type 5, 94 leaves):

-8a%-12a?bx*+2ab?x®+6b3x12-3Db3x!? (1+ b%)l/4 Hyper geomet ri c2F1 %, % g —baﬁ
80 a2 x10 (aerx“)l/4

Problem 1040: Result unnecessarily involves higher level functions.
Jxlo (a+bx*)>*ax
Optimal (type 4, 150 leaves, 8steps):

333 x3 i a2 x3 (a+bx4)3/4 . 3ax’ {a+bx4)3/4 . ixll (a+bX4>3/4+ 3a’/? (1+ ﬁ)l/“x Elli pticE[%ArcCot {@2} 2}
80 b? (a+bx“)l/4 40 b2 140 b 14 80 b5/2 (aafbx“)l/4
Result (type 5, 91 leaves):
x3 (—7a3—a2bx4+26ab2x8+20 b3 x12 1 7 a3 (1+ b:4)1/4 Hyper geomet r i c2F1[%, %, %, —b:w)

280b2 (a+bx4)'*
Problem 1041: Result unnecessarily involves higher level functions.
Jxe (a+bx*) 34 ax
Optimal (type 4, 126 leaves, 7 steps):

)1/4

3252 (1+ %)V x B 1ipticE[ L Arccot [ 2], 2]

322 x3 ax3 (a+bx4)¥* 1
- rx + < > + — X7 (a+bx4)3/47 2

40b (a+bx*)* 20D 10 40032 (a+bx4)**

Result (type 5, 78 leaves):

1/4
x3 (az+3abx4+2b2nga2 (1+%) HypergeomatricZFl[%, %, %, 7bx4])

20b (a+bx*)"*

Problem 1042: Result unnecessarily involves higher level functions.
J-xz (a+bx*) 34 ax

Optimal (type 4, 99 leaves, 6 steps):

3
75“( +£X3 (a+bx4)3/4+
4 (a+bx4)'* 6 4+/b (a+bx*)t*

Result (type 5, 60 leaves):

2372 (1+&>1/4XElliptiCE[%NCCOt {@2}’ 2}

a
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1/4
x3 (a+bx4+a (1+bai4) Hyper geomet ri c2F1 %, =, %, —ﬁ])

6 (a+bx*)*

Problem 1043: Result unnecessarily involves higher level functions.

J(a+bx4)3/4
72d1x
X

Optimal (type 4, 97 leaves, 6 steps):

(a.pxt)¥t 3Va Vb (14 )Y xEipti cE[ 3 Arcaot [0, 2]

4
b x a

3bx3

- +
2(a+bx4)l/4 X 2(a+bx4)1/4

Result (type 5, 63 leaves):

bé | 174 . 103 7
—a-bx*+bx* (1+TX) I—IypergeonetrlczFl[Z, o

X (a+bx4)1/4

Problem 1044: Result unnecessarily involves higher level functions.

J\(aubx“)a'/4
76d1x
X

Optimal (type 4, 99 leaves, 6 steps):

1/4 . . \/72
3b (a+bx4)3/4 3 p3/2 (1+£) / xElllptlcEEArcCot[ p ] 2]

4
a

- - +

5 X (a+bx4)l/4 5 x5 5+va (a+bx4)l/4
Result (type 5, 83 leaves):

1/4
-~a2-4abx*-3b2x8+2h2x8 (1+bai) HypergeorretricZFlH, %, }, _ b

5a x5 (a+bx4)l/4

Problem 1045: Result unnecessarily involves higher level functions.

(a +b X4> /4
— ™

Optimal (type 4, 126 leaves, 7 steps):

4
b x a

1/4 S Vb x?
5 b2 (a+bx4)3/4 b (a+bx4)3/4 2b52 (1+27) / XE||IptICE{%ArCCbt{ FX } 2}

15ax (a+bx4>l/4 9 x° 15 a x® 15 a3/2 <a+bx4>1/4
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Result (type 5, 94 leaves):

1/4
-5a%3-8a2bx*+3abh?x8+6b3x12_-4p3xl2 (1+%) Hyper geomet ri c2F1 %, oo

45a2x° (a+bx*)*

Problem 1046: Result unnecessarily involves higher level functions.

(a +b X4) 3/4
7)(14 dx

Optimal (type 4, 150 leaves, 8steps):

4 b3 (a+bx4>3/4 b(a+bx4)3/4 2b2(a+bx4>3/4 4p7e (1+ﬁ)l/4xEllipticEEArcOot[%2],2]

- - - + +
65 a? x (a+bx4)l/4 13 x13 39 ax® 65 a? x° 65 a5/2 (a+bx4)1/4

Result (type 5, 104 leaves):

1 b x4)4 _ 1 3 7 bx*
-15a*-20a%bx*+a?b?x®-6ab®x*?-12b*x%® +8b*x® |1+ Hyper geonet ri c2F1{—, - - 7—]

195a%x13 (a+bx4)"* 4 4 4 a
Problem 1052: Result unnecessarily involves higher level functions.

(a+bx4)5/4

—dx

X
Optimal (type 3, 83leaves, 7 steps):
1 1 a+bx4)t* a+bx4)t*
a(a+bx*)* = (a+bx*)*t —a5/4ArcTan[ ( ) ] - —a5/4ArcTanh{—>}
2 a1/4 2 a1/4
Result (type 5, 76 leaves):
3/4 .
3(6a2+7abx*+b?x8) -5a% (1+ ﬁ) "* Hyper geonet ri cZFl[%, %, %, —bi4}
15 (a+bx*)*"

Problem 1053: Result unnecessarily involves higher level functions.
J(a+bx4>5/4

—dx

X5

Optimal (type 3, 91leaves, 7 steps):
5 a+bx4)°®* a+bx4)t* a+bx4)t*
—b(a+bx4)l/4f¥7—a1/4bArcTan[ > ]7—a1/4bArcTanh[ ) }
4 4 x4 8 al/4 8 al/4

Result (type 5, 73 leaves):
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a \3/4 . 3 3 7 a
[bf a ] (a+bx4)1/475ab (1+b7) I-lypergeorretrlc2Fl[4—, T 7b7]
4 x4 12 (a+bx4)3’/4
® Problem 1054: Result unnecessarily involves higher level functions.
(a+bx4)5/4
———dXx
X9
Optimal (type 3, 98leaves, 7 steps):
+b x4) 4 +b x4) 14
5b (a+bx4)l/4 (a+bx4)5/4 5b2ArcTan[(ab+)} 5b2ArcTanh[%}
B B B a’ _ a’
32 x4 8 x8 64 a%/4 64 as/*
Result (type 5, 85 leaves):
2 (ambxt)3/4 i 3 3 1 a
& 9b (a+bx4)1/475b (bx4) Hypergeometri c2F1[Z, o, 4 - 7]
8x% 32x* 96 (a+bx*)>"
® Problem 1055: Result unnecessarily involves higher level functions.
ng (a+bx4)5/4 dx
Optimal (type 4, 146 leaves, 7 steps):
3/4
2a3X2 (a+bx4>1/4 aZXG <a+bx4>l/4 1 1 4a9/2 (1+bal) EIIIptICF{%ArCTan{WXz , 2}
- + + —ax?0 (a+bx4)l/4+—x10 (a+bx4>5/4+ 2
231 b? 231b 33 15 231 b5/2 <a+bx4)3/4
Result (type 5, 102 leaves):
1 b x4 )34 1 3 3 bx*
x2 |-10a%-5a%bx*+117a2 b2 x® +189a b3 x'2 1 77 b x1® + 10 a% |1 + HypergeometricZFl[f, B -—}
1155b2 (a+bx4)>"* a 2. 4 2 a

Problem 1056: Result unnecessarily involves higher level functions.
JXS (a+bx*) /% ax

Optimal (type 4, 122 leaves, 6 steps):

Lo ar? (1+ %>3/4 Ellipti cF[%ArcTan{sz}’ 2}

5 a2 x2 (a+bx4)l/4

5 1
+—ax® (a+bx*)V e - x® (a+bx*)t -
231b 77 11 231b%2 (a+bx*)>*

Result (type 5, 91 leaves):



1.1.3 General.nb |117

3/4
X2 (5&13+4le12bx“+57ab2x8+21b3x12—5a3 (1+%) Hyper geomet ri c2F1 % T ——H

231b (a+bx4)3/4
Problem 1057: Result unnecessarily involves higher level functions.
Jx (a+bx*)>*ax

Optimal (type 4, 98leaves, 5 steps):

52452 (1 ﬂSME”_ CicEl T AreT WXZ,Z
iaxz(a+bx4)1/4+£x2 (a+bx4)5/4+ a ( + a) iptic {2 can[ﬁ] ]
21 7 21\/?(a+bx4)3/4

Result (type 5, 77 leaves) :

3/4
x2 (16a2+22abx4+6b2x8+5a2 (1+%) HypergeomatricZFl[%, %, % 7bx4])

42 (a+bx4)%*

Problem 1058: Result unnecessarily involves higher level functions.

(a+bx4)5/4
73&)(
X

Optimal (type 4, 98leaves, 5 steps):

3/4
4\5/4 5a%2+/p (1+M) ' EIIipti(:FFArcTan{wTXZ , 2}
5 1a la+rbx?) a 2 a
—bx* (a+bx*)"" - +
6 2 x? 6(a+bx4)3/4
Result (type 5, 79 leaves):
4\3/4 i 4
-6a2-2abx*+4b?2x8+5abx? (1+bTX) HypergeomatncZFlE, %, g 7%
12 x2 (a+bx“)3/4
Problem 1059: Result unnecessarily involves higher level functions.
J(a+bx“)5/4
——dx
x7
Optimal (type 4, 98leaves, 5steps):
3/4
5b(asbxt) P (asbxtSt 5Va b2 (Ls 2T B iptick[ ] ArcTan [, 2]

- - +

12 x? 6 x° 12 (a+bx*)*"

Result (type 5, 85 leaves):
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3/4
. b 5 b2 x2 (%) WpergeonetriCZFl[%, 2 T a

- va
6x8 12x2

(a+bx4)

24 (a+bx4)%*

Problem 1060: Result unnecessarily involves higher level functions.

(a +b X4) 5/4
7)(11 dx

Optimal (type 4, 122 leaves, 6 steps):

b(a+bx4)l/4 bz(a+bx4)l/4 (a+bx4)5/4 b5/2 (1+%)3/4EIIipticF[%ArcTan{

12 x5 24 a x? 10 x10 24+/a (a+bx4)3/4

Result (type 5, 97 leaves) :

3/4
-2 (12a%+34a?bx* +27ab?x8 +5b3x1?) -5b3x12 (1+bai) HypergeomatricZFl[%, T

240 a x1° (a+bx4)3/4

Problem 1061: Result unnecessarily involves higher level functions.

(a+b x4)5/4
— X

Optimal (type 4, 146 leaves, 7 steps):
Vb x2

a

b (asbx!)* b2 (arbx®)Y* 5b9 (arbxd)?  (asbxd)¥4 5072 (1+bai)gMEllipticFEArcTan[ 2]

— — + —

.
28 x10 168 a x® 336 a2 x? 14 x4 336a%2 (a+bx*)*"

Result (type 5, 105 leaves):

3/4

1 b x4 ) 1 3 3 bx*
-48a*-120a%bx*-76a’b?>x®+6ab®x'?+10b*x® +5b*x6 |1+ Hypergeonetri c2F1|—, —, —, 7—]
672 a2 x14 (a+bx“)3/4 2 4 2 a
® Problem 1062: Result unnecessarily involves higher level functions.
Jxlo (a+b x4)5/4 dx
Optimal (type 3, 148leaves, 8steps):
pl/4 pl/4
35a3X3 <a+bx4)l/4 5a2X7 <a+bx4)1/4 5 1 35a4ArCTan[TXM} 35a4ArcTanh[b74xl/4]
- + + axtt (aerx“)l/“+—xll (a+bx4)5/47 (20 ) + (a-bx)
6144 b? 1536 b 192 16 4096 b11/4 4096 bt1/4

Result (type 5, 102 leaves):
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1 b x4 )34 3 3 7 bx*
x3 |-35a*-15a%bx* +564a®b?x®+928abdx'? +384b*x®+35a% |1+ Hyper geometri c2F1|—, —, —, -4—7}
6144 b% (a+bx*)** a 4 4 4 a
Problem 1063: Result unnecessarily involves higher level functions.
JXG (a+bx*) /% ax
Optimal (type 3, 124 leaves, 7 steps):
3 bl/4 x 3 bl/4 x
5 a2 x3 (a+ b X4)1/4 5 ] i 1 ] o 5 a® ArcTan {—(mbx“)l"‘] 5a® ArcTanh {—(mbx“)l"’]
+—ax (a+bx) + — X (a+bx) + -
384b 96 12 256 b7/4 256 b7/

Result (type 5, 91 leaves):
3/4
x3 (5a3+57a2bx4+84ab2x8+32b3x1275a3 (1+%) ! Hyper geonet ri c2F1 %, 4§, %, 7ﬁH

384b (a+bx4)¥*

Problem 1064: Result unnecessarily involves higher level functions.
sz (a+bx?) >4 ax

Optimal (type 3, 100 leaves, 6 steps):

b1’4x b1’4x }

5a2ArcTan[7M} 5a2ArcTanh[ =
(a+bx4) ( )

5 1
— ax? (a+bx4)l/4+—x3 (a+bx4)5/47 + :
32 8 64 b3/4 64 p3/4

Result (type 5, 77 leaves):

a+b x*

3/4
x3 (27a2+39abx4+12b2x8+5a2 (1+%) ' Hyper geonet ri c2F1 137, %, Z—, J’XAH

96 (a+bx4)%*

Problem 1065: Result unnecessarily involves higher level functions.

(a+bx4)5/4
72d1>(
X

Optimal (type 3, 94 leaves, 6 steps):

5/4
bl/4 X 5 bl/4X

_—abYAcTan| ——— | + —ab¥4 ArcTanh| —————
X 8 (a+bx4>l/4 8 (a+bx“)1/4

be3 (a+bx4)l/4f (a-bxt)
4

Result (type 5, 79 leaves):
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3/4
-12a%2-9abx*+3b2x8+5abx* (1+%) Hyper geomet ri c2F1 %, oD

12 x (a+bx4)3/4

® Problem 1066: Result unnecessarily involves higher level functions.
(a+bx4)5/4
————dXx
XG
Optimal (type 3, 92leaves, 6 steps):
b(a+bx*)"* (arbx*)** 1 b1/4 x 1 b1/4 x
_ ( ) - ( ) - —b¥*ArcTan| —— | + — b5”4ArcTanh{7
x 5x° 2 (a+bx4)t*h 2 (a+bx4)t*
Result (type 5, 81 leaves):
3/4
-3 (a?+7abx*+6b?x?) +5b?x® (1+ bai) / Hyper georet ri c2F1[4§, %, %, 7"%4]
15 x5 (a+bx4)3/4
® Problem 1071: Result unnecessarily involves higher level functions.
Jxlz (a+bx4)5/4 dax
Optimal (type 4, 171leaves, 9steps):
5a% x (a+bx4)1/4 ad x® (a+bx4)1’/4 a2z x?9 (aerx“)l"4
- + +
672 b 336 b? 504 b
. L 592 (1+ %)% x* EllipticF| % Arccot [ 2], 2]
——ax® (a+bx*) e —xB (abx*)>* a
252 18 672 b5/2 (a+ b X4)3/4
Result (type 5, 112 leaves):
1
2016 b3 (a+bx*)%*
b x4)3/4 _ 3 5 bx*
15a°x+9a*bx®>-2a%b?x%+156a2hb3x13 +264ab*x1” +112b°x?1 ~15a°x |1+ Hyper geonetri c2F1| —, —, —, ——]
a 4 4 4 a
|

Problem 1072: Result unnecessarily involves higher level functions.
st (a+bx*) /% ax

Optimal (type 4, 147 leaves, 8steps):
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/ a \3/4 . . 1 Vb x2?
5a3x(a+bx4)1/4 a2 x5 (a+bx4>1/4 1 .1 > 5a7/2 (1+W) x3E|I|pt|chArcCOt{ — 2}
- + +—ax® (a+bx?)"" e —x% (a+rbx?)" - ,
336 b? 168 b 28 14 336 b3/2 (a+bx4)3’4
Result (type 5, 101 leaves):
1 b x4 )% 1 3 5 bx*
—5a*x-3a°bx®>+38a%bh?x%+60ab3x®+24b*x¥7 +5a%*x |1+ I—lypergeonetricZFl{—, - -, 7—]
336 b2 (a+bx*)*" a 4 4 4 a

Problem 1073: Result unnecessarily involves higher level functions.
Jx“ (a+b x4)5/4 dx

Optimal (type 4, 123leaves, 7 steps):

e . 252 (1+ 2 )°“ x2EllipticF[ L Arccot [ V2
1/4 5/4 a

+—ax® (a+bx?)""+ —x® (a+bx?)7" 4

24D 12 10 246 (a+bx4)*

Result (type 5, 90 leaves):

a?x (a+bx* '2}

b x4

3/4 ) 1
3 ) I—lypergeorretncZFlh, T oa

5a®x+27a’?bx®+34ab?x%+12pb3x1¥ -5a3x (1+

120 b (a+bx4)3/4

Problem 1074: Result unnecessarily involves higher level functions.

J(aubx“)S/4 dx

Optimal (type 4, 97 leaves, 6 steps):

5 5 e e s 2],
_ax<a+bx4) x<a+bX4

12 6 12 (a+bx4)¥*

1/4 1
4+ —

)5/4 B

Result (type 5, 76 leaves):

3/4
7a2x+9abx5+2b2x9+5a2x(1+%) I—lypergeorretricZFlH—, %, j—, —bxd}

12 (a+bx4)3/4

Problem 1075: Result unnecessarily involves higher level functions.

(a+bx4)5/4
74&)(
X

Optimal (type 4, 99 leaves, 6 steps):
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Vb x?

a

(a+bx4)5/4 5+a b3/2 (1+ba7)3/4x3EIIipticFEArcOot{ , 2}

1/4

5
—bx (a+bx4)
6 3x® 6 (a+bx4)®*

Result (type 5, 80 leaves):

3/4
5abx (a*zxd) HypergeorretricZFlE, %, 45,

b x4

a b x
.

1/4
- +
3 x3 2

(a+bx*)

6 (a+bx4)3/4

Problem 1076: Result unnecessarily involves higher level functions.

(a+bx4)5/4
78d1x
X

Optimal (type 4, 101 leaves, 6 steps):

5b (a+bx) " (abx4)® 5 b5/2 (1+ﬁ)3/4x3EllipticFEArcCot[%2],2]

21 x3 7x’ 21+/a (a+bx4)3/4

Result (type 5, 80 leaves):

3/4
-3a?-11labx*-8b2x8+5b2x8 (l+%) I—IypergeonEtriCZFlH, 45, %, _bxt

21 x7 (a+bx“)3/4

Problem 1077: Result unnecessarily involves higher level functions.

(a+bx4)°*
e

Optimal (type 4, 125leaves, 7 steps):

;—4)3/4X3E||iptiCFEArcCot [ﬁxz]’ 2]

a

5b (a+bx4)1/4 5 b2 (a+bx4)l/4 (a+bx4)5’/4 10 b7/2 (1+

.
77X 231ax3 11 x1 2312%2 (a+bx*)>*

Result (type 5, 94 leaves):

3

HypergeorretricZFlH, T %, -—

3/4
_21a%-57a2bx4-41ab2x8-5b3x!2_10 b3 x'2 (1+K)

231 axt (a+bx4)3/4

® Problem 1078: Result unnecessarily involves higher level functions.

(a +b X4) 5/4
7}(16 dx
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Optimal (type 4, 149leaves, 8steps):
Vb x?

a

b(aubx“)l’/4 bz(a+bx4>1/4 2 b3 (a+bx4)1’/4 (a+bx4)5’/4 4b%/2 (1+%)3/4X3E|IipticF[%ArcCOt{ ’2}
_ _ N _ _

33 x1t 231 ax’ 231 a? x3 15 x15 231 a5/2 (a+bx4)3"4

Result (type 5, 105 leaves):

3/4
Hyper geonetri c2F1

1 b x4

~77a*-189a%bx%-117a%?b?x® +5ab®x¥2 + 10 b* x*® + 20 b* x16 |1 +

3 5
Bt

N

1155 a2 x15 (a +b x4)3/4

Problem 1085: Result unnecessarily involves higher level functions.

J 1
—  dx
X (aerx“)l/4

Optimal (type 3, 55leaves, 5 steps):

(asb x4) 14 x4 14
ArcTan[%} ArcTanh[%}
2 gl/4 - 2 gl/4
Result (type 5, 46 leaves):
a 1/4 . 1 1 5 a
(1+W) HypergeonetncZFl[Z, oo _W]
(a+bx4)t*

Problem 1086: Result unnecessarily involves higher level functions.

1
—  dX
x5 (a+bx“)1/4

Optimal (type 3, 78leaves, 6 steps):

a+h x4)1*

(a+bx*)®* bArcTan[—<

a1,4

a+bx4)*

} bArcTanh[<T}
4

4 a X4 8 a5/4 8 a5/4

Result (type 5, 69 leaves):

—a-bx*+b (1+i)l/“x“l-lypergeorretricZFl[

t 1
b x4 4" 4 4’ pxt

4 ax* (a+bx4)l/4

Problem 1087: Result unnecessarily involves higher level functions.

J 1
— X  dx
x% (a+bx4)t*

Optimal (type 3, 104 leaves, 7 steps):
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+hx4) 4 (a+h x4) 4
(a:bx4)** sb(asbx4)** 5b2ArcTan[ =25 | sb2arcTann =20
_ . N _
8ax8 32 a? x* 64 a%/4 64 a4
Result (type 5, 82 leaves):
a 1/4 . 1 1 5 a
-4a2+abx*+5b2x8_-5b? (1+W) XSHypergeorretrchFl[Z, EbT 7bx4]

32 a% x8 (a+bx4)1/4

Problem 1088: Result unnecessarily involves higher level functions.

x13
—d
J(a+bx4)l/4 "

Optimal (type 4, 152 leaves, 7 steps):

1+

)3/4 M)l/

8 ad x2 4 a2 x2 (a+bx4 10 a x® (a+bx4)3/4 x10 (a+bx4>3/4 ga’?

4EIIipticEEArcTan[

Vb x

a

\/_2]

2]

- + +

- +
39b% (a+bx4)t* 39b? 117 b? 13b 390772 (a+ bx4)H
Result (type 5, 91 leaves):

1/4
X2 (12a3+2a2bx4-ab2x8+9b3x12-12a3 (1+22)" hypergeonetric2Fi[ %, 1, 2, -%])

117 b3 (a+bx4)**

® Problem 1089: Result unnecessarily involves higher level functions.
X9
———— dXx
(a+bx4)l/4
Optimal (type 4, 128leaves, 6 steps):
bx4\1/4 . . 1 Vb x2
4 a? x? 2ax? (a+bx4)3/4 x6 {a+bx4)3/4 422 (l+T) E”'pt'CE[EArCTan{ a } 2}
_ . _
15b2 (a+bx4)** 15 b? 9b 15b5/2 (a+bx4)*
Result (type 5, 80 leaves):
44\1/4 4
x2 (76a27abx4+5b2x8+6a2 (l+bTx) / Hyper geonet ri c2F1 %, % g 7b: H
4502 (a+b x4t
|

Problem 1090: Result unnecessarily involves higher level functions.

X5
_— d
J(a+bx4)1/4 "

Optimal (type 4, 104 leaves, 5 steps):
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£ )

a

2 ax2 %2 (a+bx4>3/4 2 ad/? (1+ %)1/4 Ellipti cEBArcTan[

+ +

5b(a+bx4)l/4 5b 5 p3/2 (a+bx4)1/4

Result (type 5, 64 leaves):

1/4
x2 (a+bx4fa(1+bai) Hyper geonet ri c2F1 41, % 3 7“4])

5b(a+bx*)t?

Problem 1091: Result unnecessarily involves higher level functions.

X
_  d
(a+bx4)l/4 "

Optimal (type 4, 74leaves, 4 steps):

5 ﬁ(1+bai)l/4ElIipticE[gArcTanwbirxz}, 2}

a

X
(a+bx4)l/4 VF(a+bx4)l/4

Result (type 5, 52 leaves):

11
4’ 27 27 a

x2 ( abx* |1/
a

4
Hyper geonet ri cZFl[

2 (a+bx4>l/4

Problem 1092: Result unnecessarily involves higher level functions.

1
—  dx
x3 (a+bx“)l/4

Optimal (type 4, 104 leaves, 5 steps):

b x4

S )1/4 EIIipticEEArcTan{

b x2 (a+bx4)3”/4 \/F(l”’

2a(a+bx4)l/4 2ax? Z\E(mbx“)l/4

Result (type 5, 69 leaves):

b x4

1/4 i
N ) Hyper geonetri cZFl{

—2(a+bx4)+bx4 (1+ o3 bx“}

1
4 20 2 a

4 a x? (aerx“)l/4

® Problem 1093: Result unnecessarily involves higher level functions.

1
- ax
x7 (a+bx“)1/4
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Optimal (type 4, 128leaves, 6 steps):

px4\1/4 . . 1 Vb x2?
b2 x2 (a+bx4)3/4 b(a+bx4)3/4 p3/2 (1+T) ElllptlcE[EArcTan{ = } 2}

- - + +

4 a2 (a+bx4)l/4 6 axt 4 a2 x2 4 a3/2 (a+bx4)l/4
Result (type 5, 83 leaves):

2 4 2,8 2 48 bxt)1/4 i 11 3 b x*
-4a‘+2abx*+6b%x°-3b°x (1+ 2 ) HypergeorretrchFlLl, > 2 " a ]
24a2x8 (a+bx*)"*
® Problem 1094: Result unnecessarily involves higher level functions.
1

—  dX

x1t (a+bx4)l/4
Optimal (type 4, 152 leaves, 7 steps):

5/2 bx* \ Y g i cE[ L Vb x2
7 b3 x2 (a+bx4)3/4 7b (a+bx4)3/4 7 b2 (a+bx4)3/4 7b (1+ 2 ) ElllptlcE[zArcTan[ s } 2}
- + _ _
40a3 (a+b x4t 10ax™ 60 a* x° 40 a3 x? 4052 (a+bx4)"*
Result (type 5, 94 leaves):
1/4
~24a%+4a2bx*-14ab?x8®-42b3x12 421 b3 x12 (1+¥) ' Hyper geomret ri c2F1 %, % g 7%
240 a3 x10 (a+bx“)1/4
n

Problem 1103: Result unnecessarily involves higher level functions.

%10
—d
J(a+bx4)l/4 §

Optimal (type 4, 129 leaves, 7 steps):

>1/4

X Bl 1ipti cE[ % ArcCot {Wﬂ, 2]

7 a% x3 7ax® (a+bx4)¥* x7 (a+bx4)%* 7252 (1+ 2 :
- . .

4002 (a+bx4)** 60 b2 10b 400572 (a+bx*)

Result (type 5, 80 leaves):

1/4
x3 (—7a2—abx“+6b2x8+7a2 (1+¥) Hyper geomet ri c2F1 %, oD

60b2 (a+bx*)*
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® Problem 1104: Result unnecessarily involves higher level functions.

X6
—d
J(a+bx4)l/4 ”

Optimal (type 4, 105leaves, 6 steps):

axd 3 (a+bx4)3/4 a3/2 (1+ﬁ)l/4xEllipticEEArcOot [%’;Xz] 2]

4b (a+bx4)V* 6b 4032 (a+bx4)t*

Result (type 5, 64 leaves):

1/4
x3 (a+bx4—a (1+bai4) Hyper georet ri c2F1 %, %, %, —ﬁ])

6b (a+bx4)1/4

Problem 1105: Result unnecessarily involves higher level functions.

X2
—d
J(a+bx“)l/4 "

Optimal (type 4, 80leaves, 5 steps):

Va (Le %) B ipticE[ § Arcoot 2], 2]

x3 4 a

N
2(a+bx4)l/4 2\/F(a+bx4)l’/4

Result (type 5, 52 leaves):

x3

(%)”“ Hyper geomet i c2F1| 3, I, . -

3 (a+bx4)1/4

Problem 1106: Result unnecessarily involves higher level functions.

1
—  dX
x2 (a+bx“)1/4

Optimal (type 4, 75leaves, 5steps):

Vb (l+ﬁ)l/4xEllipticE[%ArcCot WFFXZ}, 2}

a

1
N
x(a+bx4)l/4 \/§(a+bx4)l/4

Result (type 5, 70 leaves):
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1/4
-3 (a+bx4) +2 b x4 (1+%) Hyper georet ri c2F1 %, i, %,

b x*
a

3ax (aerx“)l/4

® Problem 1107: Result unnecessarily involves higher level functions.
1
— dX
Jx5 (a+bx“)l/4
Optimal (type 4, 105leaves, 6 steps):
b asbxt)®4 2072 (1o )Y x B pti cE[ ; ArcCot 2 2]
5ax(a+bx4)l/47 5ax® . 5a%/2 (a+bx4)l/4
Result (type 5, 83 leaves):
_3a%2+3abx*+6b%x8_-4b2x8 (1+ %)1/4 Hyper geomet r i c2F1H, %, %, —b:4
15a2x5 (a+bx4)*
® Problem 1108: Result unnecessarily involves higher level functions.
1
—_—dx
Jxlo (a+bx4)l/4
Optimal (type 4, 129leaves, 7 steps):
4 p2 (a+bx4)®* 2b (a+bx4)%* 4052 (1+ ;7)1/4)('3 lipti CEENCOO'[ [ﬁraxz] 2]
15a2x (a+bx4)1/4_ 9ax® 15 a2 x5 ’ 15252 (a+bx*)Y*

Result (type 5, 93 leaves):

1/4
-5a%+a?bx*-6abh?x8-12b3x12+8b3x12 (1+ bai) Hyper geomet ri c2F1H, e

45 a3 x° (a+bx4)1/4

Problem 1109: Result unnecessarily involves higher level functions.

J 1
— dX
x14 (a+bx4)l/4

Optimal (type 4, 153 leaves, 8steps):

1/4 . . Vb x?
4 b2 (a+bx4)3/4 8 b7/2 (1+ba7) ! xEIIancEEArcCot[ J;X ] 2]

8 b3 (a+bx*)** 10b (a+bx*

>3/4

39a%x (a+bx4)"* 13 ax®3 117 a? x° 39a%x® 39a7/2 (a+bx4)l/4
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Result (type 5, 104 leaves) :

1 b x4 3 7 b x4
-9a*+a®bx*-2a?b?x8+12ab3x? +24b*x1% - 16b*x1% |1 + — = = ——]
4 4 4 a

1/4
] Hyper geonetri c2F1

a

117 a% x13 (a+bx“)l/4

Problem 1115: Result unnecessarily involves higher level functions.

J 1
—  dX
X (a+bx“)3/4

Optimal (type 3, 55leaves, 5steps):

b x4\ b x4 14
ArcTan {—<a e | ArcTanh {—“ e ]
. 2 ad%/4 . 2 g3/4
Result (type 5, 48leaves) :
a \3/4 . 3 3 7 a
(1+°5)" " Hypergeonetric2Fl[,, 7. ;. -]

3 (a+bx4>3/4

Problem 1116: Result unnecessarily involves higher level functions.

J 1
———— dXx
x5 (a+bx4)**

Optimal (type 3, 78leaves, 6 steps):

, b x4) T4 bty
(a+bx?)* 3bArcTan[ 20— ] 3barcTann| =20
a a
~ daxt : gal/4 * g a7
Result (type 5, 69 leaves):
3/4 _
—a-bxteb (14 20)Y x4 Hyper geonet ri c2F1[2, 2, 1, .

4axt (a+bx4)3/4

Problem 1117: Result unnecessarily involves higher level functions.

1
— dx
x® (a+bx“)3/4

Optimal (type 3, 104 leaves, 7 steps):
(a:bx4)"* 7b(asbx4)** 21b2ArcTan|[ 2201 ] 21b2 ArcTann[ 20|

_ . _ _
8ax®8 32 a? x4 64 all/4 64 all/4

Result (type 5, 83 leaves):
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3/4 . 3 3 7
-4a2+3abx*+7h2x8-7h2 (1+ba7) x® Hyper geometri c2F1[ 7, ;. 7. 7;%]
32 a?x8 (a+bx4)3/4
® Problem 1118: Result unnecessarily involves higher level functions.
XlS
———dx
(a+bx4)>*
Optimal (type 4, 128leaves, 6 steps):
) px4\3/4 . . 1
20 a2 x2 (a+bx4)l/4 10 a x° (a+bx4)1/4 10 (a+bx4)l/4 40 a’/? (1+ —) Ellipti CF{EArcTan{
_ N _
77 b3 77 b? 11b 77 b7/2 (a +b X4>3/4
Result (type 5, 91 leaves):
4\3/4 4
x2 (20f513+10a2bx“—3ab2x8+7b3x12—20a3 (1+bTX) ’ HypergeometricZFl[%, %, g —b: H
7703 (a+bx4)®*
® Problem 1119: Result unnecessarily involves higher level functions.
X9
———dXx
(a+bx4)3/4
Optimal (type 4, 104 leaves, 5 steps):
b x4\ 3/4 . . 1 Vb x2
2 ax? (a+bx4)l/4 x© (a+bx4)1/4 42 (1+ T) Bl lipti chArcTan[ 3 ] 2]
- + +
7b? 7b 7b%2 (a+bx4)®*
Result (type 5, 79 leaves) :
4\3/4 4
x2 (72a27abx4+b2 x8+2a? (1+ bTX) ! Hyper geonet ri cZFl[%, 43, % 7b: H
7b? (a+bx*)**
|

Problem 1120: Result unnecessarily involves higher level functions.

X5
_  d
J(a+bx4)3/4 "

Optimal (type 4, 82leaves, 4 steps):

3/

jre 220 (142

i pticF[%ArcTanwaz}, 2}

x? (a+bx* 2

3b 3 p3/2 (a+bx4)3/4



Result (type 5, 64 leaves):

b x*

3/4
x2 (a+bx4—a(1+7) Hyper geomet ri c2F1 % %, 3 —ﬁ])

3b (a+bx*)*

Problem 1121: Result unnecessarily involves higher level functions.

7)( d
(a+bx4)3/4 i

Optimal (type 4, 57 leaves, 3steps):

Nry (1+ b:4)3/4 EI|iptiCF[%ArCTanWFrXZ} 2}

Vb (a +b X4)3’/4
Result (type 5, 52 leaves) :

3/4
x2 (é”z—xd) HypergeorretricZFl[%, T 3 -

2 (a+bx4)3/4

Problem 1122: Result unnecessarily involves higher level functions.

1
— dx
x3 (a+bx4)3/4

Optimal (type 4, 82leaves, 4 steps):

(a+bx?) ¥ \m(1+%)3/4EIIipticFEArcTan{sz}, 2}

2ax? 2\/?(a+bx4)3/4

Result (type 5, 70 leaves):

-2 (a+bx*) -bx* (1+bai)3/4 I-lypergeonetricZFlE. = S, -

4 ax? (a+bx4)3/4

Problem 1123: Result unnecessarily involves higher level functions.

J 1
—  dx
x7 (a+bx“)3/4

Optimal (type 4, 104 leaves, 5steps):
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£ )

a

(a+bx4)l’/4 5b(a+bx4)1/4 5b3/2 (1+%)3/4EIIipticFBArcTan[
Ceax® L2k 12a%2 (a+bx4)**

Result (type 5, 83 leaves):

3/4
-4a%2+6abx*+10b2x8+5p2x8 (1+ %) HypergeorretricZFl[%, R

24 a2 x8 (a+bx4)3/4

® Problem 1124: Result unnecessarily involves higher level functions.
1
—_—dx
x1t (a+bx4)3/4
Optimal (type 4, 128leaves, 6 steps):
5,2 px4\3/4 . . 1 Vb x2
(abx4 ) 3b(asbxd) 3b2 (abxd)t ID72[1+ 25T EIipticE| S ArcTan| ], 2]
~ 10axio 20 a? xb ) 8 ad x? ) 8 a5/2 (a+bx4)3/4
Result (type 5, 94 leaves):
3/4
-8a+4a2bx*-18ab?x8-30Db3x12-15h3x12 (1+bai) / HypergeorretricZFl[%, %, % J’ai
80 ad x10 (a+bx4)3/4
® Problem 1125: Result unnecessarily involves higher level functions.
XlO
—_—dx
(a+bx4)3/4
Optimal (type 3, 106 leaves, 6 steps):
2 pl/4 x 2 bl/4 x
7 axd (a+bx4)l/4 7 (a+bx4)l/4 2l1a ArcTan[7<a+bx4>l,4] 2l1a ArcTanh[i(amXA)l,A}
- + - +
32 b? 8b 64 b11/4 64 bil/4
Result (type 5, 80 leaves):
4\3/4 4
x3 (77a2—3abx4+4b2x8+7a2 (1+bTX) Hyper geonet ri c2F1 %, 43, 177, 7b: H
3202 (a+bx*)**
|

Problem 1126: Result unnecessarily involves higher level functions.

XG
_— d
J(a+bx4)3/4 "

Optimal (type 3, 80leaves, 5steps):
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e SaArcTan[&} 3aNCTa”h{LX1,J

x3 (a+bx* (asb x4) 2 (a+bx*)

+ -

4b 8 b7/4 8b7/4
Result (type 5, 64 leaves):

b x4

3/4 4
3 4 . 3 3 7 b x
X (a+bx 7a(1+7) Hyper geonetri c2F1 1 1 77])

4b (a+bx4)3/4

Problem 1127: Result unnecessarily involves higher level functions.

X2
—d
J(a+bx“)3/4 i

Optimal (type 3, 57 leaves, 4 steps):

ArcTan{&] ArcTanh{ bl x ]

(arhx4)*/* (arhx4)*/*
- 2 p3/4 ’ 2 p3/4
Result (type 5, 52 leaves):
b x4\ 3/4 . 4
x3 (%) HypergeomatncZFl[%, j—, %, 7b:

3 (a+bx4)*?

Problem 1132: Result unnecessarily involves higher level functions.

12
—d
J~(a+bx“)3/4 "

Optimal (type 4, 129leaves, 7 steps):
Vb x2

a

3a2X<a+bX4)l/4 3ax5 <a+bx4)1/4 Xg (a+bx4>l/4 3a5/2 (1+;7)3/4X3E|||ptICF{%ArCOOI{ ' 2}

- + +

8 b® 20 b? 10b 8 b5/2 (a+bx4)3/4

Result (type 5, 90 leaves) :

3/4
15a3x+9a2bx®>-2ab?x%+4p3x18_-15a3x (l+%) I—IypergeonEtriCZFlH, e

40 b3 (a+bx4)3/4

Problem 1133: Result unnecessarily involves higher level functions.

X8
—d
J(a+bx4)3/4 i

Optimal (type 4, 105leaves, 6 steps):
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£ )

a

sax (asbxd) x5 (asbxt)P4 5a¥2 (1) X EipticF| ] ArcCot |

— + —

12 b2 6b 12b%2 (a+bx4)**

Result (type 5, 79 leaves) :

3/4
5a2x-3abx5+2b2x%+5a2x (1+bai) HypergeorretricZFlH, %, 45,

bx“]

12b? (a+bx4)**

Problem 1134: Result unnecessarily involves higher level functions.

X4
_  d
J(a+bx4)3/4 "

Optimal (type 4, 83leaves, 5steps):

X (a+bxt) ﬁ(1+L>3/4x35||ipticF[§ArcCot{Wrﬂ}, 2]

4
b x a

+

2Db 2\/?(61+bx4)3/4

Result (type 5, 62 leaves):

4 bx*\3/4 . 1 3 5 b x*
X (a+bx —a(1+7) Hypergeon‘etncZFl[Z, R ——]

2b (a+bx*)*"

Problem 1135: Result unnecessarily involves higher level functions.

71 d
(a+bx4)3/4 )

Optimal (type 4, 61leaves, 4 steps):

3/4 Dot 1 RS
B re g e | [£2].o
\/E(a+bx4)3/4

Result (type 5, 47 leaves):

+bx4)3/4 . 1
(aax ) HypergeometrchFl[Z, T2

(a+bx4)3/4

® Problem 1136: Result unnecessarily involves higher level functions.

1
- ax
x4 (a+bx“)3/4
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Optimal (type 4, 85leaves, 5steps):

3/4
o)

2 rptys 257 (1
T zaxt 33372 (a+bx4>3/4

x2El1ipticF[ L Arccot [ 2], 2]

a

Result (type 5, 70 leaves):

b x4\ 3/4 . 1 3 5 b x4
—a-bx4-2bx* (1+TX) I—lypergeorretncZFlL—, oo X

3ax3 (a+bx4)3/4

Problem 1137: Result unnecessarily involves higher level functions.

1
— dx
x8 (a+bx4)3/4

Optimal (type 4, 107 leaves, 6 steps):

(arbx)"  2b (abx4)t 4 p5/2 (1+ﬁ)3/4x3EllipticFEArcCot[VFFXZ],2]

a

_ . _
7ax’ 7 a2 x3 7 a5/ (a+b><4)3/4

Result (type 5, 82 leaves):

3/4
~a?+abx*+2b2x8+4Db2x8 (1+bai) HypergeonetricZFlH, %, %, _bxt

7 a2 x7 (a+bx4)3/4

Problem 1138: Result unnecessarily involves higher level functions.

J 1
—  dx
x12 (a+bx4)3/4

Optimal (type 4, 131 leaves, 7 steps):

1/4 )3/4

(a+bx*t) 10b(a+bx“)1/4 20 b? (a+bx“)l/4 40b7/2(1+b% x3EIIipticFEArcCot[ﬁaxz],2]

- + - +
11 axtt 77 a® x7 77 a3 x3 77 a’/2 (a+bx4>3/4

Result (type 5, 94 leaves):

3/4
-7a3+3a2bx4-10ab2x8-20b3x12-40b3x12(1+bai) HypergeometricZFlH, -3

77 ad x11 (a+bx4)3/4
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® Problem 1144: Result unnecessarily involves higher level functions.

J 1
—  dx
X (a+bx4)5/4

Optimal (type 3, 70leaves, 6 steps):

4 4\ 1/4 . 4\1/4
1 ArcTan %} ArcTanh %}
+ -
a (a +b x4) 1/4 2 a5/4 2 g5/4

Result (type 5, 52 leaves):

1-(1+2 )1/4Hypergeorretric2F1[43, %, 3 2]

b x4 4’ pxé
a (a+bx4)l/4
® Problem 1145: Result unnecessarily involves higher level functions.
1
—————dXx
x5 (a+bx4)**
Optimal (type 3, 97 leaves, 7 steps):
(ashx*)** (asbx*)**
) 5D ) 1 SbArcTan| =05 } +5bArcTanh[T}
4 a2 (a+bx4)l/4 4axt (a+bx4)l/4 8a%4 8 a%/4
Result (type 5, 70leaves):
—a-5bx*+5b (1+ ﬁ)l/“x“l-lypergeon‘etri c2F1[‘11—, %, %, 7;7}
4a?x* (a+b x“)l/4
|

Problem 1146: Result unnecessarily involves higher level functions.

1
— dX
x® (a+bx4)5/4

Optimal (type 3, 125leaves, 8steps):

(a+b x“)l"‘}

a1/4

(a+bx4)1"']

a1/4

45 b? 1 9D 45 b2 ArcTan

45 b2 ArcTanh {

_ . . _
32ad (a+bx4)l/4 8 ax8 (a+bx4)l’/4 32 a2 x* (a+bx4)l/4 64 a13/4 64 al3/4

Result (type 5, 83 leaves):

4

—4a2:9abx”+45b2 x8 - 45b? (1+ﬁ)l/“xsl—iypergeomatric2F1[43, s -2

32a3x8 (a+bx4)1/4
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® Problem 1147: Result unnecessarily involves higher level functions.

Xl3
— d
J(a+bx4)5/4 ’

Optimal (type 4, 128leaves, 6 steps):

8 a%/2 (1+bai4)l/4 EIIipticEEArcTan{

, 2]

4 a2 x?2 2ax® x10 2

Vb x?
Va

_ . _
3b% (a+bx*)"* 9b? (a+bx*)V* 9b (a+bx4)t? 3b7/2 (a+bx4)t*
Result (type 5, 79 leaves):

1/4
x2 (—12612—2abx4+b2x8+12a2 (1+%) Hyper geonet ri c2F1 %, 13 —ﬁH

9 b3 (a+bx4)1/4

® Problem 1148: Result unnecessarily involves higher level functions.

X9
7d1
J(a+bx4)5/4 )

Optimal (type 4, 104 leaves, 5 steps):

12 ad (1+ baLA‘)l/zt E”ip“CEEArCTanWFWXZ}v 2}

2 6
6ax X a

- + +
5 b2 (aafbx“)l/4 5b(a+bx4)l/4 5 b5/2 (a+bx4>l/4
Result (type 5, 66 leaves):

b x4

1/4 i 1 3 b x*
3 ) Hyper geonetri c2F1 T2 o ])

x2 (6a+bx4—6a(1+

5 b2 (a+bx4)l/4

® Problem 1149: Result unnecessarily involves higher level functions.

X5
J(a+bx4)5/4 o

Optimal (type 4, 77 leaves, 4 steps):

2+a (1+ bx")l” Bl i pticE| 2 ArcTan|

a

X2

b (a+bx4)l/4 b3/2 (a+bx4)l/4

Result (type 5, 54 leaves):
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2 (_1+ (1+baﬁ)l/4 Hypergeon’etricZFlH, =, g - ])

b (a+bx4)1/4

® Problem 1150: Result unnecessarily involves higher level functions.

7)( d
(a+bx4)5/4 i

Optimal (type 4, 57 leaves, 3steps):
px4\1/4 ) i 1 Vb x2
(1+ 2 ) EII|pt|chArcTan[?], 2]
va Vb (a+bx4)1/4
Result (type 5, 57 leaves) :

b x4

x2 (,2+ (1+T)1/4 HypergeometricZFl[%, =, % - ])

2a (a+bx4)1/4

® Problem 1151: Result unnecessarily involves higher level functions.

1
— X  dx
x3 (a+bx4)5/4

Optimal (type 4, 82leaves, 4 steps):

3vVb (l+%)1/4 EIIipticE[%ArcTanwFrXT, 2}

a

1

2 ax? (a+bx4)1/4 2 a3/2 (a+bx4)l/4

Result (type 5, 71leaves):

2 (a+3bx*) +3bx* 1+ baﬁ)l/4 Hyper geomet ri c2F1

l\)|b—‘
N w

1
T

4 a2 x? (a+bx4)l/4

® Problem 1152: Result unnecessarily involves higher level functions.

J 1
—  dx
x7 (a+bx“)5/4

Optimal (type 4, 104 leaves, 5 steps):
1/ Vb x?

a

7632 (1+ bai) 4E||iptic|5EArcTan{

1 7b ’2}

.
6 a xb (a+bx4)1/4

.
12 a2 x2 (a+bx“)1/4 4 a5/2 (a+bx“)1/4



Result (type 5, 83 leaves):

b x*

1/4
_4a%+14abx*+42b2x8_21b2x8 (1+T) Hypergeometric2rl|:, 1, 3, -2X

24 a3 x8 (a+bx4)l/4

Problem 1153: Result unnecessarily involves higher level functions.

1
—  dx
x11 <a+bx4)5/4

Optimal (type 4, 128leaves, 6 steps):

s (1+%)1/4 E||ipticE[%ArCTan{W><2y 2}

1 11b 77 b?

N _
10 a x10 (aAfbx“)l/4 120 a3 x? (aafbx“)l/4 40a’/? (a+bx*

60 a2 x5 (a+bx“)1/4

) 1/4

Result (type 5, 94 leaves):

1/4
~24a3+ 44 a2 bx* - 154 ab? x8 - 462 b3 x12 + 231 b3 x12 (h%) Hyper geonetric2F1| %, 2, 2, -

240 a* x10 (a+bx“)l/4

Problem 1162: Result unnecessarily involves higher level functions.

X14
—d
J(a+bx4)5/4 "

Optimal (type 4, 129leaves, 7 steps):

7 a2 11 ax? an 77 a5/2 (1+§)”4x|§||ipticE{§Arccot[“2*2}, 2|
- +

N
120b3 (a+bx4)"* 60b? (a+bx*)Y* 10b (a+bx*)'* 40b7/2 (a+bx4)t*

Result (type 5, 80 leaves):

1/4
x3 (777a2711abx4+6b2x8+77a2 (1+bai) Hyper geomet ri c2F1 43, %, ZT’ 7bx4])

60 b3 (a+bx4)**

Problem 1163: Result unnecessarily involves higher level functions.

XlO
_  d
J(a+bx4)5/4 ”

Optimal (type 4, 105leaves, 6 steps):

1.1.3 General.nb | 139



140 | 1.1.3 General.nb

4

7 ax3 x7

7a%2 (1+ 2 )Y xEllipticE|L Arcot |

Vb x?

a

2]

+ —

12 b2 (a+bx4)1/4 6b(a+bx“)1/4 4 p5/2 (a+bx4)1/4

Result (type 5, 66 leaves) :

1/4
x3 (7a+bx4f7a(1+bai) Hyper geonet ri c2F1 41, %, 41, 7“4])

6b% (a+bx)

Problem 1164: Result unnecessarily involves higher level functions.

XG
_  d
J(a+bx4)5/4 "

Optimal (type 4, 83leaves, 5steps):

. 3ﬁ(1+L)1“‘xa|iptic5[§Arc00t[Wrﬂ,2}

X b x4 a

N
2b<a+bx4)l/4 2 b3/2 (a+b><4)1/4

Result (type 5, 54 leaves):

3 bxt ) /4 i 13 7 _bxt
X (71+(1+ a) HypergeorretncZFl[A, 2 ]

b (a+bx4)1/4

Problem 1165: Result unnecessarily involves higher level functions.

X2
—_—d
J(a+bx4)5/4 i

Optimal (type 4, 59 leaves, 4 steps):
Vb x2

a

(1+ %)Y xElipticE[ 2 Arcoot |

b x4
Ja Vb (a+bx“>1/4
Result (type 5, 58 leaves):

2]

1/4
x3 (—3+2 (1+ b:4) HypergeorretricZFl[%, %, I —bxa])

3a (a+bx4)1/4

® Problem 1166: Result unnecessarily involves higher level functions.

1
S
x2 (a+bx“)5/4
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Optimal (type 4, 79leaves, 5steps):

1

24b (1+ %)Y xEipticE[ L Arccot [ 2] 2]

.
ax(::ubx“)l/4 asd/2 (a+bx4)1/4

Result (type 5, 71leaves):

1/4
3 (a+2bx*) +4bxt (1+%) HypergeorretricZFl[%, = - b

3a?x (a+bx4)1/4

Problem 1167: Result unnecessarily involves higher level functions.

1
— X  dx
x6 (a+bx4)5/4

Optimal (type 4, 105Ileaves, 6 steps):
Vb x2

a

12632 (1+ 2 )Y x B lipti cE[ £ ArcCot |

1 6b . 2]

N _
5a2x(a+bx4)1/4 5 a5/2 (a+bx“)1/4

5 a x5 (a+bx4)1/4
Result (type 5, 83 leaves):

1/4
~a2+6abx*+12b2x8_-8Db2x8 (l+%) / I—|ypergeorretric2FlH, 45, ZT' 7—}

5ad x5 (a+bx4)1/4

Problem 1168: Result unnecessarily involves higher level functions.

J 1
—  dx
x10 (a+bx4)5/4

Optimal (type 4, 129 leaves, 7 steps):

1 2b 4 b?

4
b x a

8052 (14 %) x B 1ipti cE[} ArcCot [ 12, 2]

+ +
9ax® (a+bx4)1/4 9 a2 x5 (a+bx4)l/4 3adx (a+bx“)l/4 3a7/2 (a+bx“>1/4

Result (type 5, 94 leaves):

1/4
—ad+2a2bx*-12ab?x8-24b3x12 ;16 b3 x1? (1+bai4) Hypergeon‘etricZFlH, , %,

9 a% x? (a+bx4)l/4
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® Problem 1169: Result unnecessarily involves higher level functions.
1
———— dX
x4 (a+ bx“)S/4
Optimal (type 4, 153 leaves, 8steps):

1 14 b 28 b? 56 b®

112672 (1+ 2

>l/4

xE||ipticE{§ArcCot[Wrxz], 2]

4
b x a

>1/’4 B

+ - +
117a2x° (a+bx*)Y" 117a%x5 (a+bx4)"* 39a*x (a+bx*

13 ax®® (a+bx4)1/4

Result (type 5, 105 leaves):

1 b x4

-9a*+14a%bx*-28a%2b?x8+168ab’x +336b*x® -224b*x1 |1+

a

117 a5 x138 (aerX“)l/4

Problem 1170: Result unnecessarily involves higher level functions.

1
—d
(a+bx4)7/4 "

Optimal (type 4, 83leaves, 5steps):

3/4 S 1 Vb x?
2vb (1+ %) xi”ElllptlcF[EArcCOt[rX

4
b x a

X ’2}

3a(a+bx4)3/4 3a3/2 (a+bx4)3/4

Result (type 5, 56 leaves):

3/4
X +2 X (1+%) HypergeorretricZFlH, %, ;, —bx4]

3a (a+bx“)3/4

Problem 1172: Result unnecessarily involves higher level functions.

1
7d]
(a+bx“)ll/4 "

Optimal (type 4, 102leaves, 6 steps):
Vb x2

a

4b (1+20)* X3 EIlipticF |} ArcCot |

X 2 X ' 2}
* )3/4 -

7a(a+bx4)""

7a? (a+bx?

7 a5/2 (a+bx4)3/4

Result (type 5, 72leaves):

b x4 3 5 bx“}
a

Bax+2bx5+4x (a+bx*) (1+—)3/4I-lypergeorretri02F1H—, T .

7a% (a+bx4)’*

39 a9/2 (a+bx4)1/4

1/4 3 7
] HypergeometricZFl{ - =, ——}
4 4

S
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Problem 1180: Result unnecessarily involves higher level functions.

(a-bx4)t*
- dx
X

Optimal (type 3, 69leaves, 6 steps):

a-bx4)t*

al/4

a-bx4)¥*

1
(afbx“)l“lf—al/“ArcTan[ }
2 al/4

} - at/4 ArcTanh[

Result (type 5, 63 leaves):
( __a )3/4

2 bty S

I—|ypergeonetric2F1[%, S

3 (a—bx“)3/4

Problem 1181: Result unnecessarily involves higher level functions.

(a-bx4)t*
X

Optimal (type 3, 78leaves, 6 steps):

1/4 (a-bxé)** (a-bxt)**
) (a-bx*) ) bArcTan[ o } . bArcTanh[ o }
4 x4 8 a4 8 a3/4
Result (type 5, 67 leaves):
a \3/4 . 3 3 7 a
—3a+3bx4+b(1—w) x4Wpergeonetr|c2F1[Z, I W}

12 x4 (afbx“)a/4

Problem 1182: Result unnecessarily involves higher level functions.

(a—bx“)l/4
T K
X

Optimal (type 3, 105leaves, 7 steps):

a-b x4)1’4

(a-bx*|" b (a bx4)'* 3b2ArcTan[( ] SbZNcTanh[%}
+

- + +
8 x8 32ax? 64 a’/4 64 a’/4

a1/4

Result (type 5, 83 leaves):

~4a2+5abx4-b2x8+h? (17&)3/4x8|—|ypergeorretricZFl[%, 3L 2]

32ax8 (a—bx“)S/4
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® Problem 1183: Result unnecessarily involves higher level functions.
ng (a-b x“)l/4 dx

Optimal (type 4, 130leaves, 6 steps):

2 a2 x2 (a—bx4)1/4 axb (a—bx4)1/4 1 4a’’? (1—M)3/4EllipticF[%ArcSin{vbirxz}. 2}

- - + — x10 (a—bx4)l/4+ 2
77 b? 77b 11 77b52 (a-b X4)3/4

Result (type 5, 91 leaves):

3/4
x2 (72a3+a2bx4+8ab2x877b3x12+2a3 (17% ! Hyper geomret ri c2F1 % %, g %])
77 b2 (a—bx“)S/4
® Problem 1184: Result unnecessarily involves higher level functions.
Jx5 (afbx“)l/4 dx
Optimal (type 4, 105leaves, 5steps):
3/4
a x2 (a—bx4>l/4 1 2 a%? (1— % e pti cFEArcSi n[ﬁxz], 2]
- + —x8 (a—bx4)1/4+ 2
21b 7 21b%2 (a-bx4)**
Result (type 5, 80 leaves):
3/4
X2 (—az+4abx“—3b2x8+a2 (1—% ’ I—|ypergeorretric2F1[§, %, g %])
21b (afbx“>3/4
|

Problem 1185: Result unnecessarily involves higher level functions.
Jx (a-bx?) Y% ax

Optimal (type 4, 82leaves, 4 steps):

3/

as/? (1—%) 4EIIipticF[%ArcSi n{

1
— x2 (afbx4)l/4+
3 3vVb (a-bx4)**

Result (type 5, 64 leaves):

3/4
x2 (Zafsz4+a(1fbai) HypergeorretricZFlE, %, g bxd”

6 (a-bx*)**
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® Problem 1186: Result unnecessarily involves higher level functions.

(a-bx4)t*
X

Optimal (type 4, 82leaves, 4 steps):

(- bxé) Va b (1o e ipticF[ L aresin[ 22, 2]

a

2 x? 2 (a—bx4)3/4
Result (type 5, 68 leaves):

b x4

3/4
_2a+2bx4-bx*4 (1—7) Wpergeor‘retricZFlE. = o,

4 x2 (a—bx“)S/4

® Problem 1187: Result unnecessarily involves higher level functions.

(a-bx4)¥*
77d1x
X

Optimal (type 4, 105leaves, 5steps):

(a—bx“)l/4 b(a—bx“)l/4 b3/2 (1_%3/
_ N _

6 x8 12 a x? 12 Va (a—bx4>3/4

4EIIipticFEArcSin[

Result (type 5, 84 leaves):

3/4
-4a2+6abx*-2Db?x®-bp?x8 (1— bai) Hyper geomet ri cZFlE, T 5

24 a xb (afbx“>3/4

® Problem 1188: Result unnecessarily involves higher level functions.

(a b X4> 1/4
X

Optimal (type 4, 130leaves, 6 steps):

vb*xz}’ 2}

a

(a-bx*)"* b (a-bx4)¥* b2 (a-bxtt4 b (L%)”“Ellipticp[gmcan[
© 10x0 : 60 a x° : 24 a? x?2 ) 24 33/2 (afbx“)?'/4

Result (type 5, 95 leaves):
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bx4\3/

4
_24a%+28a2bx*+6ab?x8-10b3x12 _5p3 x12 (1- ; ) Hypergeometric2ri| 2, 2, 3, 2X

24022 x1° (a-bx*)*"*

® Problem 1189: Result unnecessarily involves higher level functions.
Jxe (a-bx*)**ax

Optimal (type 3, 263 leaves, 12 steps):

2 N2 b4 x
ax? (a—bx4)1/4 1 3a ArcTan{l— 7(617“4)1,4]
—x’ b x4)**
. 32b "8 (8-bxf) - :
642 p7/4

ﬁwa} 3a2Log{l+ Vb x* ﬁwa] 3a2Log{1+ Vb x , ¥z bix

(a-bx#) M \a-bx* (a-bxt)**

3 aZArcTan{l +

Japxr  (abxf)e
N

64~/2 b7/4 128+/2 b7/4 128+/2 b7/4
Result (type 5, 80 leaves):

b x4
a

3/4
x3 (—a2+5abx4—4b2x8+a2 (1— ) Hyper geonet ri c2F1 %, %, z bxa])

32b (ava“)a/4
® Problem 1190: Result unnecessarily involves higher level functions.
sz (a-bx*) Y4 gx

Optimal (type 3, 232 leaves, 11 steps):

: / Vb k2 7 b Vb x| N7 bis
aArcTan{l—J?#Hlx,4 aArcTan 1+M} aLog[1+ = b41?<4} alog |1+ = b41Xr4
1 3 ( b 4)1/4 (a-bx*)Y (a-bx*)Y \Ja-bx* (a-bx*) \a-bx4 (a-bx?)
— X" (a-Db0X - + + -
4 8+/2 b3/ 82 b3/ 16 V2 b¥/4 16 /2 b3/4

Result (type 5, 64 leaves):

b x4
a

3/4
x3 (Safsbx4+a(1f ) HypergeomatricZFl[%, s L ﬁ”

12 (a—bx“)s'/4

® Problem 1191: Result unnecessarily involves higher level functions.

(a-bx4)¥*
72d1x
X

Optimal (type 3, 226 leaves, 11 steps):
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, / IR VB T b
& bl/“ArcTan[l—iﬁbux] b1/4ArcTan[1+7ﬁbHX] b1/4|-09{1+ - . bl/4|—°9[1+ — X]

(a ~bx* (a-bx*)t* (a-bx4)** \Ja-bx* (a-bx#) ™" \Ja-b x4 (a-bx?)™
- + - - +
X 22 22 a2 42

Result (type 5, 68 leaves):

b x*

_3a+3bx4_bx4(1_T s

3/4 ) 3 7
) HypergeorretncZFlh, $ L, e

3x (a—bx“)‘q’/4
Problem 1196: Result unnecessarily involves higher level functions.
Jxlz (a-bx*)"* ax

Optimal (type 4, 156 leaves, 8steps):

a \3/4 . . 1 Vb x?
3a3x(a—bx“)l/4 3a%x> (a—bx4)l/4 ax® (a—bx“)l/4 1 3al’s? (1_W> X3E||'pt'CF{EArCCSC{ 2 } 2}
- - - + —x1 (a—bx4)l/4—
112 b? 280 b2 140 b 14 112052 (a-bx4)**
Result (type 5, 102 leaves):
1 b x4 )34 1 3 5 bx*
“15a*x+9a%bx5+2a2b?2x%+44ab3x1® _40b*x17 +15a%* x 1—] HypergeorretricZFl[f, - -, —}
560 b3 (afbx4)3/4 a 4 4 4 a
Problem 1197: Result unnecessarily involves higher level functions.
ng (a—bx“)l/4 dx
Optimal (type 4, 131leaves, 7 steps):
a?x (a-bx*)" axs (a-bx)M* 1 a°2 (1- 2 )% " x* ElliptioF| L ArcCsc[ 2], 2]
_ - + — x° (a—bx4)l/4— ” 2
24 b2 60 b 10 24032 (a-bx4)¥*

Result (type 5, 91 leaves):
3/4
-5a%x+3a?bx5+14ab?x®-12b3x1¥ +5a%x (1*bai) /

HypergeorretricZFlH, T e

120 b2 (a-bx4)**

Problem 1198: Result unnecessarily involves higher level functions.
Jx“ (a-b x“)l/4 dx

Optimal (type 4, 106 leaves, 6 steps):
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1/4 32 (1~ 243  |ipticF| L Arccse[ 2], 2
_ax(afbx“) +£x5(a—bx4)1/4—a (1-5) X 'ptic {2 ¢ c[\/;] ]
12b 6 lZ\/F(a—bx“)SM
Result (type 5, 79 leaves):
7a2x+3abx572b2x9+a2x(17%)3/4Hypergeorretric2F1H, % 45 bai}

12b (a—bx“)S/4

Problem 1199: Result unnecessarily involves higher level functions.
J(a -b x4)l/4 dx
Optimal (type 4, 83leaves, 5steps):

Va Vb (1—i)3/4x3E|IipticFEArc(‘sc[Wrxz], 2]

4
b x a

1
—x (a-bx*)
2 2 (a-bx*)*"

1/4

Result (type 5, 62 leaves):

b x*
a

b5 Cbxt) 34 ) 13 5 bxt
ax-bx>+ax (1 Hyper geonet ri c2F1 AEAEPE

2 (a—bx“)s/4

Problem 1200: Result unnecessarily involves higher level functions.

(a-bx4)¥*
74d1x
X

Optimal (type 4, 85leaves, 5steps):

(a-bx4)s B2 (150 ¥ e B lipticF[ L arcase[ 2] 2]
a
- +
3 x3 3\/; (a_bx4>3/4
Result (type 5, 67 leaves) :
3 5 bx*

b x4 3/4 i 1
—a+bx%_bx* (1—%) HypergeonetrchFlh, T

3x3 (afbx“)3/4

Problem 1201: Result unnecessarily involves higher level functions.

(a—bx“)l/4
s
X

Optimal (type 4, 108 leaves, 6 steps):
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%)3/4

x? Bl 1ipticF|[ L Arccse[ 2], 2]

(afbx“)l/4 b(afbx“)l/4 202 (1- X

- + +
7 x7 21ax3 21 a3/2 (afbx“)w'

Result (type 5, 84 leaves):

s 5 b

1
4’ 4 4’

3/4
-3a’+4abx*-b?2x8-2b%x8 (171’%‘) HypergeorretricZFl{

21 ax’ (a—bx“)?’/4

Problem 1202: Result unnecessarily involves higher level functions.

(a-bx4)t*
— dx

Optimal (type 4, 133leaves, 7 steps):

(a-bx*) ¥ b (a-bxtM* 202 (a-bxt)Vt 4D (1= 5 ) e pticF[§ Arcase [, 2]

4
a

- + + +
11 x1t 77ax’ 7782 x3 77252 (a-bx4)*

Result (type 5, 94 leaves):

-7a%+8a?bx*+ab?x8-2b3x12_4pdxli2 (1—M

3/4
-]

HypergeorretricZFl[%, A —]

77 a2 x11 (a—bx“)S/4

Problem 1203: Result unnecessarily involves higher level functions.

(a-bx4)**
e

Optimal (type 4, 158 leaves, 8steps):

(a—bx4>l/4 b<a_bx4>l/4 2b2 (a—bx4)l/4 4b3 <a_bx4)l/4 8b9/2 (1—;7)3/4X3E||iptiCF{%ArCCSC{\/b7X2 , 2}
a
- + + + +
15 x15 165 a x11 231 a?x’ 231 a% x3 231 a7/2 (a—bx4)3/4

Result (type 5, 106 leaves):

1 b x4 )34 1 3 5 bx*

~77a*+84a%bx*+3a%2b?x8+10abdx1?_20b*x6 _40b*x16 1—] Hyper geometri c2F1| —, —, —, —}

1155a% x15 (a-bx*)*/* a 4 4 4  a

Problem 1209: Result unnecessarily involves higher level functions.

J 1
—  dX
X (a—bx“)l/4

Optimal (type 3, 57 leaves, 5 steps):
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4\1/4 _ 4\1/4
ArcTan[ (afblx‘,) } ArcTanh[i(a ble) }
a’ B a’
2 al/4 2 a1/4
Result (type 5, 47 leaves):
(1- b;)l“‘ Hyper geormet r i cZFl[%, %, 45, bi“ ]

(a—bx“)l/4

Problem 1210: Result unnecessarily involves higher level functions.

J 1
——— dXx
x5 (afbx“)l/4

Optimal (type 3, 81leaves, 6 steps):
(a-bx*)¥* b ArcTan[ (alexm } b ArcTanh[%}

_ + _
4 a x4 8 a5/4 8 a5/4

Result (type 5, 70 leaves):

)1/4

—a+bx*-b (1-2 )1/4x4l—|ypergeonetri02F1[

1
b x4 47 47 47 px4

4axt (afbx“)l/4

® Problem 1211: Result unnecessarily involves higher level functions.
1
——dXx
x9 (a—bx“)l/4
Optimal (type 3, 108 leaves, 7 steps):
(—b“l’A (a_b x4) /4
(a-bx*)** s5b(a-bx4)** 5b2ArcTan{7a alx,A) } 5b2Ar(:Tanh[7[a alx,A) }
_ _ N _
8ax8 32 a?% x4 64 a4 64 a4
Result (type 5, 84 leaves):
-4a?-abx*+5b2x8-5b2 (1- ;7)1/4)(8 Hyper geonet ri c2F1[43, %, 45, b%}
32a2x8 (a-bx*)"*
|

Problem 1212: Result unnecessarily involves higher level functions.

«13
—d
J(abx“)l”’ ”

Optimal (type 4, 133leaves, 6 steps):



4a2X2 (abe4>3/4 lOaXG <abe4>3/4 Xlo (a*bx4)3/4 8a7/2 (17%) " ElllpthE[%ArCSl n{

Vb x?

2

a

- - +

39 b® 117 b2 13 b 39b72 (a-bx*) 1/4

Result (type 5, 91 leaves):

1/4
x2 (712a3+2a2bx4+ab2x8+9b3x12+12a3 (17%) I—lypergeorretricZFl[%, % 3 bXA])

117 b3 (a-bx4)**

Problem 1213: Result unnecessarily involves higher level functions.

X9
7d1
J‘(a—bx“)l/4 "

Optimal (type 4, 108 leaves, 5 steps):

2 ax? (a—bx4)3/4 «6 (a—bx4)3/4 4 a5/2 (17%)1/4 EIIiptiCEEArCSi n[
- - +

15 b? 9b 15052 (a-bx*)**

2.2

a

Result (type 5, 80 leaves):

px4\1/
a

4
x2 (76a2+abx4+5b2x8+6a2 (1, I—|ypergeorretric2FlH, > g —])

45 b2 (a—bx“)l/4

Problem 1214: Result unnecessarily involves higher level functions.

X5
— X
J(abx“)l/4

Optimal (type 4, 85leaves, 4 steps):

b x4
a

sz]

a

X2 (a—bx4>3/4 2 a%/? (1— )1/4EllipticEEArcSin[ , 2]
- +

5b 5 p3/2 (a—bx4>1'/4

Result (type 5, 66 leaves):
x2 (—a+ bx*+a (1 - %)1/4 Hyper geomet r i c2F1[%, % & ﬁ])

5b (a-bx*)"*

® Problem 1215: Result unnecessarily involves higher level functions.

7)( d
(a-bx4)¥* "
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Optimal (type 4, 59 leaves, 3steps):
Va [1- bx")m Bl lipticE[ L Arcsin[ 2] 2

a
Vb (a-bx*)t*
Result (type 5, 53 leaves):

x2 (M)lM Hyper georret ri cZFl[

1
a 4’

2 (a—bx“')l/4

Problem 1216: Result unnecessarily involves higher level functions.

J 1
—  dx
x3 (afbx“)l/4

Optimal (type 4, 85leaves, 4 steps):

px4\1/

(a—bx“)S/4 Vb (1_7

a

4E||ipticE[§ArcSin{sz}, 2]

a

2ax? 2+/a (a-bx4)**
Result (type 5, 71leaves):

px4\1/4 .
_2a+2bx%_bx4 (1_%) |-|ypergeorretr|02F1H. > 3 a

4 ax? (afbx“>l/4

Problem 1217: Result unnecessarily involves higher level functions.

J 1
— X  dx
x7 (a-bx4)t*

Optimal (type 4, 108 leaves, 5 steps):

px4\1/

(a—bx“)3/4 b(a—bx“)?’/4 b3’z (1_ a S

4EIIipticEEArcSin[

6 axb 4 a? x? 4 a3/2 (a—bx“)l/4
Result (type 5, 84 leaves):

1/4
-4a2-2abx*+6b2x8-3p2x8 (1—£) /

a

Hyper geonetri cZFlH, >

24 a2 x5 (ava“)l/4
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® Problem 1218: Result unnecessarily involves higher level functions.

1
— dX
x11 (a—bx“)l/4

Optimal (type 4, 133leaves, 6 steps):

px4\1/
(a-bx*)** 7b(a-bx*)** 7b2 (a-bx4)>* 7 b5/2 (LTX

10 a x10 60 a2 x5 40 a3 x?2 40 a5/2 (afbx“)l/4

4EIIipticE[%ArcSinwbixz}, 2}

a

Result (type 5, 95 leaves):

1/4
_24a3_-4a2bx*-14ab?x8+42b3 x12 _21 b3 x12 (1-%) HypergeomstricZFlH, 2, 3, 2

240 a3 x1° (a - bx“)l/4

® Problem 1227: Result unnecessarily involves higher level functions.
XlO
————dx
J(abx“)l/4
Optimal (type 4, 134 leaves, 7 steps):
/ a \1/4 . . 1 Vb x?
7 a? (a—bx“)3/4 7ax3 (a—bx4)3/4 x7 (a—bx“)e'/4 7a%? (1- W> x Bl 1ipti CE[ENCCSC{ a } 2}
- - - +
40 b® x 60 b 10b 400572 (a-bx*)"*
Result (type 5, 80 leaves):
4\1/4 4
x3 (—7a2+abx4+6b2x8+7a2 (l— b: ! Hyper geonet ri c2F1 %, %, ZT' b: ])
60b2 (a-bx4)*
|

Problem 1228: Result unnecessarily involves higher level functions.

XG
- dx
J\(a—bx“)l/4

Optimal (type 4, 109 leaves, 6 steps):

4

£ )

a(a-bx4)¥* x3(a-px4)¥t @’ (1- %)Y xElipticE| ArcCsc| -

- - +

4 b2 x 6b 4 p3/2 (a—bx“)l"‘l

Result (type 5, 66 leaves):
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b x*

x3 (—a+bx4+a (1— 2

1/4
) Hyper geonet ri c2F1 %, %, z ﬁ])

6b (a-bx*)"*

Problem 1229: Result unnecessarily involves higher level functions.

X2
—dx
J(abx“)l”’

Optimal (type 4, 86 leaves, 5steps):

(afbx4)3/4 Va (1-2 >1/4XE||iptiCE[%AI’CCSC{

b x* \/bixz}' 2}

a

- +

2bx ZW(a—bx4)l/4

Result (type 5, 53 leaves) :

X3 (afz_x")lﬂl I—lypergeorretricZFl[%, j—, 2, bXA]

3 (a-bx#4)t*

Problem 1230: Result unnecessarily involves higher level functions.

J‘ 1
— X  dx
x2 (a—bx“)l/4

Optimal (type 4, 61leaves, 4 steps):

a 1/4 H H 1 Vb x?
W<l’b7) xElllptlcE{EArcCsc[ i ] 2]
\/?(ﬁ*bx4>l/4

Result (type 5, 71leaves):

1/4
_3a+3bx%-2bx* (17bai) "* Hyper geonet ri c2F1 ‘17, e

3ax (a—bx“)l/4

Problem 1231: Result unnecessarily involves higher level functions.

J 1
—— dXx
x6 (a-bx4)t*

Optimal (type 4, 86 leaves, 5steps):

£

a

(a-bx4)** 2 b3/2 (1—;7)1’/4xEllipticEEArcCsc[

5ax® 5 a8/2 (a—bx“)l/4



Result (type 5, 84 leaves):

1/4
3 (a?+abxt-2b2x?) ~4b2x® (1- )" Wyper geometricar1[l, 2, 7, X
15 a? x5 (afbx“>l/4
Problem 1232: Result unnecessarily involves higher level functions.
1

——dx
Jxlo (a—bx“)l/4
Optimal (type 4, 109 leaves, 6 steps):

a 1/4 . . 1 Vb x?
(afbx4)3/4 2b (afbx4>3/4 4 p5/2 (1_W> xElllptlchArcCsc[ = ] 2]

9 ax? 15 a2 x° 15 a5/2 (a—bx“)l/4

Result (type 5, 95 leaves):

b x4
a

1/4
-5a%-aZbx*-6ab?x8+12b3x12_8Dp3x12 (1— ) HypergeomatricZFlH, e

45 a3 x° (afbx“)l/4

Problem 1233: Result unnecessarily involves higher level functions.

1
— dX
x4 (a-b x4)l/4

Optimal (type 4, 134 leaves, 7 steps):

a )1/4

(a*bx4>3/4 10b<a*bx4>3/4 4b2 (a*bx4>3/4 8b7/2 (libx‘l XEllethE{%ArCCSC[WXZ]

a

2]

13 axt® 117 a2 x° 39 a3 x5 39a7/2 (a-bx4)"!

Result (type 5, 106 leaves):

bX4 1/4

1- —
a

1
-9a%*-a®bx*-2a?b?x®-12ab®x!?+24Db*x16 -16 b* x1°

117 a% x13 (a—bx“)l/4

Problem 1239: Result unnecessarily involves higher level functions.

J 1
——— dXx
X (afbx“)s/4

Optimal (type 3, 57 leaves, 5 steps):

4

(a-bx*)Y ]

a1,4

(a-bx4)*

a1,4

ArcTan{ ] ArcTanh[

2 a3/4 2 a3/4

Hyper geonet ri c2F1
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Result (type 5, 49 leaves):

(171)37)3/4

HypergeomatricZFl[%, S

3 (a—bx“')?’/4

Problem 1240: Result unnecessarily involves higher level functions.

J 1
— X  dx
x5 (a-bx4)**

Optimal (type 3, 81leaves, 6 steps):

1/4 (afbx“)l/4 (afbx“)l’4
fa-bxt) 73bArcTan[T} 73bArcTanh[aﬂ7,4}
4 ax* 8a’/4 8a’/4
Result (type 5, 70 leaves):

—a+bx*-b (1- a

W)3/4

x4 HypergeomatricZFl[%, 2 L

4axt (a—bx“)a/4

Problem 1241: Result unnecessarily involves higher level functions.

J‘ 1
— dx
x9 (a—bx“)g’/4

Optimal (type 3, 108 leaves, 7 steps):

hyd 14 by g4 14
(a-bx*)¥* 7b (a-bx¢)Y 21b2ArcTan{<a':+)] 21b2ArcTanh[%}
8ax®8 32 a? x4 64 all/4 64 all/4
Result (type 5, 84 leaves):
a 3/4 . 3 3 7 a
~4a2-3abx*+7b%2x8-7h? (17b7) xgHypergeorretnc2F1[4—, oo W}

32 a2 x8 (afbx“>3/4

Problem 1242: Result unnecessarily involves higher level functions.

«13
-
J\(a—bx“)S/4 "

Optimal (type 4, 133leaves, 6 steps):

vb*xzy 2}

a

20 a2 x2 (afbx4)1/4 10 a x8 (a—bx“)”“ %10 (a—bx4)l/4 40a’/2 (1—%)3/4EllipticF[%ArcSin{

- - - +

27 b° 77 b2 11b 77072 (a-bx*)**

Result (type 5, 92 leaves):
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3/4
x2 (—20613+1Oazbx“+3ab2x8+7b3x12+20a3 (1— baﬁ) / Hyper geomet ri c2F1 % %, g %H
77 b® (afbx“)e'/4
® Problem 1243: Result unnecessarily involves higher level functions.
X9

—— dx

(a*bx4>3/4
Optimal (type 4, 108leaves, 5 steps):

px4\3/4 i i 1 . Vb x2
2 ax? (afbx“)l/4 x© (afbx“)l/4 42 (1_ T) B Tipti CF{EA”:S' n[ Ja ] 2]

- +

7b? 7b 7b%2 (a-bx4)**

Result (type 5, 79 leaves):

3/4
x2 (—2a2+abx4+b2x8+2a2 (1—%) HypergeonetricZFl[%, %, 3 bxa])

7b% (a-bx*)**

® Problem 1244: Result unnecessarily involves higher level functions.

x5
— dX
J(a_bx4>3/4

Optimal (type 4, 85leaves, 4 steps):

%)3/4 EllipticF[Larcsin| 2]

a

x2 (aubx“)”4 2% (17 ' 2]

- +

3b 3 p3/2 (a—bx4>3/4

Result (type 5, 66 leaves):

b x4

x2 (7a+bx4+a (17
a

3/4 . 1 3 3 bx*
|”" Hyper geomet ri c2F1[ 2, ¢, 2, —])

3b(a-bx*)*"

Problem 1245: Result unnecessarily involves higher level functions.

X
7d
(a-bx4)%* ”

Optimal (type 4, 59 leaves, 3steps):

3/4 . . 1 )
Elli ptlcF[EArcS| n{

Vb (a-bx4)

=] 2]

a
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Result (type 5, 53 leaves):

3/4
X2 (E‘Z—X") HypergeometricZFl[%, T s

2 (afbx“)?’/4

Problem 1246: Result unnecessarily involves higher level functions.

J 1
— dXx
x3 (a-bx4)**

Optimal (type 4, 85leaves, 4 steps):

b x4
a

)3”4 Bl lipticF|LArcsin|

(a—bx4)l'/4 Vb (1 _

2 a x? 2\/?(a-bx4)3/4

Result (type 5, 70 leaves):

2.

3/4
-2a+2bx%+bx*? (1—b:4) ' HYPergeonetricZFl[%, T

4ax? (afbx“)s/4

Problem 1247: Result unnecessarily involves higher level functions.

J 1
—  dX
x7 (a—bx“)S/4

Optimal (type 4, 108leaves, 5 steps):

(afbx“)l/“ 5b(a—bx4}1/4 5b3/2 (1—%)3/4EIIipticFEArcSin[ﬁxz],2]

a

- - +
6 a x® 12 a? x2 12 a%/2 (afbx“)3/4

Result (type 5, 84 leaves):

3/4
-4a%2-6abx*+10b2x8+5b2x8 (17%) I—lypergeorretricZFl[%, 43, % bx?

24 a2 x8 (a—bx“)S/4

Problem 1248: Result unnecessarily involves higher level functions.

1
— dX
x11 (a—bx“)s’/4

Optimal (type 4, 133leaves, 6 steps):



(afbx4)l/4 3b (a—bx4)1/4 3 b2 (a—bx4)1/4 3 b5/2 (1—%)3/4 EIIipticF[%ArcSin{ﬁxz}, 2}
a

© 10axio 20 a2 x® ) 8 ad x? ’ 8 a5/2 (afbx4)3/4

Result (type 5, 95 leaves) :
3 b x*

3/4
~8a%-4a2bx*-18ab?x® + 30 b3 x!2 1 15 b3 x12 (17%“) ' Hyper geomretri c2F1 [, 2, 2,

80 a3 x10 (a—bx“)g/4

Problem 1249: Result unnecessarily involves higher level functions.

10
7d1
J‘(a—bx“)?’/4 "

Optimal (type 3, 266 leaves, 12 steps):

2 N2 bl/4Ax
7 ax? (afbx4)l/4 X7 (afbx4)l/4 2l a ArcTan{l— 7(&“4)1/4}
- - - +
32 b2 8h 64 /2 bll/4

1+

Vit VT ot ]

Vb x2 . V2 b4x
N a-bx4 (a-bx?)* Jabx4 (a-bx*)*

+ _

64 /2 bll/4 128 +/2 bll/4 128 +/2 bll/4

Result (type 5, 81 leaves):

2122 ArcTan[1+ 2200 ] 21a% Log 21a%Log|1+

(afbx")l/4

b x4

x3 (77a2+3abx4+4b2x8+7a2 (17 -

3/4 . 3 3 7 bx
) Hyper geonet ri c2F1 o a —])

32 b2 (a—bx“)S/4

Problem 1250: Result unnecessarily involves higher level functions.

X6
— dX
\J\(abx4>3/4

Optimal (type 3, 235leaves, 11 steps):
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V2 bl4y N 3alogl1l Vb x2 V2 bl4x 3alogl1l Vb x2 V2 bl4x
X3 (a-b X4>1/4 3aArcTan [1 " e 3aArcTan [1 + YO 9{ + Tamer (abxtt g[ + Ny + (abxt)'
- - + +

4b 8+/2 b7/4 8+/2 b7/4 16 /2 b7/4
Result (type 5, 66 leaves) :

b x4\ 3/4 . 3 3 b x*
x3 (7a+bx4+a(1—Tx) Hypergeorretrlc2F1[4—, = ])

4b (a-bx*)**

16 /2 b7/4
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® Problem 1251: Result unnecessarily involves higher level functions.

XZ
- dx
J(abx“)s/4

Optimal (type 3, 209 leaves, 10 steps):

/ / Vb x? V2 bt/ Vb x? V2 bl
ArcTan[lfﬂul’:} ArcTan[l+&lf‘f4] L09{1+ e 174} L09[1+ = i
(a-bx4) (a-bx*) +/ a-b x* (a-bx?) +\a-bx* (a-bx?)
- . . -
2+/2 b3/ 2+/2 b3/ 42 b4 42 p¥e

Result (type 5, 53 leaves):

3/4
x3 (a’Z—XA) HypergeomatricZFl[%, T

3 (afbx“)3/4

Problem 1256: Result unnecessarily involves higher level functions.

12
—d
J\(a—bx“)s/4 "

Optimal (type 4, 134 leaves, 7 steps):

3a?x (a-bx*)"* 3ax® (a-bx4)* x9 (a-bx*)M* 322 (1’%)3/4)(35IiptiCF[%ArCCSCWFrXT’2}

a

8 b 20 b? 10b g p5/2 (afbx4)3/4
Result (type 5, 91 leaves):

3/4
~15a3x+9a2bx5+2ab?x%+4b3x18 +15a%x (17ﬁ)

a

HypergeorretricZFlH, =, 45, ﬂ}

40 b3 (a - bx4)*/*

Problem 1257: Result unnecessarily involves higher level functions.

X8
- dx
J(abx“)s/4

Optimal (type 4, 109 leaves, 6 steps):

)3/4x3 EIIipticFEArcCsc[

£

5ax(a_bx4>1/4 x5 (a—bx“)l“‘ 5 a3/2 (17;% :

12 b? 6b 12032 (a-bx*)%*

Result (type 5, 80 leaves):
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4
Hyper geonet ri c2F1 43, o7

3
5a2x+3abx5+2b2x+5a2x (1_”%‘) /

12 b? (afbx“>3/4

Problem 1258: Result unnecessarily involves higher level functions.

X4
—dx
J(abx“)s/ﬂ'

Optimal (type 4, 86 leaves, 5 steps):

a \3/4 PN 1 Vb x?
je (L) e Bt oR[ Larcose [12X, 2]

4
x(a—bx b x* a

2b 2B (a-bx4)¥*

Result (type 5, 64 leaves) :

2 bx*\3/4 . 1 3 5 bx*
X (7a+bx *a(l’T) I—lypergeorretr|02Fl[4—, T ]

2b (a-bx*)**

Problem 1259: Result unnecessarily involves higher level functions.

1
7d1
(a-bx4)%* "

Optimal (type 4, 63leaves, 4 steps):

Vb o(1-2 )3/4><3EIIipticFEArcCsc[Wer], 2]

bx* a
Va (a-bx*)**
Result (type 5, 48 leaves):

x (22> Hyper geonret ri caF1 [ 1,

alw
INRS]

(a b X4>3/4

Problem 1260: Result unnecessarily involves higher level functions.

J 1
—— dX
x4 (afbx“)s/4

Optimal (type 4, 88leaves, 5steps):

£

x4 a

(a-bx4)t* 2b32 (1- bi)s”"‘x3 Ellipti cFEArcCsc[

3ax® 3a%? (a-bx4)**
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Result (type 5, 70 leaves):

bx4\3

—a+bx4+2bx* (1— )MHypergeonetricZFl 13 5 bx
a 47 4’ 4’

3ax? (afbx“)s/4

Problem 1261: Result unnecessarily involves higher level functions.

J 1
— X dx
x8 (a—bx“)s/4

Optimal (type 4, 111 leaves, 6 steps):

(afbx“)l” 2b (afbx“)l/“ 4 p5/2 (1—%)3/4x3 EIIipticFEArcCsc[

4

£

a

7ax’ 7 a2 x3 7 a5%/2 (a—bx“)e'/4

Result (type 5, 84 leaves):

3/4
—a2-abx*+2b2x8+4Db2x8 (1—%) HypergeomatricZFlH, T

7a2x’ (a-bx4)*"

Problem 1262: Result unnecessarily involves higher level functions.

1
—  dX
x12 (a -b x4)3/4

Optimal (type 4, 136 leaves, 7 steps):

, 3/4
(afbx“)l/4 10b(afbx“)1/4 20 b2 (afbx“)l/4 40b7/2(1’ba7)/

x? El i pticF|} ArcCse[ /2]

a

2]

11 ax!? 77 a? x7 77 a% x3 77 a7/? (a,bx4>3/4

Result (type 5, 95 leaves):

3/
-7a%®-3a2bx*-10ab?x®+20b3x12 +40 b3 x12 (17%) 5,2 bxw

4 ) 1
HypergeorretrchFlh—, 2 o=

773X (a-bx*)*"

Problem 1263: Result unnecessarily involves higher level functions.

X2
- dx
j(abx“)‘:‘/4

Optimal (type 4, 81leaves, 5steps):
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1

4
a

(1= %) xEnipticE[ L Aarcose[ 2, 2]

bx(afbx“)l/4 \/?\m@fbx“)l“1
Result (type 5, 59 leaves) :

b x4

3 (73+2 (1, 7)1/4 Hyper geomet r i cZFl[%, %, % bai])

3a (a—bx"’)l/4

Problem 1330: Result more than twice size of optimal antiderivative.
1
Ji ax
x* (a+bx®)
Optimal (type 3, 40leaves, 3steps):

WArcTan[%
a

1

3axd 3a%/2

Result (type 3, 101 leaves):
—\/;+\/b_x3ArcTan[b;%] +\/Fx3ArcTan{\/3_— mex] —\/Fx?’ArcTan{\/?AFZbl/sx}

al /6 a1/6

3a3/2 x3

Problem 1350: Result more than twice size of optimal antiderivative.

XZ
J dx
1-x8

Optimal (type 3, 8leaves, 2steps):

ArcTanh [x3]
3
Result (type 3, 23 leaves):

1 1
-—Log[1-x®] + — Log[1+x?]
6 6
Problem 1396: Result unnecessarily involves imaginary or complex numbers.
X7
———dx
A2 +x8

Optimal (type 4, 186 leaves, 3steps):
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2x25/6+/24+/3 (21/3 +x2)

22/3_21/3 2 44
2

22X R pt cF[ArcSi n{
(21’3 <1+\/?J+X2)

23 (143 ) ox2

21/3+X2

— = 4[24+
(21"3 (1+ﬁ)+x2)2 ’

5« 31/4
Result (type 4, 133 leaves):

1

15+/2 + x5

3x? (2+x°) -

(—1'1+\/?) <2+22/3X2)

141/3 142/3
1+[77] x2+(7—) x4 EIIipticF[ArcSin[ ] (-1)173
2 2 2« 31/4

1/3
4 (-1)1/621/3 33/4\/ (~1)5/6 [1+ [1] x2

® Problem 1397: Result unnecessarily involves imaginary or complex numbers.

dex
\/2+X6

Optimal (type 4, 166 leaves, 2 steps):

213 (143 ) x?

244/3 (213.x2) | BP2EXX  gyipticF[aresin| "I ] 7 _4+/3
+\/_ ( " ) (21/3 (l+ﬁ)+xz)z P [ {21’3 (1+\/37)+X2] \/_}
21/6 31/4 2134x? 2, 6
(21'3 (1+\/?)+X2)2
Result (type 4, 116 leaves):
_115/6 42
1 1,1/3 1,1/3 12/3 7<71)5/67 ( 12)1/3X
——— (-2l [ (-1)%/° [_1+[_ x2 1+[_f x2+[—f] x* EIIipticF{ArcSin[ " N
2 2 2 3
31/4 /2 4+ x5

® Problem 1398: Result unnecessarily involves imaginary or complex numbers.

1
— dx
x5 +/2 +x8
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Optimal (type 4, 186 leaves, 3steps):

213 (1-4/3 ) 4x2
2178 (l+\/?)+xz

A2 +x8

22/3_91/3 y2 x4

2,43 (213 x?) o T EllipticF|ArcSin| | -7-4V3]

A2 +x8

8 x4

21"3+X2

8 x 21/6 31/4
(22 (l+\/3_)+x2)2

Result (type 4, 136 leaves):
A/ 2 + x5 1
—-
8 x 4223314 /2 x5

(1)1/6\/(1)5/6 \/1+

® Problem 1402: Result unnecessarily involves imaginary or complex numbers.

~ (_1)5/6_ (-1)5/6 x2
1\2/8 21/3

- — x4 EIIipticF[ArcSin{ s (-t
2 31/4

2

1,1/3
-1+ (——] x2
2

1 1/3
——] x2 +

JL(M
A2 +x8

Optimal (type 4, 378leaves, 5steps):

2173 (1’\/37)+X2
21/3 (1+\E)+x2

4% 21/634[0 /3 (2173 + x?) % EIIipticE[ArcSin{

R

£X4 T+x6— 84/2 +x8 .
7 7 (21/3 (1+\/37) +X2)

213,52

A2 +x8

213 (143 )42
21/3 (l+\/?)+)<2

8 x22/3 (21/3 4 x?) (Z(zﬁ El i pti cF[Arcsin| |, -7-aV3]
2173 (144/3 | +x

7 % 31/4

1/3,y2 [
21/34x . 2+X6

(212 (1+ﬁ]+x2]

Result (type 4, 189 leaves):
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1 1 11/3 11/3
e R P P N P
7

2 2

7 «31/4 /2 +x8

_ 5/6 y2 . 5/6 y2
7(71)5/67(12)TX 7(71)5/67(12)%
s it ; _1y1/3 _1y1/8 i nti ;
lvs_ElluptucE{Arcsun[ o ] (-1) ]+< 1) E|||pt|cF{Arcs|n[ o
® Problem 1403: Result unnecessarily involves imaginary or complex numbers.
X3
————dx
A2+ x8
Optimal (type 4, 354 leaves, 4 steps):
2
3144243 (2184 x2) | 222 g ipticE[Aresin]——— "], -7-4+/3
\/ﬁ & < " ) (2v2 (1+ﬁ)+x2)2 P [ {21/3 (1+\E>+x2] \ﬁ}
+
.

21/3 +X2

21/3 (l+ﬁ) +x2
(22 (143 ) wx2)’

25/6

A2+ x8

213 (143 ) a2
2173 <l+\/?) +x2

22/3_21/3 y2 44

22/3 (21/3 +X2> (21/3 (1+ﬁ)+xz)2

El i pticF[ArcSin| [, -7-4v3]

21’3+X2

31/4
(222 (10/3 ) ox2)’

A2 +x8

Result (type 4, 170 leaves):

1 1,1/3 1\1/38 1\2/3
s [ [ a2
31442 4 x8 2 2 2

,(,1>5/6,ﬂ

21/3

~i V3 EIIipticE{ArcSin[ "
3

5/6 XZ

_ <71)5/6 _ (-1)

21/3

], <_1>1/3] (-L)YBET pticF{ArcSi n[

31/4

, (_1)1/3

, (-3
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® Problem 1404: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
x3 /2 +x8

Optimal (type 4, 378leaves, 5steps):

. . ) 21738 (1*\/37)”(2
Ellipti cE{ArcS| n[m} 77—4\5}

31/4+/2 _ \/37 (21/3 n X2>

22/3_1/3 y2 4
2

(21’3 (1+\/?) +sz

- +

21/3 2
— o > 2+ x6

(223 (137 ) 2

A2+ x8 2 +x8
- +
1++v3

4 x? 4 (21/3

+X2)
4 x 25/6

213 (143 )42
2173 <l+\/?\] +x2

21/3 X2
- > 2+ x5

(2272 [1357) ?)

22/3_21/3 y2 44
2

EIIipticF{ArcSin{

2 % 21/3 31/4

Result (type 4, 189 leaves):

\/2+x8 1
: (71>5/6

-1+

- - i

2
4 2, 21/331/4 . [2 , x6

5/6 (*1)5/6)(2 5/6 (71)5/6)(2
J(D - i -1 -

], <_1)1/3]+<_1)1/SE||ipticF{ArcSin[ -~ L (-1)1/8
3

~i V3 EIIipticE{ArcSin[ "
3

® Problem 1420: Result unnecessarily involves imaginary or complex numbers.

x13
—d
\J\(2+X6>3/2 x

Optimal (type 4, 202 leaves, 4 steps):
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/ / 21/3 1—\F X2
16x25/6/2.4 /3 (213, x2) | 22 El|ipticF{ArcSin[M}, J%ﬁ}
X8 8 (21/3 (l+ﬁ)+x2)2 213 <1+\/?)+X2
e+ —X?4/2+x5 -
15
3V2ext P ———
(203 (143 ) 2]
Result (type 4, 144 leaves):
1
48X2+9X8716 (71>1/6 21/3 33/4 \/7 (71)1/6 (2 (71)2/3+22/3 X2>
45~/2 + x8
(—]i+ﬁ) <2+22/3X2>
2o (-1)183 22352, (L1)2/321/3 x4 EI || pt| cF[Arcsin| |, (-1
2 ><31/4
® Problem 1421: Result unnecessarily involves imaginary or complex numbers.
X7
——— dx
J(2+x6)3/2
Optimal (type 4, 186 leaves, 3steps):
/3_o1/ 2173 (1-4/3 | 4x2
250203 (209 x7) | EEEC g eR[aresin] AL 7 g T ]
2 (243 (14V3 ) x2) 2173 (1473 ) +x?
X !
- +
(23 (13 ) 2]
Result (type 4, 136 leaves):
x2 1
- +
3+/2+x8 3x31/4 /2 +x8
_ 5/6 y2
1,1/3 1,1/3 1,273 - (-1)%/8 - <712)1/3 .
2 (~1)V/621/3 | (L1y8/6 |1, - T | x? 1+ |-=| x2+|-=2| x* EllipticF[ArcSin[ , (-1)1/8
2 2 2 31/4
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® Problem 1422: Result unnecessarily involves imaginary or complex numbers.

X
7(31
(2+x6)%2 ”

Optimal (type 4, 186 leaves, 3steps):

/3oL 2173 (1-4/3 | +x2
2443 (213, x2) | EEEEE E||ipticF[Arc5in[(7)X], -7-443 ]
X2 (21/3 (1+\/37)+x2) 21/3 (l+\/37)+)<2
N
61/2+x° 1/6 91/4 213 x? 6
6x21/63 e o) A2+ x
Result (type 4, 136 leaves):
x2 1
+
6/2 +x8 3 x22/331/4 /2 ;X6
_ (,1)5/67 (-1)%/8 x?
1 1/3 1 1/3 1 2/3 21/3
(~1)1/6 | (~1)5/6 |14 _fJ x2 1+ _fJ x2+[—— x4 EllipticF[ArcSin{ . (~1)1/8
2 2 2 31/4

® Problem 1423: Result unnecessarily involves imaginary or complex numbers.

1
— dx
x5 (2+x6)3/2

Optimal (type 4, 202 leaves, 4 steps):

2173 (143*)42
2173 (1443 )2

22/3_91/3 32 x4

7N2+4/3 (21734 x?) B o)
3 (1+ +x2

Bl lipticF|Arcsin| [ -7-4v3]

1 72 +x8
6 x*+/2+x8 48 x*

2173452

48 x 21/6 31/4
(22 (13 | oxt)’

A2 + x5

Result (type 4, 146 leaves):
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1
_ 36+42X6+7 <_1>l/6 21/3 33/4 X4 \/_ (_1)1/6 (2 (_1)2/3+22/3 X2>

288 x4 /2 + x8

(i3] (22220 02)

JZ + (1)1 22/8 %2, (_1)2/3 213 x4 H |ipti cF[ArcSi n{ } (-1)18
2 x31/4
® Problem 1428: Result unnecessarily involves imaginary or complex numbers.
X15
——— dx
(2 +X6>3/2
Optimal (type 4, 394 leaves, 6 steps):
x10 10 80+/2 + x5
e+ —x*4/2+x® - +
3A/2+X6 21 21 (21/3 (l+\/37)+X2)
8oL/ 2113 (1-4/3 ") +x2
40 %2162 -3 (213 x2) | EEEIC g pti cE[ArcSi n{i)x] -7-443 ]
(21/3 (l+ﬁ)+x2] 2173 (1+\/37)+X2

21/3+X2

(21/3 (1+\/37) +X2)2

A2 +x8

7 x 33/4

21/3 (l’\/?)*’){z
21/3 (1+\E)+x2

80 x 22/3 (21/3 4 x2) % EIIipticF{ArcSin{ } 7774\5]
2138 (1.3 ) +x2

213,52

— 2+ x5
(212 (1+ﬁ)+x2)

21 x 31/4

Result (type 4, 195 leaves):
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1

63 /2 + x5

3X4 (20+3X6> +40><22/3 33/4 \/_ (_1)1/6 (2 (_1>2/3+22/3 XZ) \/2+ (_1)1/3 22/3 X2+ (_1)2/3 21/3 X4

(—J'l+\/?) <2+22/3X2) \/(—]'14—\/?) (2+22/3X2>

], (-1)¥3] 4+ (~1)%6 | 1] pti cF[ArcSi n{

ﬁEHipticE[ArcSin[ } (1)1/3

2 31/4 2w 31/4

® Problem 1429: Result unnecessarily involves imaginary or complex numbers.

X9
—_d
J(2+X6>3/2 "

Optimal (type 4, 376 leaves, 5steps):

/3 o1, 13 (1.3 ) 4x2
2x21612-+/3 (2134 x2) /—( Z(ZFXJXJ E||ipticE[ArcSin[m], 7443 |
X4 4W 245 14/ 3 | +x +V +X

— + —

1++/3

3+/2 +x6 3 (21/3 +X2) 33/4 21/3,y2 )2 /2+X6

(21/3 (l+ﬁ) +x?

214 (13 | o2
21/3 <l+\/37) +x2

22/3_91/3 y2 4

(217 (173 ) x2)’

1/3 2
3x3l4 |27 [, x6

(212 (103 | ot

4x22/3 (2173 1 x2) El1ipticF|ArcSin| [, -7-4v3]

Result (type 4, 177 leaves):
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1 1\1/3
- —3X4—4X22/3 33/4 (_1)5/6 [_1+ [_7] X2

94/2 +x8

(—J'l+\/?) <2+22/3X2) \/(—]'14—\/?) (2+22/3X2>

P . ] 1,1/3 _1,5/6 ; i ; _1y1/3
\EEIIlptlcE{ArcSm[ S el ] (-1) + (1) ElllptlcF[ArcSm{ S el } (-1)
® Problem 1430: Result unnecessarily involves imaginary or complex numbers.
X3
——— dx
(2 +X6>3/2
Optimal (type 4, 378leaves, 5steps):
321/ 2113 (1-4/3 ") +x2
2-/3 (2v/3.x2) | 2R EllipticE[ArcSin{ﬁ], J%ﬁ}
e J2oe 2 s o] T
+
_ N _
/ 6 6 (213 (1++/3 ) +x2 ,
6 2+ X ( ( ) ) 2><25/633/4 21/3 y2 i /2+X6
(21’3 (l+\/?)+)<2)
2/3_91/3 y2_ 44 213 (1-4/37 ) +x2
(2134 x?) | EEEIXC g ipti cF|ArcSi n[M} 7-443
(213 (14V3 ) 02 213 (1473 | 2
3y 21/3 31/4 213 %2 [2 . x6
(2272 (1+ﬁ)+x2)2 "
Result (type 4, 189 leaves):
X4 1 1 1/3 1 1/3 1 2/3
+ i | (-1)5/8 [1+[—] x?2 1+(——] x2+(——J x4
6/2+x8 3.21/331/4.[2 X6 2 2 2
J—(—lﬁ/e— L J_<_1)s/s_<1>“x2
21/3 21/3
. S ' _1y1/3 _1y1/3 it i _1)1/3
Jl\/?ElllpthE{Al’CSln[ Yy ] (-1) ]+( 1) ElllptlcF{ArcSm[ pYe , (-1)
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® Problem 1431: Result unnecessarily involves imaginary or complex numbers.

1
— dx
x3 (2+x6)3/2

Optimal (type 4, 394 leaves, 6 steps):

, , 1/3'7\/*+2
51/2-3 (21/3.x?) mEIIipticE{ArcSin[zlaél\;;:},—7—4\/3}
13 (1443 | +x 2173 (144/3 ) 4x
1 5+/2 4+ x6 5+/2 4+ x6 2

- +

N
6x2~/2+x° 247 24 (21/3 (1+\/?) +X2) g x 25/6 33/4 2134x2 2 4 x6

(21/3 (l+\/37)+xz)2
/ / 173 (1.+/3 |+x2
5 (209 0 x?) | EEEC g raresin SR g gy
(21/3 (l+ﬁ)+x2)2 2173 (l+\/37)+><2

12x2133W4 | 2220 5 x6

(2v2 (1+ﬁ)+x2>2

Result (type 4, 198 leaves):

1 1 1/3 1 1/3 1 2/3
e | 6]1X6+91'1<2+X6)+51122/333/4X2 (-1)5/8 [1+[—J Xz] 1+[——] X2+(——J x4
72 x2+/2 + x5 2 2 2

(—i+ﬁ) (2+22/3X2) (—J'l+\/3—) (2+22/3X2)

}, (-1)Y3] 4 (—1)5/8 B i pti cF[ArcSi n[

]’ (—1)1/3

\/?EllipticE[Arcsm{

2« 31/4 2 « 31/4

® Problem 1458: Result more than twice size of optimal antiderivative.

1
Ji ax
x> (a+bx8)
Optimal (type 3, 40leaves, 3steps):

Vb x*
1 \/FArcTan[?

4 ax* 4 g3/2

Result (type 3, 164 leaves):
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1 bl/ngsc[g}

7\/?+Wx4ArcTan[Oot {f

@ |y

-]~
4 a3/2 x4 al/s

n, bExCsc[Z]

\/b_x"'ArcTan[Cot [g} + ]+\/Fx4ArcTan{ —Tan{%” ~+/b x*ArcTan

al/8 al/8

® Problem 1474: Result more than twice size of optimal antiderivative.

X3
J dx
1-x8

Optimal (type 3, 8leaves, 2steps):

ArcTanh [x*]
4
Result (type 3, 23 leaves):
1 1
- —Log[1-x*] + — Log[1+x*]
8 8

® Problem 1496: Result more than twice size of optimal antiderivative.

1
Ji ax
x® (1+x8)
Optimal (type 3, 100leaves, 11 steps):
1 ArcTan{l—\/?xz} ArcTan{1+V2_x2} Log[l—VZ_xzafx“] Log{1+\/?x2+x4}

- - +

N
2 x2 42 42 8V2 82
Result (type 3, 208 leaves):

1 ArcTan[(x—Cos[;ﬂ)Csc[gH ArcTan[(x+Cos[g])Csc[gH ArcTan[Sec[;l} (x—Sin[g])]

bl/ngec[g] b/8 x Sec |

— + -

2% a2 a2 a2

ArcTan[Sec[g] (x+Sin[§}H Log[1+x272xOos[§H Log[l+x2+2x003[§}] Log[1+x272xSin[§H

s

o

+Tan{§]}

Log[1+x2+2xSin[§H

- - +

42 82 82 82

® Problem 1510: Result unnecessarily involves higher level functions.
Jx N 1+x® dx

Optimal (type 4, 62leaves, 3steps):

+

82
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N~

L (1+x4) /m EllipticF[2ArcTan|x?],
2 8

— X 1+x° +
6+/1+x8

Result (type 5, 34 leaves):

1 1 1 5
A 1+x8 +2I—Iypergeon‘etricZF1{—, — 7x8]
4

Z x2
6 2 4

Problem 1512: Result unnecessarily involves higher level functions.
J\/ 1+x8
——dx
X3
Optimal (type 4, 125leaves, 5steps):

1 1+x8 . .
\/1+x8 XZ\/1+X8 (1+x4) (1 4> EllipticE[2ArcTan[x?], 2] (1+x*) ,U*T)Z EllipticF[2ArcTan|[x2],

+ - +
2 4
2X 1+x AJ1+x8 2+/1+x8

Result (type 5, 39 leaves):

AJ1+x8 1 3

1 7
- 4 —xS5 I-IypergeonetricZFl{f, B — —xs]
2 x2 3 2 4 4

N |-

Problem 1524: Result unnecessarily involves higher level functions.
X
J LN
A 1+x8
Optimal (type 4, 130leaves, 5steps):
1+x8 . .
] 3 (1+x*) | ﬁ EllipticF[2ArcTan|[x2],

— (1+x4) [ EllipticE[2ArcTan[x?],
\/78 +X8 (1+X4)
1+X -
(1”(4) 10/1 + x8 20+/1 +x®

Result (type 5, 34 leaves):

\/1+x8 - Hypergeonetric2F1 ter 7x8”
2

4’ 4

N[
N =

7)(6

® Problem 1525: Result unnecessarily involves higher level functions.

JX ix
A1 +x8
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Optimal (type 4, 62leaves, 3steps):

X8 . .
. 8 (14x4) /(11;4)2 EllipticF[2ArcTan[x?], 2]

— X 1+x° -
6 12+/1 +x8
Result (type 5, 34 leaves):

1

~ x2
6

1+x8 7I—Iypergeon‘etri02F1{£ E E 7x8]
4 2 4

Problem 1526: Result unnecessarily involves higher level functions.

=
—— dX
1+x8

Optimal (type 4, 114 leaves, 4 steps):

+x8 . . 1 1+x8 . - 1
(1+x%) Lex EllipticE[2ArcTan[x2], ] (1+x4) EllipticF[2ArcTan[x2], -]
x2+[/1+x8 2 >

(1+X4)2 (l+x4)2

- +
4
2 (1+x4) 2./14+x8 4+/1+x8
Result (type 5, 22 leaves):
1 1 3 7
— x5 Hyper geonet ri cZFl[f, — —xs}
6 2 4 4
Problem 1527: Result unnecessarily involves higher level functions.

X
J X
\J1+x8
Optimal (type 4, 45leaves, 2steps):
1+x8 . . 1
(1+x4) | T EllipticF[2ArcTan|[x2], E}

4+/1+x8

Result (type 5, 22 leaves):

FNQTRN
N e
SR
I

X

1
— x? Hyper geonetri cZFl[
2



1.1.3 General.nb |177

® Problem 1528: Result unnecessarily involves higher level functions.

1
—  dx
x3+/1 +x8

Optimal (type 4, 130leaves, 5steps):

1+x8 . . 1+x8 . . 1
Jiod a1 (L+x4) | e EllipticE[2ArcTan[x?], ~] (1+x*) /5357 EllipticF[2ArcTan([x?], 7]
- +

- +

Result (type 5, 39 leaves):

4/ 1+x8 1 3 7

1
e+ — xS HypergeometricZFl{—, — 7x8]
2 x2 6 2 4 4

N =

® Problem 1529: Result unnecessarily involves higher level functions.

1
—  dx
x7~/1+x8

Optimal (type 4, 62leaves, 3steps):

+x8 . .
m (1+x4) (ll+:4>2 EllipticF[2ArcTan[x2], %]

6
6x 12+/1+x8

Result (type 5, 36 leaves):

AJ1+x8 +x8 HypergeorretricZFl[%, % %, -x8]

6 x8

® Problem 1542: Result more than twice size of optimal antiderivative.

X4
J LA
A/ -2 +x10
Optimal (type 3, 18leaves, 3steps):
1 x5
— ArcTanh [ 7]
5 -2 +x10

Result (type 3, 42 leaves):
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7iLog[1f L} + iLog[1+ L}
10 \ -2 +x10 10 A/ -2 +x10

® Problem 1578: Result more than twice size of optimal antiderivative.

Optimal (type 1, 16leaves, 1step):
(a + g>4

T

Result (type 1, 39 leaves):

b® ab?2 3a?b ad

4x% X8 2 x2 X

Problem 1588: Result more than twice size of optimal antiderivative.

J

Optimal (type 1, 47 leaves, 3steps):

8
a+ —| x¥dx
X

b2 (b+ax)?® b(b+ax)® (brax)?
- +

9ad 5as 11 a®
Result (type 1, 102 leaves):
b8 x3 28 28 28 4 a8 x11
+2ab’x*+ —a?b® x>+ —adbSxb+10a* b x"+7a%03xB+ —afb?x°+ —a’bx0+
5 3 9 5 11
® Problem 1589: Result more than twice size of optimal antiderivative.
8
J a+ 7) x2 dx
X
Optimal (type 1, 30leaves, 3steps):
b(b+ax)? (b+ax)
- +
9a? 10 a?
Result (type 1, 104 leaves):
b8 x2 56 35 7 8 a8 x10
+—ab’x®+7a?bfx*+ —a®b®x%+ —a*b*xf+8a%b¥x"+ —afb?xB+ —a’bx%+
2 3 5 3 2 9 10
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® Problem 1600: Result more than twice size of optimal antiderivative.

b8
a+ —
Ji( zx) dx
X

Optimal (type 1, 16leaves, 1step):
b\9
(a + ;)
9b
Result (type 1, 96 leaves):
b® ab’ 4a2b® 28a%b5 14a%*b* 14a°b® 28a%b? 4a’b ab

9x% x8 x’ 3 x6 x5 x4 3x3 x2 X

® Problem 1601: Result more than twice size of optimal antiderivative.

b8
a+ —
Ji( Sx) dx
X

Optimal (type 1, 36 leaves, 3steps):
(b+ax)? a(b+ax)?

10 b x10 : 90 b2 x°

Result (type 1, 104 leaves):

b8 8ab’” 7a?b® 8adb® 35a*b* 56a°b® 7a®b? 8a’b a8

) 10 x10 9 x° 2 x8 x7 3 x5 5 x° x4 3 x3 S 2x?

® Problem 1839: Result more than twice size of optimal antiderivative.

Optimal (type 1, 16leaves, 1step):

4
(a+ x%)

8b
Result (type 1, 43 leaves):

b3 ab? 3a?b as

8x8 2x8 4 x4 2 x2
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® Problem 1917: Result more than twice size of optimal antiderivative.

1
— dX
b

a+x—z X

Optimal (type 3, 24 leaves, 3steps):

=
ArcTanh{ - }

a

Va
Result (type 3, 50 leaves):

A b +ax? ArcTanh[@}

b+a x?

va /a+x%x

® Problem 1927: Result more than twice size of optimal antiderivative.

1
— dx
/7a+x% X

Optimal (type 3, 27 leaves, 3steps):

b
—a+ —

ArcTan{ < ]

Optimal (type 3, 20leaves, 2 steps):
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ArcCsch[

Vb
Result (type 3, 56 leaves) :

\/b+2x2 [Log[x] 7Log[b+\/b7x/b+2x2 H

Vb 2+X%X

qurx}
Vb

® Problem 1929: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J 1
———dx
[2_-82 2
XZ
Optimal (type 3, 20leaves, 2 steps):

ArcCsc

Vb
Result (type 3, 64 leaves):

255 b2t |
e

Vb A/ -b+2x2

® Problem 1959: Result more than twice size of optimal antiderivative.

b \3/2
J[1+—) (c x)Mdx
X2

Optimal (type 5, 44 leaves, 2steps):

[

(c x)*MHyper geomet r i c2F1[7%, % (-1-m),

c(1+m

Result (type 5, 100 leaves):

1 b
1+— (cx)M
X2
b+x2

(-2 +m) mx b

1
b mHypergeonetri c2F1|-—, -1+ —,
2
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® Problem 1962: Result more than twice size of optimal antiderivative.
(cx)™
——————dx
14 £>3/2
(1+ 5
Optimal (type 5, 44 leaves, 2steps):

(c x)*™Hyper geomet ri c2F1[ 3, > (-1-m),

c (1+m

Result (type 5, 91 leaves):

b+x?2
b

. 2 . 2
X (cx)m (HypergeomatncZFl % 1+§“, 2+'2—", 7%} - Hyper geonet ri c2F1 g 1+g, 2+r2—“, 7"—])

2+m [1+2

XZ

® Problem 1998: Result unnecessarily involves imaginary or complex numbers.

b
a+ — x’dx
X3

Optimal (type 4, 291 leaves, 5 steps):

320 a?
p2/3  gl/3pls3 1,3 b3
pl/3 az/3 42— 2 2 1-v3 )a’/?+—
7x3%41/2+/3 b83 |ald, < “—— EllipticF|arcsin| ) ], -7-4V3] /
X (1+«/3)a1/3+ﬁ (1+V37)al®s 2o
X
b al/3 (a1/3+blx_’3)
320 a2 a+— ;
X ((1+v3 ) a3 o)

Result (type 4, 207 leaves) :
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1

21 (-b)*® (-21b%-9ab®x®*+52a*bx®+40a°x?) -
320a% (-b)*® (b+ax3?)

) , 5/6 1 (7b)1/3
(—b)1/3 %+%+X2 -(-1) Y
713%4al3p3 | (~1)5/6 |_1. X 2 a EllipticF[ArcSin[ , (—1)18
al/3X XZ 31/4

® Problem 1999: Result unnecessarily involves imaginary or complex numbers.

Optimal (type 4, 267 leaves, 4 steps):

33442 4+/3 p5/3 (al/3+ﬁ) e el EllipticF[ArcSin[M}, _7_4\/?}

x (13 ] ae, 20 ) (1T ) ave, 22

X

20a |a+ 2 — 5
b13

o (et

) . bl
al/s (al,BJr ]

5/6 B i (7b)1/3

_hy2/3 _hy1/3 _ (-
(*b)l/s (abz),s ( k;)us e x? . ) ) (-1) al/sx
133438 p2 | (-1)5/6 _1+T X , ElllptlcF{ArcSm[ ” , (-3
al’3 x X 3

® Problem 2000: Result unnecessarily involves imaginary or complex numbers.
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Optimal (type 4, 242 leaves, 3steps):

33/4~/2 /3 p2/3 (al/3+ﬁ) L EllipticF[ArcSin[M], _7_4ﬁ}

X ((14—\@) a1/3+g)2 (1+\/?) al’3+bi—’3

1/
X

{ b1’3
al/3 Lal/3+ ]
2 a2 | x)
x3 pl/3 )2
((1+\/3 | ates i )

1 (-b)173 (D)PP (D)X 42 - (-6 - LR
- 273 13 ar’ex
14— 33418 (y2/8 | (L1)56 |1 2 2 EIIipticF{ArcSin[ , (~1)1/8
b+ax3 a1/3x X2 31/4

® Problem 2001: Result unnecessarily involves imaginary or complex numbers.
b
a+ )
J V2 o
X2

Optimal (type 4, 243 leaves, 3steps):

,+ﬁia1’3b1’3 - /+£
- 2X33/4ma(al/z+ﬁ) e _ EIIipticF{ArcSin{%], -7-443 ]
2 a+ X_3 x [(lJr\/?T) alr’3+blx7'3] <l+\/37J a1’3+ble’3

a1/3 [a1/3+£)
1/3 o v xJ
5b a+ = T
[(1+\/3 ) alf%T]

Result (type 4, 164 leaves):
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/ / J‘L(*b)l’e
(~b)1/3 <’b2>/:3 +%+x2 7(71)5/67W
] 4 a za E||ipticF{ArCSi n[ s ) (71>1/3
X 3

,1,1/((43)1/3 (b+ax3))i33/4a4/3 (71)5/6 {1+ T

® Problem 2002: Result unnecessarily involves imaginary or complex numbers.
b
a+ )
J Vo
X5

Optimal (type 4, 267 leaves, 4 steps):

b
2 la+x—3 6a la+x—3 1/3 a2/3+¥_a1/3xb1/3 (1—\5) a1/3+b;_’3
. —- 1 4x3%442:/3 a2 a1/3+—] x - EIIipticF{ArcSin[ 13], —7—4\/3} /
11x 25 bx * A ((1ev3) et 22 (1++3 ] a3, 22
X

b1/3
al/s (al/s+ . )

((1+\/3—) a1/3+£)2

X

Result (type 4, 192 leaves):

(-b)'3 (5b*+8abx?®+3a%x°) -

) ; 5/6 i (-b)1/3
(-b)22 e S e R

2i3%4a73 | (L1)%6 |14 —— | X7 EIIipticF[ArcSin[ s (-nt3
al’3 x X2 31/4
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® Problem 2003: Result unnecessarily involves imaginary or complex numbers.
a+ :—3
J Vo
X8
Optimal (type 4, 291 leaves, 5 steps):

2 la+33 6a la+33 48 a2 la+%
X X X
N _

17 x7 187 b x* 935 b? x
pl/3 a2/3 ; b3 al/8pt/s 1- \/?) al’sd 4 b
2
32x3%42 /3 a3 |al’®+ J X X - EIIipticF[ArcSin{ XS} _7_4\/3}/
X ((1+\/3)a1/3+£ (1+\/3)a1/3+b7’
X

b1'3
al/s (al/s+ - )

[REEEE

Result (type 4, 203 leaves):

1
935 (-b)"3x7 (b+ax3?)

(-b)13 (-55b%-70ab?x®+9a’bx®+24a%x?) -

_py2/3 by 1/3 _/_14y5/6 _ i(-b)?'3
e T
EllipticF[ArcSin{ — ,(-1)L/3
3/

(7b)l/3

16]133/4 alO/S (_1)5/6 [_1+

2

a1/3x X

® Problem 2004: Result unnecessarily involves imaginary or complex numbers.

Optimal (type 4, 563 leaves, 7 steps):
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15b7/3 |a 15b% |a [a
a+ — x'-
1128.2 ((1_'_«/ ) a1/3 %) 112&2

1/3 2/3 g B a1/3 pl/3 l B \/? al/3 b1/3
15 34+/2 /3 b7 a1/3+LJ Y . EIIipticE[ArcSin[ ) e } —774\/?} /
X ([1+3) a2, 22 (1++3 ) a3, 22
, +ﬁia1'zb1'z B +:
— 5% 3%/4p7/3 (al/% s B2 ) a“—z EllipticF|ArcSin| 13 ) et : |, -7-4v3]
o b al/3 (a1/3 N b?) [(lﬂ/?) a1,’3+bxi’] (l+d?) al/3
224 a°/ a+r— " +
X ( 1 +\/?) al/3 )

e
b a1/3 al/&}JrT
562 a3 |a+ = —[ le/a >
[(1+\/37) a1/3+x—]
Result (type 4, 375leaves):
1

112 a2

b 15 a1/3 b2 X 1+ <_1) 1/3 al/3 X b1/3 _ (_1) 1/3 al/3 X b1/3
X |-——————+2ax® (3b+8ax?) - |15 (-1)?/3b"/® (b¥3 +a'/3x) < ) ( )
3 bl/3 , al/3 x |

+ (71)2/3 al/3x

2
(b1/3 + a1/3 X

b1/3+a1/3x
(3+J‘1 ﬁ) al/d x (3+1‘1 ﬁ) al/d x
T p1/3,,1/3 _q T p1/3,,1/3, _q
Crat \/? /Srat/ \/?
(-3-iV3 ) BlipticE[arcsin] S S I | «(1+iv3)@tipticF|acsin| Prex g IR ] /
V2 i+V3 V2 i+4/3

(2 (,1+ (71)2/3> (b2/37a1/3 pl/3 x + a2/3 X2)>

® Problem 2005: Result unnecessarily involves imaginary or complex numbers

b
J a+— x3dx
\ 3
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Optimal (type 4, 539 leaves, 6 steps):

3b4% Ja+ 2 3b_Ja+ 2 x
X X

+ +
8a( 1+\/?)a1/3+b%3) 8a
2/3 % alBbi® 1-+/3 ) at3, 2
3x314 23 b2 a1/3+; R Xbm ~ EllipticE[Arcsin| >al/3+bj3], 7-443 | /
(l+\/?)al/3+7) (l+\§)a =

394 pt (a2, 22 m EllipticF[aresin[ =] 7 4V3]
1+V/3 | at’3+ i

X

/3 (que, B
4+/2 a28 |a+ 2 —a”(a” *1]32
X [(l+\/37)a1"3+bx—’]

Result (type 4, 359 leaves):

1 b 3bx (1+ (-1)13) al3x (b3 - (-1)1%al/3x) bl/3 4 (-1)2/3al/3
— Ja+— x [2x3+ ———— + |3 (-1)23p*3 (p!/3 4+ al/3x)
8 3 a2/3 bl/3 , a x (b1/3+a1/3x)2 b1/3 +al’3 x
(Suiﬁ) al/3 x (3+1‘1\E) al/3 x
o . —i+v3 Teaie . —i+v3
(-3-4V3 ) EllipticE|arcsin| R |+ (1+1v3) ElipticF|arcsin] X, ] /
V2 i+V3 V2 i+V3

(2 (-1+ (71)2/3> a (b2/3 - al/3p/3x 4 a2/3 X2)>

® Problem 2006: Result unnecessarily involves imaginary or complex numbers.

Optimal (type 4, 507 leaves, 5 steps):
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3b1/3
a+ — X+
(1 \/_ al/s . b

2,3, b¥% alpls 1-+/3 ) at3, 2
3x3M4+/2-+/3 al3pl/3 al/%bm R . E||ipticE[ArcSin[ >a — ] —774ﬁ] /
X (1+ﬁ)a1/3+"i%3)2 (1+ﬁ)a1/3+k’j(;3
| oy V2 33/ at/3pti3 (alsd . O [a“b:]z EllipticF[ArcSin| “f; ang} -7-443 ]
b al/’3 (g1/3 4 - (1+\/3*> a1/3+T [1+ 3 ) alss
2 a+ — —
x3 ( 1 +\/?) al/3 . bi;)z : al’s (a1,rz+ﬂ]

X [(l+\/37) al"3+b1x—”3]2

Result (type 4, 351 leaves):

b 3al/lx (L+ (-1)23) alBx (b1/3 - (-1)13al/®x) bl/3 4 (-1)2/3al/3
a+ — X |-2+——— + |3 (71)2/3b1/3 (b1/3+a1/3x>
3 bl/3 4 al/3 x (b1/3+a1/3x)2 b1/3 +al/3 x

(3+1‘1 ﬁ) al/’3 x (3+1‘1 ﬁ) al’3 x
1/3,,1/3 —1 1/3,,1/3 s
3 \/? /3 al/ \/?
(-3-iV3 ) ElipticE[arcsin] S S I |+ (1+iv3)EripticF|arcsin] S I ] /
2 i+v3 2 i++3

(2 (71+ (71)2/3> (b2/3—a1/3 bl/3 x 4 g2/3 X2)>

® Problem 2007: Result unnecessarily involves imaginary or complex numbers.
b
a+ )
J Vo
X3

Optimal (type 4, 517 leaves, 5 steps):
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b |
6a a+x—3 a+x—3

7p2e ([1+V3)ats+ o)
broy | are. Bl e 1-V3 ) ais.
3,342 /3 a3 [ale, . El i pticE[ArcSin| |, -7-4V3] /
1.V3 | a2 20)° (1443 ) atre, 22
) 2/3+ﬁ,a1"3 pl/3 V3 at 3+ﬁ
2+/2 33/4 943 (a1/3+b”) T et E||ipticF[ArcSin[(1 3 |, -7-4V3]

pi/3 X 3 b3 13, 0%
b al/3 (al/s - ) (13 a13+x—] (173 ) atas
7 b2/3 a + —3 2 -
X bl,'3
( 1++vV3 ) al/3 + T) als3 (al,’3+£]
X

7b%2/3 [a-+ x% —
[(l+\/37) al"3+bx—]

Result (type 4, 366 leaves):

1 b b 3a*3x (1+ (-1)13) al8x (b¥3- (-1)1/3al3x) bl/3 ., (-1)2/3a1/3
—2 a+— Xx|-3a- —+ —— 113 (71)2/3ab1/3 (bl/3 +a1/3 X)

7b %3 x3  pl/3.al/3y (b3 +a1/3x)2 b1/3 +al/3 x

(3+1‘1 ﬁ) al/3 x (3+1‘1 ﬁ) al/3 x

(_3_jx/?)E||ipticE[Arcsin[ W} 7“@% 1+jﬁ)E||ipticF{Arcsin[ e ,ﬂhﬁ] /
N2 i+v3 N2 i+v3

(2 (71+ (71)2/3> (b2/3—a1/3 bl/3 x 4 g2/3 X2)>

® Problem 2008: Result unnecessarily involves imaginary or complex numbers.
b
a+ )
J Vo
XG

Optimal (type 4, 541 leaves, 6 steps):
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2422 |a+ 2 2 [a+2 6a_[a+2
X X X

91 b5/3 ((1+\/?) a1/3+ﬂ) 13 x° 91 b x2
X
2/3 , D23 alfpis 1-+/3 ) ate, 22
12x 342 /3 a3 a1/3+ﬁJ Ta X EIIipticE[ArcSin{ )a o } 7774\5} /
X ((1+\/3—)a1/3+b%3)2 (l+\/37)a1/3+b1_/3
g+/2 33/447/3 (a1/3+b1’3) abh%,a’xb’ 2 ElliptiCF[ArCSin{M]’ _7_4\/?}
b al/3 (a1/3+£) X ((1+ﬁ)a1/3+k)1%3) (1+V3) a1/3+b173
91b5%3% |a+ — X +
3

X V3 ) al/s b1 2 , 1
( (1 +v3 ) a + " ) o1 53 \/E al/d [a1/3+bTJ 2
X [[1+\/?> a1/3+b173]

Result (type 4, 377 leaves):

1 b
2 [a+ — X
91 b? x3
2 7/3 _ 1/3 1/3 1/3 _ /_ 1/3 51/3 1/3 2/3 41/3
12a2_ [P0 _3ab  12ax 6 (-1)23a2b1/3 (b3 . a3 x) (L+ (D)) a'®x (b (-1)¥%al®x) [ pl3y (-1)2/3al/?x
X6 x3 b3 ialldx (b1/3 +al/3x)? bt/% +al’®x
(3+1‘1 \/3_) al’s x (3+1‘1 \/3_) al’® x
1/3,41/3 —1 1/3,41/3 —1
+ \/? +a™’ ﬁ
(-3-iV3 ) BlipticE[arcsin] P ] o | «(1+iva)@tipticF|acsin| P ] o ] /

V2 i+V3 V2 i+V3

((_1+ (_1)2/3> (b2/3_al/3 bl/3 x 4 a2/3 X2>>
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® Problem 2009: Result unnecessarily involves imaginary or complex numbers.

i

x9

dx

Optimal (type 4, 565 leaves, 7 steps):

[, b b b | b
240a% |a+ = 2 la+—= 6a [a+—> 60a? [a+ -
X X X X
+ +

1720 be /3 ((1 . vs_) al/d . E) 19 x8 247 b x5 1729 b2 x2
X
13 a2/3 , D7 atut? 1- \/?) al’d 2~
120 x 314 +/2 - /3 al0/3 a1/3+J X X EIIipticE[ArcSin{ X } _7_4\/?} /
X ((1+\/37)a1/3+ﬁ)2 (l+ﬁ)a1/3+ﬂ
X X
80 V2 33/4alo3 (al/3, ﬁ) Lbz Ellipti cF[ArcSi n{i(l’ﬁ) a”L] -7 -4%?}
al/3 (al/3 + b;—/3) X ((1+\E) a“%%) (1+\/?) al/3+bx

1729 p8/3

( (1 . ﬁ) al’d . L)Z ) al/8 [ai)
1729 p8/3 [a+ = —X”z
x [(1+\/?> a1/3+bx—]

Result (type 4, 388 leaves):
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1
1729 b3
b 91b® 2lab? 30a’b 120a'%®x (L+ (-1)t3) al83x (b3 - (-1)3al/8x)
2 |la+— x|-120a%- - + + + |60 (-1)23a%b!/3 (b3 + a3 x)
X3 X9 X6 X3 b1/3+al/3x <b1/3+a1/3X)2
(3+i\/37)a1’3x
bl/3 4 (~1)2/3al/3x T pisLaliig ~i++/3
(-3-iV3)ElipticE[arcsin| R ] +
b1/3+a1/3x \/2— ]'l+\/?
(3“'1\5) al/3 x
T bBialfx -i+vV3
1+J‘1\/3)EllipticF{ArcSin{ — , ] /(<_1+<_1>2/3> (b2/3-a1/3b1/3X+aZ/3x2))
V2 i+V3

® Problem 2019: Result more than twice size of optimal antiderivative.

J 1
———dx
a + % X
X
Optimal (type 3, 27 leaves, 3steps):

b
a+—

2ArcTanh[ < }
r

a
3+/a
Result (type 3, 59 leaves):

2+/b+ax’ ArcTanh[M}

b+ax3

3+Va a+x33 x3/2

® Problem 2024: Result unnecessarily involves imaginary or complex numbers.

x7
— dXx
b
/a+x—3
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Optimal (type 4, 294 leaves, 5 steps):

p2/3  al/3pl/3 bl/3
a?/®y - (1-v3 ) ate—

) by b s b g 912 ++/3 p8/s (a1/3+b1’3) KZ—X“Z EllipticF[ArcSin{ifz}, —7—4\/3}
91b a+ 3 X 13b a+ 3 X a+ 3 X x ((1+ﬁ)a1u3+bT’] (173 a1,3+b7'
- + +
8a

320 ad 80 a2

pl/3
X ]

320x314a3 [a+ 2

X ((1+\/F> a“%ﬁJz
\ X

al,’3 [al,’3+

Result (type 4, 199 leaves):

3 (-b)t* (91b%+39ab?x®-12abx®+40a%x?) +

S (-1)8/6_ BT

(D)% (b)MEx 2 ;
(-b)t3 a2/3 s X S ) al’3 x
9113%4al/3p3 | (-1)5/6 |1+ X E|||pt|cF[Arcs|n[ , (~1)Ls3
al/3 X X2 31/4
® Problem 2025: Result unnecessarily involves imaginary or complex numbers.
X4
——dx
b
[a+ )
Optimal (type 4, 270leaves, 4 steps):
) azr'3+b2”3,alra pl/3 17\/? 1/3+b1’3
. b o b s 7\/T V3 b3 (a1/3+b;—3) Z—Xbl“ EIIipticF[ArcSin{U—al)fB], —7—4\/3}
a+ 3 X a+ 5 X [(1+ﬁ) araT) (13 ) ata, 20
— + — )
20 a? 5a

ao [are. )
20 x 31/4 a2 a+ x_ T a2
((l+\/?) a1/3+bx%J

Result (type 4, 188 leaves):



1

60 a2 (-b)t/3 /a+x% X

-3 (-b)*? (7b*+3abx®-4a%x°%) -

<7b>2/3 (7b)1/3X
aZ/B a1/3

(7b)1/3

X2

7]133/4al/3b2 (71)5/6 [1+ .

a1/3 X X

Bl pticF[ArcSi n{

® Problem 2026: Result unnecessarily involves imaginary or complex numbers.

X
—dXx
b
/a+x—3

Optimal (type 4, 248 leaves, 3steps):

b23 lﬁblﬁ
a2/3, N

/ 2443 b2/3 (al/s b13) ><2—X1 EIIipticF{ArcSin[%,”
[( ' (l+ﬁ)a1’3+L

pt/3 |2
1443 )a“*T]

_ (71)5/6 _

i(-b)1/3

a1/3x

31/4

2x3Y4%a Ja+ >
X

Result (type 4, 174 leaves):

_py1l/3 _p)2/3 _py1/3
ib (71)5/6 (71+ (1b>3 ) 1+ (zbg) S (1b)3
b+ax3 al’s x a?/3 x al’s x

pl/3
a1/3 [al/élJr ]

X /

[(1+\/?) a1’3+l]t(%3]2

EllipticF[ArcSin{

31/4

(b3
(~1)5/6_

al/3x } (-1)1/3

]’ (-1)1/3

2a [a+2 x 2314923 (_p)1/3 [a, 2
X X

® Problem 2027: Result unnecessarily involves imaginary or complex numbers.

1
—  dX
/a+x% x2

Optimal (type 4, 221 leaves, 2steps):
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3 b¥3 allpl/?
—_

2243 (a1/3+ﬂ) LEllipticF{ArcSin{

<lf\/37)a1’3+:}—;:], 7 _4\/?}

(l+ﬁ) al/3s —

X

x (13 ae. 2

) al/3 (al,’3+ﬁ]

1/4 B1/3 b X

3 b a+ N : I
[(l+\/3 ) alr'3+7]

Result (type 4, 142 leaves):

561 (D)Y°

/ / / . . . (-1) 1/3
2]-lal/3\/(1)5/6 (71+ﬁ) J1+ ] ) EII|pt|cF[ArcS|n{T“], (-1)173

a1/3 X aZ/3 XZ a1/3 X

31/4 (_p)1/3 la+ X%

® Problem 2028: Result unnecessarily involves imaginary or complex numbers.

1
—— dx
/a+xl3 x5

Optimal (type 4, 246 leaves, 3steps):

) b2’3 a1r3 b1r3
223, 2"

) /"’“x% 4243 a(alxsﬂlxi) “— E||ipticF[Arcsin{W], _7-4ﬁ}
) 5bx '

1/3
173 a1/3+b7)

, . bl
a1,3 [a1,3+ - )

5x34p43 Ja. 2 | X
x [(1+\E) al’3+b7’]

Result (type 4, 170 leaves):

(-b)2/3 (~b)1/3 x >
(-b)1/3 o w25 T s tX
X

2

-6 (-b)Y® (b+ax?®) +413%%a%3 | (-1)%° [1+ Ellipti cF{ArcSi n[

al/’3 x

-(-1)

5/6 i(-b)'3

al,’3 X

31/4

N
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® Problem 2029: Result unnecessarily involves imaginary or complex numbers.

1
—  dx
/a+x% x8

Optimal (type 4, 270leaves, 4 steps):

p2/3  al/3pl/3

2\2+43 a2 (a3 27 323—2 EIIipticF[ArcSin{Li/fg], -7-443 ]
{(1*\/?) al’3+bx—) <1+\/?J al/3+bxf
11 b x* 55 b2 x
55x314p73 la+ 2 | sl .
X [<1+\/?]a13 b J

Result (type 4, 184 leaves):

6 (-b)'/® (-5b*+3abx®+8a®x®) -

165 (-b)7/% [a+ 2 x7

X3

i (_pyl/3
oy (0P e o - (-1)%/6 - LB
- 2/3 1/3
3213%4a7/3 | (-1)5/6 [_1+ x7 .| -2 2 EIIipticF[ArcSin[ } (-1)1/3
al/3x X2 31/4

® Problem 2030: Result unnecessarily involves imaginary or complex numbers.

XG
— dXx
b

¢a+x—3

Optimal (type 4, 566 leaves, 7 steps):
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55b7/% [a+ 2 55b2 [a+ 2 x 11bJa+b3 x4 Ja+b3 x7
X X X X
+ -

7112a3(1+\/?)a1/3+£) 112 a8 56 a2 : 7a '
X
p1/3 q2/3 , be _altpt® 1-+/3 ) a3, 28
55x 31412 /3 b7/3 |al/3 . J < X EllipticE|[ArcSin| ) ], -7-44/3] /
X ([1+3) a2, 22 (1473 )t 22
. ﬁ7a1’3b1’3 B ) +ﬂ
55 b7/ (al/3+b1/3) a“—z EIIipticF{ArcSin[(1 V3=
X [(l+\§) a1’3+bix—'3] (1+\§) al/s bxr

224 873 > |
( 1++vV3 ) al/’s 4 7[)1,3) al/3 (a1’3+£)
56+/2 31/4 g8/3 a+% —X“z
x ((1+v3) ara )

Result (type 4, 372leaves):

1
112 a3 la+% x2
X

l/ (2 (71+ (71)2/3)>55 (-1)2/3p7/3 (b1/3+al/3x)2

55 (@' b%3x-a?®b"*x?+ab?x®) +2ax® (-11b*-3abx®+8a%*x°) +

(1+(-1)23) al3x (b/3 - (-1)/3 al/3x) \/b1/3+ (-1)2/3 al/3 x

2 13, gl/3
(b3 +al’3 x) b1/3 +al/3 x

(-3-iV3 | EllipticE[arcsin| e ), 71+ﬁ]+(1+1ﬁ) El lipticF|ArcSin| L ’“ﬁ]
\/27 i+\/? \/? j+\/?

® Problem 2031: Result unnecessarily involves imaginary or complex numbers.

X3
— dX
b

/aer—3

Optimal (type 4, 542 leaves, 6 steps):
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5043 [a+ 2 SbJaAbex \/a+b3 x4
X X X

8a2((1+\/3_)a1/3+ﬁ) 8a’ 4a
X
2,3, b¥% atple 13 ) a3, 28
53142 va bt [ats, 20 M ~—— ElipticE|ArcSin] ) +bf3]"7’4ﬁ] /
X (1+\/?)a1/3+b7) (l+ﬁ)al/3+—
5b4/3 (at/3 , 22 Lbz El i pticF|Arcsin| V3] agL} 7443
b al/3 (al/a N ﬁ) X [(1+ﬁ) a1’3+b1x—'3] (1+ﬁ) alss biz
X
16 a>/3 a+X—3 TIY: +
((1+\/3_) a + T) b al/3 (al,3+k’t(7'3)
42 314a%% Jas o | ——— 11
X ((1+\E) al"3+bT]

Result (type 4, 356 leaves):

b2/3 b1/3 X

+
a2/3 al/S

5bx

XZJ +2x% (b+ax®) -

b

8a [a+ > X2
X

l/ (2 (71+ (71)2/3) a>5 (-1)2/3p4/3 (b1/3+a1/3x)2

(1+ (_1)1/3) al/3 x <b1/3_ (_1)1/3 al/s X) \/b1/3+ (_1)2/3 al/d x

2 1/3 , g1/3
(b3 +al’3 x) b1/3 +al/3x

(-3-iV3 | EllipticE[arcsin| e ), 71+ﬁ]+(1+1ﬁ) El lipticF|ArcSin| L ’“ﬁ]
\/27 i+\/? \/? j+\/?

® Problem 2032: Result unnecessarily involves imaginary or complex numbers.

1
— dx

b
/aer—3

Optimal (type 4, 513 leaves, 5steps):
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p2/3  al/3pl/3 bl/3

) 31/44/2 /3 pl/3 (al/’ 2Z mxz—*,EllipticEArc3in’7mX,_7_4ﬁ
\/TX \/7 pl/3 as’ =+ (lﬁ)a +

X bl/3

[(14-@) a1/3+bix—’3}2 (1+ﬁ) a1"3+7
— + + ) —

a(1+\/?)a1/3+£) a

X

p1/3 a+%
X

i . bl/3
a1/3 (al/élJr . ]

2223 |a+2 | L ]
x3 pt/3 )2
[(1+«/3 )alr'3+x—]

, +ﬁ7al’3bl’3
V2 pi3 [are L B [(ar)—] Bl lipticF|ArcSin|
1+V3 ) a3+ —

(17\5\) al3.r”
(1+\E) al"3+ﬁ

13 (q1/3, 07
b a a +T
31/442/3 [, b0 ~

X [(Lﬁ) a“%ﬁ]z
X

Result (type 4, 334 leaves):

pb2/3  pl/3x 1+ (-1)¥3) al’3x (bl/3 - (-1)1/3al/3x pl/3 _1)2/3 31/3 x
— +x2[+1/(2(-1+ (-1)?3) a) (-1)#3p'/3 (b1/3+a1/3x)2 ( ) ( ) F b
a2/3 a1/3 (b1/3 +a1/3x)2 bl/3 +al/S X
(3+1‘1 J?) al/s x (3+1‘1 \/?) al/®x
(-3-iV3 ) ElipticE[arcsin| S S I |+ (1+iv3)EripticF|arcsin] S S I ]
e iV3 e i3

® Problem 2033: Result unnecessarily involves imaginary or complex numbers.

1
——dx
/a+xl3 x3

Optimal (type 4, 491 leaves, 4 steps):



; +ﬁ731’3b1’3 - +i
31/4~/2 /3 al3 (a1/3+ﬁ) “— Bl 1ipticE[ArcSin| 13 )t bX, |, -7-4v3]
2 a+ X% X ((14-@) at 3+ﬁJz (1+ﬁ) 13+b13
- +
1/3
b’ ( ! +\/?) al® s bT) b2/3 a2 S
x3 ( p1/3 2
((14&5) al"3+TJ
, +ﬁia1'3bl'3 ) . ) +17,3
27 at/3 (al?, 27 i el EIIipticF{ArcSin[(l T |, -7-av3]

(173 avs+$]2 (173 ) a2

al/3 [al/3+b13]
31/4p2/3 g, 2 X
x3 pl/3 )2
((l+\/3 ) atres - )

Result (type 4, 335leaves):

2| _b+al’3p2/3x _a2/3pl/3x2 .

b a+% x2
X

(1+ (,1)1/3) al’x (b1/3 - (-1)1/3 al’? x)

bl/3 . (~1)2/3 a1/3

1 2 (.1 _1)2/3 _1)2/3 pyl/3 (pl/3 1/3 2
/(2 (-1+ (-1)23)) (-1) (b1/3 4 al/3 x) T

(3+1‘1 ﬁ) al/3 x
[-3-1V3] El i pti cE[ArcSin| Bretx gy
N2

—]'L+\/?
]i+\/?

® Problem 2034: Result unnecessarily involves imaginary or complex numbers.
1
——dx
b

Optimal (type 4, 520 leaves, 5 steps):

]+(1+j\/?) EllipticF[ArcSin|

b1/3 + al/3 X

(3+i ﬁ) al’3 x

bl/3,a1/3 x

—]'1+\/?

V2

]i+\/?
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b |
8a [a+ — 2 [a+2
X X

7b5/3((1+\/3_)a1/3+£)7 7 b x2

Q2/3 , b° _alfpts 1 7\/3*> al/3 bl_/a
4x342-+/3 a%3 |al3. X EIIipticE{ArcSin[ ] 7774ﬁ] /
1.4 \/_ al’d . ;)2 (1+ﬁ> al/d bi_"‘
pi/3 aza, M0 @0 (l—ﬁ) ara,
82 a*/3 (a1/3+ ) _ EIIipticF[ArcSin[

1/3 X pl/3 4 bi/3
b al’? (a1/2 . 22 (133 av2 22 (14v3 ) @222
7b%% |a+ = S|t
X bl,’3
( 1++v3 ) a1/3 + T) al/s (a1/3+£J

7x314p53 a2 .

X (13 alws{i]z

Result (type 4, 363 leaves):

1 (b+ax3) (—b+4ax3)
2 74a4/3x (b2/37a1/3 bl/3X+a2/3 XZ) + _
X3

7 b2 a+X33 x2

1/ (71+ (71>2/3)2 (-1)2/3 apl/3 (b1/3+al/3x)2

(L+ (-1)t3) al8x (b3 - (-1)13al8x) bl/3 4 (-1)2/3 al/3 x
) pl/3 ; gl/3 x

2
(b1/3 +al’3x

(-3-iV3 ) ElipticE[arcsin] S 71+ﬁ]+(1+j\/?) El i pticF[ArcSin| R ], ’“ﬁ]
\/7 i+\/? \/? i+\/?

® Problem 2035: Result unnecessarily involves imaginary or complex numbers.

1
——dx
/a+x£3 x°

Optimal (type 4, 544 leaves, 6 steps):
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80a2 |a+ 2 2 [a+2  20a [a+2
X X X
+ +

9180 ([1ev3]ave . 2) 13D 91 b2 x2
X
2/3 , D23 alfpis 1-+/3 ) ate, 22
40x3V4[2 3 a7/ a1/3+ﬁJ T e X EllipticE|[ArcSin| i [, -7-4v3] /
X ((1+\/3—)a1/3+b%3)2 (1+ﬁ)a1/3+bi_/3
80+/2 a’’3 (a1/3+b1/3) Lﬁfuz EIIipticF[ArcSin[%}, _7_4\/3_]
b al/s (a1/3 . b;;) X [(1+\/?) amJ’T] [1+\/?) al/s bx

91b8%3 |a+ — -
3

X 1+3 ) a3, 22 v
( ( ! ) N ) 91 x31/4p8/3 g, b ygam [al/hbTJ’
Vo (13 amﬁ;]z

Result (type 4, 377 leaves):

1 (b+ax3) (7b2—10abx3+40a2x6)
2 |40a73 x (b2/3 —al/3 13 x 1 a?/3 x?) - .

x6
91 b3 /aJrXE3 x2

(1+(-1)¥3) al3x (b/3 - (-1)1/3al/3x) \/b1/3+ (-1)2/3 al/3 x

2 1/3 , g1/3
(b3 +al’3 x) b1/3 +al/3x

1/ (71+ (71>2/3)20 (-1)2/3 a2 p1/3 (b1/3 +a1/3x)2

(3+1‘1 \E) al/d x . (3+i \E) al/d x .
~3-i+/3 | EllipticE|[ArcSin i RAAL +(1+i~/3 ) ElipticF[ArcSin . RAAL
3
\/7 i+\/? \/? i+\/?

® Problem 2036: Result unnecessarily involves imaginary or complex numbers.

1
———————dx
/a+x£3 x12

Optimal (type 4, 568 leaves, 7 steps):
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1280a% |a+ 2 2 la+2  32a [a+2 320a% [a+ 2
X X X X

— + — —

1729 bl1/3 ((1 +\/3_) al/3 E) 19 b x8 247 b2 x5 1729 b3 x2
X
2/3 1/3 bl/S 1/3 b1/3
pl/3 a2/3 b7 albe 1-+/3)al’3+ 2=
640 x31/41/2 - /3 al0/3 a1/3+—J < X EIIipticE[ArcSin{ ) fs} 7774\5} /
X ((1+\/3_)a1/3+b;—/3)2 (l+ﬁ)a1/3+b7
y 2/3, 07 _atints V3 ) are
1280 /2 @10 (at2 B2} | T EIIipticF[ArcSin[(l 3)e <], 743
al’d (al/3 . 22 " ((20v3) are ) (17 ) a3
1729 p*1/3 . .
pl/3\ 2
( 1+ \/?) al/d | T) al/3 (a1/3+£J
1729 x314p1/3 Ja, 20 |t
X (13 amﬁ;]z
Result (type 4, 387 leaves):
1 (b+ax3) (—91b3+112ab2x3—160a2bx6+640a3x9)
2 |-640 123 x (b2/3 - al/3 p1/3 x + a2/3 x2) + B
O
1729b* [a+ 2 x2
(L+ (-1)t3) al8x (b3 - (-1)3al8x) bl/3 4 (-1)2/3 al/3 x
1/ (71+ (71>2/3)320 (-1)2/3 a3 p1/3 (b1/3+al/3x)2
(b1/3+a1/3x)2 bl/3 4 a1/3 x
(3+1‘1 \E) al’3 x (3+i \E) al’3 x
(-3-i+V3 ) BlipticE[arcsin] S S I |« (t+iv3)EtipticF|acsin] S S B ]
\/7 i+\/? \/? i+\/?

® Problem 2044: Result unnecessarily involves imaginary or complex numbers.

X7
\J\ b \3/2 ax
(a+ X—3>

Optimal (type 4, 315leaves, 6 steps):
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1729b2 [a+ 2 x2 247b |a+ 2 x5 19 [a+ 2 x8
X X 2 x8 x3
- - +
960 a* 240 a3 A 24 a?
3a a+ 3

al/3pl/3

17292 ++/3 b8 (a1/3+"1x—"3) [a“'}—b]z EllipticF{ArcSin[%}, -7-443 ]
(1+\/? ald o —

al/3 [a1’3+ﬁ]
960 x3'/*at |a+ 2 m
+ ar’v+ —

Result (type 4, 199 leaves):

1

2880 a% (-b)3 |a+ 2 x
X

3 (-b)*/% (1729 b% + 741ab? x® - 228 a’ b x® + 120 % x?) +

(-b)173 CL LR NE TR - (=10 - 1;[?‘3);3

- 2/3 1/3

1729 i 33/4al/3p3 | (~1)5/6 [_1+13 x| -2 2"" EIIipticF[ArcSin[ — } (~1)1/3
al’3 x X 3

® Problem 2045: Result unnecessarily involves imaginary or complex numbers.

X4
\J\ b \3/2 ax
(a+ X—3>

Optimal (type 4, 291 leaves, 5 steps):

p2/3 al/3pl/3

, ave, S22 o o aE e
o1b [a. 2 x . 13 fart x 91/2++/3 b5/3(a1/3+b1x—3) WElluptucF[ArcSun[,},-7-4\/3_]

60 as . 15 a? [ e
3a_[a+ — al’d |al/te ——
x? 60x3%4a% |a+ 2 B e

7 (e e 2]

Result (type 4, 188 leaves):
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1

180a3 (-b)® |a+ X% X

-3 (-b)*® (91b?+39abx®-12a”x®) -

1/3

(~b)i/3 (D)2 D)k (L) R

- 2/3 1/3

91i3%4al/3p2 | (~1)5/6 | 14 X .| -2 2 EIIipticF{ArcSin[ } (-1)1/3
al/3x x2 31/4

® Problem 2046: Result unnecessarily involves imaginary or complex numbers.

X
b \3/2 dx
(a+ X—S)

Optimal (type 4, 269 leaves, 4 steps):

p2/3  al/3pl/3

7\ 2++/3 b2/3 (a“hﬁ) 3237— EIIipticF[NcSin{Wiamz], -7-443 ]

b

2X2 7 a+ Xia X2 X {(l+\/?) al’3+%)2 <1+\/?J al/3. .
- + +
b 632 b1’3\
el al/s [g1/3, 2"
3a a+ s 6 x 31/4 32 a+% / ( xiyz
X [<1+\/?] al’3+bx—J
Result (type 4, 175 leaves):
1
18 a2 (-b)1/3 /auxi3 X
/ o1/ _/_145/6 _i(-b)'®
3(-b)¥3 (7b+3ax®)+713%4al®b | (-1)%° |-1+ X El i pticF[ArcSin|
al/SX X2 31/4

® Problem 2047: Result unnecessarily involves imaginary or complex numbers.

1
b \3/2 > ax
(a+ —) X

x3

Optimal (type 4, 248leaves, 3steps):

(-1t



, SUERL A U (143 ) a3 22
2\2+4/3 (a3 22 | ElipticF|ArcSi n{i( )= | -7-4v3]
5 * [(1+ﬁ) a1/3+bx—) (10v3 ) a2, 22
3a [a+ 2 x a3 [qr3, 0
TS 3x3V4apt? Ja+ 2 | —— ) [ Xi),a >
X (27 a1’3+bx—’J
Result (type 4, 164 leaves):
1
b
9a (-b)3® Ja-+ 5 X
/ / _,_q\5/6 i(-b)3
(-b)173 R | -
-6 (-b)13_-213%4al3 | (_1)56 |14 —— | x EII|pt|cF{ArcS|n[
al/3 X X2 31/4
® Problem 2048: Result unnecessarily involves imaginary or complex numbers.
1
3/2 dx
b
(a + x_3) x>
Optimal (type 4, 245 leaves, 3 steps):
bl/3 a2’3+¥731/3xb1/3 B H 4 (1’\/37> 31/3+b1/3
442++/3 (a1/3+ —) ——"—— HElipti cF{ArcS| n[—”} -7-4+3 ]
5 X [(ws—) a1’3+bx—’] (1+V3 ) ar2. 2
b 1/3 1,3+£
3b\,a+x—3x 3,31/4p43 [g, B ? {a X]

X [(1+\/3_> al"3+blx—/3]2

Result (type 4, 161 leaves):

G A
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1

9 (-b)*® |a~+ x% X

1 (~b)2/3 (-b)1/3x 2 _ (71)5/6 _i(-b)'8
(-b) / 2/3 1/3 X al/3 x
6 (-b)l/3_4i3%4al3 | (_1)5/6 [_1+1/3 x| -2 2"" EIIipticF[ArcSin{ " (-3
a’°x X 3

® Problem 2049: Result unnecessarily involves imaginary or complex numbers.

1
b\3/2 g ax
(a+ x7> X

Optimal (type 4, 267 leaves, 4 steps):

b 32/2++/3 a(a1/3+£) LaxbzEIIipticF[ArcSin[%},—7—4\/?]
X [(14—\/?) al’3+£] (l+\/37) a1’3+b1x—3

X

b . 15 b? x O e
3b — al/3 (13,2~
e X 15x 314072 [as B Bl e I Jz
((1+\/3 )a1’3+b7)

Result (type 4, 173 leaves):
1

b
45 (-b)7/3 |a+ = x4

, , i (_b)l/3
( b>1/3 (-b)** + (-h)" P x +x2 B (_1)5/6 - ;1,/3)><
- 2/3 1/3
-6 (-b)¥3 (3b+8ax®) +3213%4a%3 | (-1)%/6 -1 x| 2 2 El i pticF|ArcSin|
al/3X X2 31/4

® Problem 2050: Result unnecessarily involves imaginary or complex numbers.

6
J b ez X
(a+35)

x3

Optimal (type 4, 587 leaves, 8steps):

L (DR



1.1.3 General.nb | 209
935b7/3 |a+ 2 935b2 Ja+ 2 x 187b |a+ 2 x4 17 b
x3 x3 x3 X

7
o 7 a+ — X
- + +
336 a4 ( 1++/3 ) al/3 ; g) 336 a* 168 ad b 21 a?
x 3a a+ 3

X

X2 X

e i v ) | 2
1*ﬁ)31/3+7

. e et
Ellipti cE[ArcS| n{4

1/3 )\

alsd [al,’3+b J

3/4 411/3 b X

224 x 3 a a+ ;e

[(1+\/?) 31/3”)17,'3]2

) 2/3+ﬁ_air'3b1,’3 7\/7 1/3+£
935 b7/3 (a1/3+ ﬁ) T E||ipticF{ArcSin[(13)7a;3], _7_4ﬁ]
O [ o)
b al/3 (a“%ﬁ]
168 \/? 31/4 311/3 [ g 4 = \

{<l+ﬁ) a1/3+b]xi)2
Result (type 4, 390 leaves):

1

(b+ax3) [-224ab?x®-150abx? (b+ax?) +48a?x® (b+ax®)+935 (a’’*b¥3x -a?/3b"/3x? +ab? x3) +
4 b \3/2 s
336a* (a+ X—3) X

pl/3 -1 2/3 51/3
1/(2(-1+(-1)223))935 (-1)23p7/3 (b1/3 s al/3x)? rbT A

(1+ (71)1/3) al/3x (bl/3 _ (71)1/3 al/3 X) \/

(b1/3+a1/3x)2 bl/3+a1/3x

(3+]i \/?) al’3 x

‘ \/_ (3+iﬁ)a1’3x ‘ \/_
~3-i+/3 | ElipticE|[ArcSin Pt NS B ) Eipti oF[Aresin DRt g TRtV

3
N2 i+V3 V2 i+V3

® Problem 2051: Result unnecessarily involves imaginary or complex numbers.
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Optimal (type 4, 563 leaves, 7 steps):

55bp4/3 |a+ 2 55b [a+ 2 x 11 [a+ 2 x4
X x® 2 x4 x3
/ 2
+ 2= 2 b 12 a
a a+x—3

Ll N El|ipticE{ArcSin[%} -7-4V3 |
X [(1“/37) a1/3+i%3] (1+\/?> al 3+bx
N
16 x 334283 [g4 2 & (am*¥]
3 1/3\2
X [<1+\/?) 31/3+bxf)
, +ﬂ_al’3bl’3 B , +i
55 b4/3 a1/3+ﬁ) i _ EllipticI:[Arcsm{i(l V3 ) e bj [, -7-4v3]
X ((l*rﬁ)al"SJrl]l}(—/a] (1+ﬁ)a1 3+ﬁ

1/3 (4173, 0%

o/ 1/4 48/3 b @ [a +XJ
12 2 3 a a+—3 0
X ((1+ﬁ) amﬁT’)

Result (type 4, 370 leaves):

1

(b+ax®) |16abx®+6ax® (b+ax?) -55 (a3 b3 x -a?3b*3x? +abx?)
24 a3 (a+ 3)3/2x5
X3

bl/3 . (-1)2/3 al/3x

(1+(-1)V/3) al3x (b3 - (-1)1/3al/3x)
1/ (2 (-1+(-1)%3))55 (-1)23p*3 (b'/3 + al3x)?
(b1/3+al/3x)2

pl/3 L g1/3 x

(3+1’1 ﬁ) al/’3 x

S pudmees
,37]1\/? ElliptiCE ArcSin 1\/;71/3 , B \/7 . l+]i\/? E”iptiCFArcSin 1/3,41/3 _
b i+V3 bl/3+al/3 x 1i+V3
2 1+vV3

vz 'mﬁ]
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® Problem 2052: Result unnecessarily involves imaginary or complex numbers.

1
b \3/2 dx
(a+ x3)

Optimal (type 4, 539 leaves, 6 steps):

5pt/3 a+X33 5 5 a+X%x
\/ X \

- - + +
/ 2
3a2(1+x/3)a1/3+b1xi> - /a+3 3a
XS

b2/3  al/3pl/3

pl/3

542 -3 bt/3 (al/%ﬂ) i E||ipticE[ArcSin{%], 7774vﬂ

X (23] aL) (13 ) ara. 2
X

a1/ [a1/3+£)
3/4 45/3 b X
2x3 a a+ = e
[(ms—) a1/3+T]

p2/3  al/3pl/3
a2/3, 2"

52 bi/3 (a3 B2 m EllipticF[Arcsin|
+ al/’s,——

(17 | ave, 2
(l+\/37) a1/3+bl>(7’3

al/3 [31/3+£]
1/4 45/3 b X
3x3 a a+ ) e
((1+\/3 ) a1/3+T)

Result (type 4, 353 leaves):
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1 p2/3  pl/3y

" (b+ax3) -2x%+5x 5 s X2
/ / /
3a(a+x%) x5 a a

" (1+ (_1)1/3) al/’3 x (b1/3_ (-1)173 al/BX) bl/3 4 (-1)2/3 al/3 x
1/(2(-1+(-1)?%) a)5 (-1)?* b2 (b*/3 +al/%x)

2 1/3 , 51/3
(b1/3 + al/3 x) bl/3 . gl/3 x

(3+1‘1 \E) al/d x . (3+i \E) al/d x .
~3-i+/3 | EllipticE|[ArcSin i RAAL +{1+i~/3 ) ElipticF[ArcSin i RAAL
3
N2 i+v3 N2 i+v3

® Problem 2053: Result unnecessarily involves imaginary or complex numbers.

1
b\3/2 3 ax
(a+ X—g) X

Optimal (type 4, 520 leaves, 5 steps):

b2/3  al/3pl/3
a2/3, 27" _

A 2-43 (atB.t2) | —— E||ipticE[ArcSin{17”;@], -7-443 ]
2. Ja+ 3 X L(hﬁ)am%) (13 ) at3. 2

2
cas ([rom e ) e
. b X2 ) a13[a13+T]

232 (a3 4 22 L E||ipticF[ArcSin[(l’ﬁ)am*bﬁ, -7-4V3 ]

(1077 ey

1/3

1/4 52/3 h2/3 b = (am*bx;]

/4 52/3 p2/ b /
3x3Y%a</*b a+ 3 T
((l+\/3 ) a1/3+T]

Result (type 4, 352 leaves):
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1 p2/3  pl/3y
2(b+ax3) X3 X |- — 4
a2/3 al/s

5 (1+ (_1)1/3) al/3X (b1/3_ (_1)1/3 a1/3 X) pl/3 . (_1>2/3 al’3 x
1/ (2 (71+ (71)2/3> a) (71>2/3 pl/3 (b1/3+a1/3x)

2 1/3 , 51/3
(b1/3 + al/3 x) bl/3 . gl/3 x

(-3-iV/3 ) ElipticE[arcSin] AL 71+ﬁ]+(1+j\/?) EllipticF[ArcSin| LI ’“ﬁ]
\/7 j'+\/? \/7 ]l+\/?

® Problem 2054: Result unnecessarily involves imaginary or complex numbers.

1
b\3/2 g ax
(a+ X—g) X

Optimal (type 4, 517 leaves, 5 steps):

B TSR (17 ) e
: 423 ave (e ) | T e EllipticE[ArcSin[ ] -7-43]
8 |a+ = 5 X [(1“@) a”%%} (1+ﬁ) a1,’3+bT’
. N N _
3b5/3 1 +\/? al/3 + g 1/3
( ) x ) 3b_|a+ )% x2 33452 | g % al’3 (a1’3+h7] 2
" e ]
, +ﬁialr'3 pl/3 ) +£
82 al/? (al/? s 27 e Eipt cF|Arcsin| i3 ) e = -7-43
X [(hﬁ) a—] (1+V3 ) @t

al/ (al’%b;]
3x34p538 Ja~+ = — .3
((l+\/3 ) al/hbT’]

Result (type 4, 362 leaves):
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1

- 2 (b+ax3) ~ax®-3 (b+ax3) +4 (a1/3 b2/3 x - a?/3 b1/3x2+ax3) +
3 b2 (a+— x5

3/2
><3)/

, (1+ (_1)1/3) al’?x (b1/3 - (-1)1/3 a1/3X) bl/3 4 (~1)2/3 al/3x
1/ (-1+ (71>2/3)2 (-1)2/3pl/3 (b1/3+a1/3x)

2 1/3 , 51/3
(b1/3 + al/3 x) bl/3 ;. gl/3 x

(3+1‘1 ﬁ) al/d x (3+i \E) al/d x
(-3-iV3 ) B lipticE[arcsin] S S B |« [t+iv3)ElipticF|acsin] S S B
\/7 ]j.+\/? \/7 J'L+\/?

® Problem 2055: Result unnecessarily involves imaginary or complex numbers.

1
b\3/2 g ax
(a+ x3> X

Optimal (type 4, 541 leaves, 6 steps):

80a_[a+ 2 20 ja+ 2
X 2 X
N _ -

21b8/3((1+\/?)al/3+b;—/3) 3b [a- b xe 21 b2 x2

p2/3  al/3pl/3
3,07

40V2-+3 a*? (al3 . | i S EIIipticE{ArcSin[; ,

X [(1+\/ZT> a1/3+'31%3]2

[
a
)

-
w
+

<
E

pi/3
al/s (a1’3+ - ]

7+33/4p8/3 [g, B
x3 pt/2 |2
[(hﬁ) a1/3+x—]

| b2’3 a1r3 b1r3
23, 2"

80+/2 a4/3 (a1/3+bi—/3) W EIIipticF[ArcSin{;
1+V3 | a3+ —

1/3 1/3 ﬂ
1/4 18/3 b 2 (a ’ XJ
21 x3Y%Db a+ — —
X (17 a1/3+bx—]

)
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Result (type 4, 380 leaves):

1 3b (b+ax3)
2 (b+ax3) 7 a%x3-40a*3x (b2/3—a1/3 bl/3 x + a?/3 x2) +33a (b+ax3) -
21 b3 (a+ %)3/2x5 x3

5 (1+ (_1)1/3) al/3 x <b1/3_ (_1)1/3 al/3 X) pl/3 , (_1>2/3 al/d x
1/ (71+ (71>2/3)20 (—1)2/3ab1/3 (b1/3+a1/3x)

2 1/3 , g1/3
(b1/3 +al’3 x) b1/3 +al/3 x

(3+i \E) al/d x (3+1 \E) al/d x
~3-i+/3 | EllipticE|[ArcSin . RAAL +{1+i~/3 ) EllipticF[ArcSin i RAAL
3
N2 i+v3 N2 i+v3

® Problem 2056: Result unnecessarily involves imaginary or complex numbers.

1
b \3/2 1, dx
(a+ X—g) X

Optimal (type 4, 565 leaves, 7 steps):
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1280a2 |a+ 2 32 [a+2 320a [a+ 2
x3 2 x3 x3
.

- + - +
11/3 1/3 b 39 b2 x5 273 b3 x2
273 Db ((1+\/3_)a N X) S
, 2/3, P28 _atopie 3 ) ars
6402 /3 a’’3 (a1/3+b1x—3) e E||iptic|5[ArcSin{<l 3 ) ] J%ﬁ}

(1) s 22

1/3
al/3 [a1/3+b7']
91x3%4p1/3 a2 | ]
X ((1+\/3 )a1/3+b7]

=) i e sl EllipticF[ArcSin{M], 7-43]
{<1+\/37J al/3+b1x—3) <:|.-¢-\/?TJf‘,\l/3-¢-bx—3

1280 V2 a’’® (al/?

X

13 (4173 ﬁ]
1/4 K11/3 b é [a X
273 x3Y4 Db a+ —

X [(l+\/37) a1/3+b1x—/3]2
Result (type 4, 400 leaves):
1 21 b2 (b+ax3) 69ab(b+ax3)

2 (b+rax®) [-91a%x®+640a’3x (b*3-a* b3 x+a?3x?) -549a” (b+ax®) - + +
273b* (a+ %)3/2 x5 x® x3
X

1+ (71)1/3 al/3x bl/3 _ (71)1/3 al/3x b1/3 1 2/3 al/3x
1/ (-1+(-1)%3)320 (-1)23 a2 b3 (b1/3 +al3x)? ( ) ( ) -4

(b1/3+a1/3x)2 bl/3+a1/3x

(3+1‘1 \/?) al’3 x (3+1‘L \/?) al’3 x
T biBalix -1+V3 bl/3.al/3 x -1+V3

\/? ' ]'l+\/? \/? ' i+V3

(7341@) EIIipticE{ArcSin[ ]+(1+iﬁ) EIIipticF{ArcSin[
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® Problem 2062: Result unnecessarily involves imaginary or complex numbers.

b
J a+— x2dx
X4

Optimal (type 4, 107 leaves, 3steps):

b
" (Va + 2 ) \lipticF[2 ArcCot
—\ 2 XZ

|o14 ] %]

3al/t a+ =

Result (type 4, 93 leaves):

) X 2ib [1+2% ElipticF[i ArcSinh| Nrb? x|, -1]

X -

iva

(b+ax4)
Vb

® Problem 2063: Result unnecessarily involves imaginary or complex numbers.

Optimal (type 4, 224 leaves, 5 steps):

r 1
1/4 KB1/4 5
2al/4b L] EiipticE[2arco0t [521], 1]

zr/ L T
+—X+ -
v a2

XZ

al/4 pl/4

al/4x 1
pi/a | 2

b
e (\/§+V§) Bl i pti cF[2 ArcCot

b
a+x—4

Result (type 4, 119 leaves):
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2iax_ [1+2 |EllipticE ]iArcSinh[ ﬂx],fl}fEIIipticF lercSinh{ iva x],fl]
b b Vb NS
a+—4 X [-1+ v
X (S (beaxt)
Vb

® Problem 2064: Result unnecessarily involves imaginary or complex numbers.
a+ X%
J Y
X2
Optimal (type 4, 107 leaves, 3steps):

Vb

x2

) Elli pticF[ZArcOot

al’4 x 1
bre |0 2

3bl4 |a+ b
Result (type 4, 96 leaves):

4 jﬁ
2iaxd, 125 EIIipticF[jLArcSinh[ e x],—l]
/b
/ b
a+x—4 *l*
iva

(b+ax4)

Jb

3x
® Problem 2065: Result unnecessarily involves imaginary or complex numbers.

| b
a+x—4
—— dx

x4

Optimal (type 4, 236 leaves, 5 steps):
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Vb

XZ

ﬂ X b
x2 5b3/4 a+x—4

b

X2

)EHipticE{zArc(:ot 222 4]

<|

) Bl ipticF[2 ArcCot 2], 1]

5 p3/4 a+%
X

Result (type 4, 138 leaves):

iva
Vb

ax*

iva
Vb

1+ EllipticE JiArcSinh[ x],fl]fEIIipticF lercSinh[

x],fq

Optimal (type 4, 126 leaves, 4 steps):

2 a3/4 b3/4
b
2b |a+ w3 b \3/2
S J 3 -

Vb

XZ

pl/4

) Bl lipticF[2ArcCot [27%], 1]

Result (type 4, 128 leaves):

iva (—b2+a2x3)—4Jiabx3JMTEIIiptiCF[iArCSinh[ iva x], _1}]
Vb b N

iva
Vb

3 X(b+axﬂ

® Problem 2071: Result unnecessarily involves imaginary or complex numbers.

b \3/2
Ja+—) dx

x4
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Optimal (type 4, 250 leaves, 6 steps):

R ﬁ) Bl i pticE[2ArcCot 2], L]

b x2 pl/4
6b_ ja+ 7 12avb Ja+ 7 b 372
- 3 - + a+—4) X + -
S gfval x| e
X 5 a+x—4

Gasaplie | e (ﬁ+@)5||ipticp[2mccot[ﬂ], 2]

X b1/4

b
5 a + X_4
Result (type 4, 196 leaves):
1 b i vVa
- ar — . (b>+8abx*+7a*x®) -
iva X Vb

ax4 iva ax4 iva
12a%2+/b x® |1+ EIIipticE[]iArcSi nh[ x}, 71] +12a%2+/b x5 |1+ EllipticF|iArcSi nh{ x], 71}
LI Vb b Vb

® Problem 2072: Result unnecessarily involves imaginary or complex numbers.

b )3/2

X

2a7/4
b
2a [a+ — b \3/2
x4 (a+x—4)
7 X 7 X b
1/4
7b/ a+x—4

Result (type 4, 135leaves):

+W) Bl i pticF[2ArcCot 2], L]

XZ b1/4
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a+34 iva (b2+4abx*+3a?x8) +4ia?x’ 1.2 EllipticF JiArcSinh[ iva x}, 71}
X Vb b Vb

7 [iYa s (b+ax4)
Vb

® Problem 2073: Result unnecessarily involves imaginary or complex numbers.

2)3/2

)3/2 4a2 [a+ 2

Xd

+

_15\/F(H+V§)x

Vb

x2

15b%4 [a+ 2 15034 [a+ 2
X X

Result (type 4, 213 leaves):

alldx
pl/4

b1/4

71}2 (\/?+X£2) EIIipticE[ZArcOot )EllipticF[zArcoot [3“”}’ ﬂ

b \3/2 b 1la 4 a? 6
<a+x7) (_ﬁ_45x5_15bx)
'
b +ax*
872 iva x? iva x? o _ iva o _
4a%2% |la+ — x® |1- 1+ EllipticE jArcSmh{ X],—l}—E”IptICF jArcSmh[
Xt Vb Vb Vb

15 ia Vb (b+ax*)?
Vb

® Problem 2078: Result unnecessarily involves imaginary or complex numbers.

J

Optimal (type 4, 146 leaves, 5steps):

b 5/2
a-+ —J x2 dx
X4
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20a7/4b3/4
b
20ab.fa+tis  10p (as )2 b 152
X 3

Vb

XZ

b1/4

) Bl lipticF[2ArcCot [27%] 1]

b
21 lz’:’(JrX—4

(—3b3—19ab2x4—9a2bx8+7a3x12) -401ia?bx’

iva
Vb

21 x5 (b+ax4)

® Problem 2079: Result unnecessarily involves imaginary or complex numbers.

b 5/2
Ja+—) dx

X4
Optimal (type 4, 272 leaves, 7 steps):

b 2 b
4ab fa+; 10b(a+x%)3/2 8a2\b [a+

a+
3 3
3% 9% 3 (Va2 x

5/2
X +

b
a+ —
x4

+

ﬁ

b

8 a9/4 pl/4
X2

x4

2
b
x2

bl /4

) Bl i pti cE[2 ArcCot

1/4 1
a X], 5] 4 3%/4 pl/a

ax*

1+ EllipticF JiArcSinh[

2 pl/4

(\/§+Xﬁ) Bl i pticF[2 ArcCot [ 2%

| 3]

Result (type 4, 207 leaves):

3 /a+%
X
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ax? o ) iva
1+ EllipticE iArcSnnh[ x} 71]+
Vb
® Problem 2080: Result unnecessarily involves imaginary or complex numbers.
b \5/2
(a+7)
Jx‘* ax
X2
Optimal (type 4, 147 leaves, 5 steps):
2 - ( a+VX§T)EllipticF[zArcoot{a;’lﬂ, ]
20 a a+ 7 10a(a %>3/2 (
) 77 x ) 77 x )
77bY4 [a+ 2
X
Result (type 4, 148 leaves):
1
77 [ 2 o (b+ax*)
VB
i+/a a x4 iva
(7b%+31ab?x*+61a’bx®+37a%x?) +40ia3x! |1+ El i pti cF[i ArcSinh| x|, -1]

® Problem 2081: Result unnecessarily involves imaginary or complex numbers.

%>5/2

(a+
JXA dx
X

Optimal (type 4, 278 leaves, 7 steps):
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2 b 3 L2
4a% Ja F 10a(ar2)®? (as D)% 8a% Jax
X X
- - - - +
3 3 3
39 x 117 x 13 x 39\5(\/?+X£2)x
Vb . . al/4 x 1 Vb H : al/4x 1
+ X2)ElllptlcE{ZArcOot[bM}, E} + XZ)EIIlptlcF{ZArcOot[W}, 5}
39034 [a. 2 3934 [a+ >
X X
Result (type 4, 223 leaves):
b iva ax4 ia
| la+— (9b*+37ab®x*+59a%b2x® +55a%bx!?+24a*x!®) —24a"2 Vb x3 |1+ El 1 pticE|i ArcSinh|
x4 Vb Vb

ax* ia

24a72/b x3 |1+ Bl 1 pticF|i ArcSinh|
Vb

Vb

® Problem 2084: Result more than twice size of optimal antiderivative.

1
— dX
a+x% X

Optimal (type 3, 27 leaves, 3steps):

=
ArcTanh[ }

a

2+/a
Result (type 3, 55leaves):

7/ b +ax? ArcTanh[M}

b+a x4

2+/a la+x34 x2

x|, -1] /117 RN (b+ax*)
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® Problem 2086: Result unnecessarily involves imaginary or complex numbers.

X2
J L
/ a+ X%
Optimal (type 4, 110leaves, 3steps):

Vb

XZ

3a )
5/4 LA
6a a+ 5

Result (type 4, 113leaves):

ey (beaxt) +ib [14 2 EIIipticF{jArcSinh{ 1a x}, _1]
Vb b Vb
3a 1'17,61 a_'_ﬂ4 XZ
R A

® Problem 2087: Result unnecessarily involves imaginary or complex numbers.

1
— dx
b

/a+x—4

Optimal (type 4, 231leaves, 5steps):

) Bl lipticF[2ArcCot 2], 1]

plr/4

Vb

XZ

b a
a[\a X
( T e a4 [a+ 2
X

Vb

+ —
X2

2a%4 |a+ 2
X

Result (type 4, 107 leaves):

1/4
b pl/4

) Bl i pticE[2 ArcCot 2], L]

) Bl i pti cF[2 ArcCot

al/d x 1
pi/d |* 2
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. ax?
i /1+ 2=
AT e

Bl i pti cE[i ArcSinh| %x],fl]fEllipticF iArcsinh| [ ], 1]

b

. 3/2
iva as b 2
Vo Xt

® Problem 2088: Result unnecessarily involves imaginary or complex numbers.

1
- dx
/a+x% x2

Optimal (type 4, 88leaves, 2steps):

2

2al/4pl/ia gy %
X

Result (type 4, 77 leaves) :

i1+ EllipticF[iArcsinh| Nrb; x|, -1]

iva  [o b o2
Vo Xt

b
x4 Vb : : al/4x 1
ﬁ (x/a = )E||IptICF[2ArCCOt it } 5]

® Problem 2089: Result unnecessarily involves imaginary or complex numbers.

1
—  dXx
la+x34 x4

Optimal (type 4, 212 leaves, 4 steps):

b
— (\/?+ @) EIIipticE[ZArcOot

X

] E] et (ﬁ+xﬁ)E||ipticF{2Arcoot[all“fj}, 1]

—\2 2 b

Vb
Vb (x/a 3 )X b3/ |a. L 2034 Ja+ =
X X

Result (type 4, 173 leaves):



b+ax* 1
- +
/ b 3 iva b 2
b a+ 3 X \/W \/FJaJrX‘, X
iva x2 iva x2 iva
va [1-——" |1+—"" |ElipticE jArcSinh[ x},_l]_EllipticF jArcSinh{
Vb Vb Vb

® Problem 2094: Result unnecessarily involves imaginary or complex numbers.
X2
J LS,
(a . X%>3/2
Optimal (type 4, 131leaves, 4 steps):

Vb
X2

)EIIipticF{ZArcCot 221 4]

- +

2a |a+ 2 122%4 [a+2
X X

Result (type 4, 116 leaves):

LAy (5be2axt)+5ib. [1+ 2% ElipticF[iAcsinh| [ x|, 1]
75 b 75

1
b \3/2 dx
(a+ X—4)

Optimal (type 4, 258 leaves, 6 steps):
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3+/b a+£4 3 a+34 X
X X X
- + +
) 2a?
a+x—4
Vb R al/4 x Vb C ot at’x 1
= ) I i pti cE[2 ArcCot [ 2 b )ElllptucF[zArccot (222 4]

2874 Ja+ 2 427 a5
X X
Result (type 4, 166 leaves):
1
2232 [1Va a0 2
Vb Xt

iva
Vb

x4 i+a 4

Vb

—\/; X3+3\/b—

1+

ax
EllipticE lercSinh{ x],—l}—S\/b_ 1+ EllipticF lercSinh{

® Problem 2096: Result unnecessarily involves imaginary or complex numbers.

1
b \3/2 5 ax
(a+ —) X

X4

Optimal (type 4, 110leaves, 3steps):

2

b
— b . . 1/4 1
7}2 (\/a o )ElllptlcF[ZArcOot 2], 4

4a54pl/4 [as x%

Result (type 4, 105 leaves):

JFH x+iJ1+abi Bl i pticF[iArcSinh| f‘jbf x|, -1]

i b
2a | X2 a+ g x2
Vb
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® Problem 2097: Result unnecessarily involves imaginary or complex numbers.

1
b \3/2 4 ax
(a+ X—4) X

Optimal (type 4, 241 leaves, 5steps):

Vb

x2

e (Va2 ) ElipticE[2 ArcCot
— 2 X2

a;:f]y %] )EllipticF{zArcoot[a;fﬂ, ﬂ

2 a3/4 b3/4 a+ x% 4 a3/4 b3/4 a+ X%

Result (type 4, 166 leaves):

iva a x4
i|[Va x2 Vb |1+ EIIipticE{JiArcSinh{
Vb b
3/2
632 as 2 2
X4

® Problem 2102: Result unnecessarily involves imaginary or complex numbers.

X2
\J\ b \5/2 dx
(a+ X—4>

Optimal (type 4, 152 leaves, 5steps):

E||ipticF[]1Arcsinh[

iva
Vb

2

x? pl/4

N W) Bl 1ipticF[2ArcCot 2], L]

x3 3x3 x*
- - + +

b \3/2 4 a3
6a(a+ — / a
b b
( x4) 4 a2 a+ — 8 als/4 a+ —
X X

Result (type 4, 118 leaves):
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1550 /1.2 BlipticF[: Acsinh| JT"‘ x|, -1]

iva

15b? x+21 ab x5+4 a? x° .
b+a x4

—
\b

12a% [a+ 2 x2
X

® Problem 2103: Result unnecessarily involves imaginary or complex numbers.

1
b \5/2 dx
(a+ x—4)

Optimal (type 4, 277 leaves, 7 steps):

- - - + +
13/2 4a3
) 1222 |a+2
X4
f)EilipticE[ZArcCot 2= 3] +g)EIIipticF{2ArcCot[%}, 1]

N gallt la+ o
X X

Result (type 4, 153 leaves):

74 /120 (B iptice i Arcsinh | e x|, 1] - 1ipticF|iArcsinh| ia x|, 1]
a\2 x® (7b+9ax*) Vb Vo
(b+ax ) Py (b+ax4) + —\3/2
az iva
&=

4 (a+ 2)*%x0

® Problem 2104: Result unnecessarily involves imaginary or complex numbers.

1
b \5/2 > ax
(a+ —) X

x4

Optimal (type 4, 131 leaves, 4 steps):
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Va + g) Bl lipticF[2ArcCot [27%] 1]

1

%)3/2

6a(a-+
( 12 a2 +— X 24394pl/4 a2

XA

Result (type 4, 107 leaves) :

5i . 1+— EllipticF 1ArcS|nh[ ”E x},—l}

5bx+7ax5 Vb

b+ax* \/7
1222 Ja+2 x2
X

® Problem 2105: Result unnecessarily involves imaginary or complex numbers.

1
b \5/2 g4 ax
(a+ﬁj X

Optimal (type 4, 262 leaves, 6 steps):

=
=
)
+
X|o

e (ﬁ+f)EllipticE[2Arccbt — (H+F)ElllptlcF[2Ar0C0t[bu } ﬂ

al/4x 1
pia |' 2
4a74p34 |a+ x% 8a’/4p34 |as %

Result (type 4, 155 leaves):
EllipticE nArcSlnh{ x},—l}—lﬂlipticF JiArcSinh[ x},l}’

—
i == 4/1+—
+
3ab?+3a?bx* a?

bx3+3ax’ Ve

(b+axﬂ2
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® Problem 2107: Unable to integrate problem.

J 1
——dx
a+ X% X
Optimal (type 3, 27 leaves, 3steps):

=
ZNcTanh{ix}

a

5+/a
Result (type 8, 17 leaves):

® Problem 2108: Unable to integrate problem.

1
—dx
/—a+x% X

Optimal (type 3, 29leaves, 3steps):

7a+%
2ArcTan{7x]

a

5vVa
Result (type 8, 19 leaves):

J 1
———dx
-a+ % X
X
® Problem 2149: Result more than twice size of optimal antiderivative.
[avbx )
J B
X4
Optimal (type 2, 21leaves, 1step):
(asbVx )’

3ax3



Result (type 2, 63 leaves):

a>+6a*b/x +15a%b?x +20a?b®x3?2 +15ab*x?+6bd>x57?

3 x3

Problem 2157: Result more than twice size of optimal antiderivative.
J(a +b \/X_) " ax
Optimal (type 2, 38leaves, 3steps):

2a(a+bdx_)ll (a+wx—)“
- +
11 b2 6 b2
Result (type 2, 131 leaves):

20 45 105
al%x + — a%bx32; — a®h?x2+48a’ b3 x%2,.70a% b4 x3+72a% 0% x7/2 4y — atbOx4 s —
3 2 2

Problem 2164: Result more than twice size of optimal antiderivative.
(asbx )
J B
X7
Optimal (type 2, 46 leaves, 3steps):
(arbx )" bfasbyx )™
+

6 axb 66 a2 x11/2
Result (type 2, 124 leaves):
1

11al°+120a°b+/x +594a8b2x +1760a’ b3 x%2 4

66 x©

20
a®b’ x%2.:9a%bh8 x5+ —

3465 a® b* x2 + 4752 a® b5 x%/2 + 4620 a* b x3 + 3168 a® b’ x7/2 + 1485 a? b8 x* + 440 a b® x%/2 + 66 b0 x>

Problem 2173: Result more than twice size of optimal antiderivative.
J(a+b\/x_)15xdlx
Optimal (type 2, 80leaves, 3steps):
a3 (a+b\/x_)16 6 a? (a+b\/x_)17 a (a+b\/x_)18 2 (a+b\/x_)lg
_ N _

+

8 b* 17 b* 3 b4 19 b*
Result (type 2, 199 leaves):

ab?x

11/2 4

1.1.3 General.nb |233

blO X6

6
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als x2 1365
+6a*bx®?2+35a%b?x%+130a2?b3x"2+ —— allb*x*+ —— al®b®>x%2 + 1001 a° b8 x® + 1170 a® b’ x11/2
4 3

2145 45 0 5 2
a’ b8 x8 + 770 a® b x13/2 4+ 429 a5 10 x7 + 182 a4 pll x15/2 . a3 bl2 x8 . a2pl3xl7/2, ~ gpla g9, — pl5yl9/2
2 8 7 3

® Problem 2174: Result more than twice size of optimal antiderivative.
J(a +b W) * ax
Optimal (type 2, 38leaves, 3steps):
a (a+b\/x_)16 2 (a+b\/x_)17
+

8 b? 17 b2
Result (type 2, 190 leaves):

105 5005
a®x +10abx%2+ — al®ph?x?2 +182 a2 b3 x%2 1+ 455at b* x3+858al%b®>x7/2+ —— a®bb x* + 1430 a8 b’ x%/2 +
4
1001 15 2
1287 a’ b8 x> +910a® b? x1/2 4 — — a5p10x6 ,210a% b1 x13/2 1 6583 b2 x7 + 14 a2 b3 x15/2 4 — g bt x8 + — p15x17/2
8 17

® Problem 2182: Result more than twice size of optimal antiderivative.
(avb/x )™
J B
XQ
Optimal (type 2, 21leaves, 1step):
[avb/x )™

8 ax8

Result (type 2, 183 leaves):

1
- a® +16ab-/x +120a® b2 x +560a'?bdx3/2, 1820 a'! b* x2 + 4368 al® b° x°/2 1 8008 a® b x3 + 11440 a8 b” x7/2 +
8 X
12870 a’ b8 x* + 11440 a® b x°/2 + 8008 a® b0 x5 + 4368 a* b'! x11/2 + 1820 a3 b'? x8 + 560 a2 b3 x13/2 . 120 a b x7 + 16 b1® x15/2

® Problem 2183: Result more than twice size of optimal antiderivative.

(a+bﬁ)15
de

XlO
Optimal (type 2, 70leaves, 4 steps):
(avbx ) 2b(asbx | b2 (arbx )
+ -

9ax? 153 a2 x17/2 1224 a3 x8
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Result (type 2, 185 leaves):

S e 136 al® + 2160 a* b /x + 16065 a3 b2 x + 74256 a2 b3 x3/2 + 238680 all b* x2 + 565488 al® b® x5/2 1 1021020 a° b® x3 + 1432080 a8 b” x7/2 +
1224 x

1575288 a’ b8 x* + 1361360 a® b x%/2 + 918918 a® b1° x> + 477360 a* b x11/2 , 185640 a% b2 x® + 51408 a2 b3 x13/2 , 9180 a b'* x” + 816 b1® x15/2

Problem 2218: Result more than twice size of optimal antiderivative.

X
(a +b \/X7)
Optimal (type 2, 21leaves, 1step):
X2
2a (a +b W) !
Result (type 2, 50 leaves):
a®+4a2b+/x +6ab?x+4Db3x3/2
2b% (a+bx !

Problem 2271: Result unnecessarily involves higher level functions.

X3
—d
J(a+bx3/2)2/3 ”

Optimal (type 3, 139 leaves, 4 steps):

2613 V%

+
\a-bx3 211/3

V3 5a? Log[bl/3\/x_, <a+bx3/2)1/3]
- . ) )

9 b? 3b 9+/3 b8/ 9 b8/3

5 ax (a+bx3/2)1/3 x5/2 (a+bx3/2)1/3 10 a2ArcTan{

Result (type 5, 87 leaves):

2 5 b x3/2

. 2
Hyper geonet ri c2F1 3 3 3

/ 2/3
~5a?x-2abx%2+3b2x*+5a?x (1+ﬂ)

9b? (a+bx32)?3

Problem 2272: Result unnecessarily involves higher level functions.

1
—d
arbx32)?°

Optimal (type 3, 82leaves, 2steps):
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1. 2bY/3/x
2ArcTan{%} Log[bl/a\/)T_ (a+bx3/2)1”3]
7 /3 p?/3 7 b2/3

Result (type 5, 53 leaves):

2/3 : 2 2 5
) HypergeometrchFl[g, 2 g,

X (a+bx3’2 b x3/2

a

(a+bx22) 22

® Problem 2279: Result unnecessarily involves higher level functions.
1
—  dx
x (a+bx3/2)2?®
Optimal (type 3, 85leaves, 5steps):
al/3.2 (a+bx32)*?
2aceTan| == 25| Logrx  Log[ate - (abx0Z)H]
- - +
\/? a2/3 2 a2/3 a2/3
Result (type 5, 52 leaves):
2/3 . 2 2 5
(1+ bxaw) HypergeonetncZFl[g, o —b;‘ﬁ]
(a+bx32)??
|

Problem 2280: Result unnecessarily involves higher level functions.

1
dx
x4 (a+bx3/2)2/3

Optimal (type 3, 148leaves, 7 steps):

2 al/3.2 (a+bx32)*3
i (a+bx3/2)1/3 +5b(a+bx3/2)1/3_10b ArcTan{ J3 air _5b2 Log [X] +5b2Log[a1/3—(a+bx3/2)1/3]
3ax® 9 a?x3/? 9+/3 a8/ 18 a8/3 9 a83

Result (type 5, 91 leaves):

-3a2+2abx3%2+5h2x3-5p? (l+b;/z)zmx?’l-lypergeorretricZFl[%, - 1

9a?x3 (a+bx3/2)2/3

® Problem 2281: Result more than twice size of optimal antiderivative.

X4
—d
J(a+bx3/2)2/3 ’
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Optimal (type 5, 42leaves, 3steps):

x5 (a+bx3/2)1/3 Hyper geomet ri c2F1|1, 13—1 ? 7ﬂ]

5a
Result (type 5, 103 leaves):

2\ 2/3 :
VX (14a3+7a2bx3/272ab2x3+5b3x9/2714a3 (1+%) Hyper geomret ri c2F1 % % %, _bxe

|

20 b3 (a+bx3/2>2/3

Problem 2319: Result more than twice size of optimal antiderivative.

(a+bx1/3)°
X

Optimal (type 2, 21leaves, 1step):

(a+ bx1/3)6

) 2 ax?
Result (type 2, 65 leaves):

a®>+6a*bx/3+15a3b2x2/3120a?b3x +15ab*x%/3+6b°>x>3

2 x2

Problem 2328: Result more than twice size of optimal antiderivative.
J(a +bx1/3) 10 ax

Optimal (type 2, 59 leaves, 3steps):

3a2 (a+bx¥3)™ a(a+bx¥3)? 3 (asbxi3)V
- +

11 b3 2 bs 13 b3
Result (type 2, 133 leaves):
15 189 135 5 3
al°x+ —agbx4/3+27a8 b2x5/3+60a7 b3x2+90a6 b4X7/3+ 7&5 b5x8/3+70a4 b6X3+3633 b7 Xlo/3+ 7&2 b8X11/3+ 7ab9X4+ 7blOX13/3
2 2 11 2 13

Problem 2333: Result more than twice size of optimal antiderivative.

(a+bx1/3)10
s X
X

Optimal (type 2, 46leaves, 3steps):

11 11

(a+bx1/3) b (a+bx1/3)

N
4 a x4 44 a2 x11/3
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Result (type 2, 128 leaves):
1

- (112 +120a° b x'/3® +594 a® b? x*/% + 1760 2’ b® x +
44 x4
3465 a® b* x*/% + 4752 a° b® x°/ + 4620 a* b°® x* + 3168 a> b’ x"/* + 1485 a® b® x®/3 + 440 a b x® + 66 b0 x'°/3)
® Problem 2344: Result more than twice size of optimal antiderivative.

J(a +b x1/3)15 dx

Optimal (type 2, 59 leaves, 3steps):

3a? (a+bx1/3)16 6.51(a+bx1/3)17 (a+bx1/3)18
- +
16 b3 17 b3 6 b3
Result (type 2, 204 leaves):
alS X + E a14 b X4/3 +63 a13 b2 X5/3 + ﬁ a12 b3 XZ 4+ 585 a‘ll b4 X7/3 + w alO bS X8/3 + % a9 bG X3 + % a8 b7 X10/3 +

15 +6
1755 a’ b8 x11/3 . 5005 a® b x4 + 693 a° b0 x13/3 , 585 a4 plt x14/3 . 91 a3 b2 x5 . 315 a2 pl3 x16/3 ﬁ abl4 x17/3 . b™ X
4 2 1 17 6

® Problem 2350: Result more than twice size of optimal antiderivative.

J(a+bx1/3)15
—7le
X

Optimal (type 2, 72leaves, 4 steps):

(a+bx13)*® b (a+bx3)™ b2 (abxl/3)*

6 ax® 51 a2 x17/3 816 a3 x16/3

Result (type 2, 189 leaves):

- (136.a' +2160 a'* b x'/* + 16 065 a'® b? x*/* + 74256 a* b* x + 238680 a™* b* x*/* + 565488 a'® b® x*'* + 1021020 a° b° x* + 1432080 a® b” x7/* +
816 x
1575288 a’ b® x®/% + 1361360 a° b? x® + 918918 a° b'® x'%/3 + 477360 a* b™* x*1/3 + 185640 a® b'? x* + 51408 a® b*3 x'3/3 + 9180 a b4 x'*/3 + 816 b*° x°)

® Problem 2393: Result unnecessarily involves higher level functions.

b 2/3
J a+ ) dx

X3/2
Optimal (type 3, 95leaves, 4 steps):

2/3 2 b?/3 ArcTan { — /3 pi/3
X - +b2/3 Log[
V3

x3/2



Result (type 5, 53 leaves):

2
(as =) 23 )

® x Hyper geomet ri c2F1 [- % -

b \2/3
a+——
x3/2

a

Problem 2478: Result more than twice size of optimal antiderivative.

1
Jidlx
(a+bxn)2

Optimal (type 5, 24 leaves, 1step):

x Hyper geonet ri c2F1|2, % 1+% 7b:"]
a2
Result (type 5, 49 leaves):
X (a+ (-1+n) (a+bx") Hypergeonetric2Fi[1, &, 1+, -2X7)

aZn (a+bxM

Problem 2482: Result more than twice size of optimal antiderivative.

X
Jidx
(a+bxm?3

Optimal (type 5, 33leaves, 1step):

x? Hyper geonet ri c2F1 |3, % 2;”, bx”}

2ad
Result (type 5, 74 leaves):

X2 2 2+n

(a (a (-2+3n)+2b (-1+n) x"
(a+b x")2

L+ (2-3n+n?) Hypergeometric2F1[1, =, =%, 2%

2 a3 n?

Problem 2483: Result more than twice size of optimal antiderivative.

1
J T ax
(a+bxm3
Optimal (type 5, 24 leaves, 1step):

X Hyper geonet ri c2F1|3, % 143, 22X

n a

as

Result (type 5, 71leaves):

1.1.3 General.nb | 239
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X (a(a<71+3(21;2n<)—21+2n>x”> +(1-3n+2n?) Hypergeometric2F1[1, —, 1+ % - bxn])

2 a3 n?

® Problem 2485: Result more than twice size of optimal antiderivative.

1
Jidlx
x2 (a+bxm)3

Optimal (type 5, 34 leaves, 1step):

Hyper geonetri c2F1(3, - % - 1n;” - b:" ]
ad x
Result (type 5, 76 leaves):
a (a+3an+b (1+2n) x") 2 . 1 -1+n b x"
Y - (1+3n+2n?) Hypergeonetri C2F1[1, - oo ]
2a3n?x
" Problem 2486: Result more than twice size of optimal antiderivative.
p
1
Ji dx
x3 (a+bx")3
Optimal (type 5, 36leaves, 1step):
Hyper geonet ri c2F1[3, - % - 2% - b:” ]
) 2 ad x2
Result (type 5, 75 leaves):
a(a (2+3n)+2b (1+n) x™) 2 . 2 -2+n b x"
Y - (2+3n+n?) Hypergeonetric2Fl[1, -5, =%, - > ]
2 a3 n? x2
|

Problem 2492: Result more than twice size of optimal antiderivative.
Jx (a+bx" 32 ax

Optimal (type 5, 48leaves, 2steps):

x2 (a+ b x")%2 Hyper geonet ri c2F1|1, 2+§ 20X

2a
Result (type 5, 102 leaves):

x2 |4 (a+bx™) (4a (l+n)+b (4+n)x") +3a?n? 1+b%‘ HypergeometricZFl[%,

2(4+n) (4+3n)Vva+hbx"
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® Problem 2493: Result more than twice size of optimal antiderivative.
J(a+bx”)3/2 dx

Optimal (type 5, 39leaves, 2steps):

X (a+bx")%2 Hypergeometri c2F1]1, g+ % 1+

S|
o

x
E]

a

Result (type 5, 94 leaves):

X |2 (@a+bx") (a(2+4n)+b (2+n)x") +3a?n? 1+bain I—lypergeometricZFl[%, % 1+ % 7b:"]
(2+n) (2+3n) Vva+bx"
® Problem 2495: Result more than twice size of optimal antiderivative.

(a+bxn)3/2

Ji ax
X2

Optimal (type 5, 49leaves, 2 steps):

(a+bx")5/2 Hypergeonet ri c2F1 |1, g - % - 1%‘ - b:]

ax

Result (type 5, 100 leaves):
2 (a+bx") (a(-2+4n)+b (-2+n)x") -3a2n2 |1+ b%” Hyper geomet ri c2F1[%, —%, '1n*” —b:”}

(-2+n) (-2+3n)xVa+bx"

Problem 2497: Result more than twice size of optimal antiderivative.
Jx (a+bx")%2ax

Optimal (type 5, 48leaves, 2steps):

x2 (a+bx")7/2 Hyper geonet ri c2F1[1, %+§ Zn bxn}

n’ a

2a
Result (type 5, 144 leaves):



242 | 1.1.3 General.nb

x? |4 (a+bx") (a® (16 +36n+23n?) +ab (32+52n+11n?) x"+b? (16 +16n+3n?) x?") +

b x" 1 2 2+n b x"
3 K3 H _ _ o n
15a%n3 |1+ 5 HypergeometruczFl[z, S ] /(2 (4+n) (4+3n) (4+5n)Ja+bx )

® Problem 2498: Result more than twice size of optimal antiderivative.

J(a+bx“)5/2 dx

Optimal (type 5, 39leaves, 2steps):

X (a+bx") 72 Hypergeomet ri c2F1[1, %Jr% 1+%, -

a
Result (type 5, 135leaves):

X |2 (a+bx") (a® (4+18n+23n?) +ab (8 +26n+11n?) x"+b® (4+8n+3n?) x*") +

b x" 1 1 1 b x"
15a%n® |1+ HypergeorretricZFl[—, — 1+—, - ] /((2+n) (2+3n) (2+5n>x/a+bx“)
a 2 n n a

® Problem 2500: Result more than twice size of optimal antiderivative.

(a+bxn)s/2
[

X2

Optimal (type 5, 49 leaves, 2 steps):

(a+bx") 72 Hyper geonet ri c2F1 |1, I

ax

Result (type 5, 141 leaves):

2 (a+bx") (a® (4-18n+23n%) +ab (8-26n+11n%) x"+b? (4-8n+3n?) x*") -

b x" 1 1 -1+n b x"
15a%nd® |1+ HypergeorretricZFl[f, - , ——} /((—2+n> (-2+3n) (—2+5n)Xx/a+bx“]
a 2 n n a



Problem 2501: Result more than twice size of optimal antiderivative.

(a+bx”)5/2
[

x3

Optimal (type 5, 51leaves, 2steps):

(a+bx") 72 Hyper geonet ri c2F1|[1,

2 ax?

Result (type 5, 144 leaves):

4 (a+bx") (a® (16 -36n+23n%) +ab (32-52n+11n?) x" +b? (16 -16 n+3n?) x*") -

b x" 1 2 -2+n b x"
15and® |1+ HypergeomatricZFl[f, - , ——} /(2 (-4+n) (-4+3n) (—4+5n)x2«/a+bx“]

a 2 n n a
Problem 2512: Result more than twice size of optimal antiderivative.

X
Jidlx
(a+bx”)5/2

Optimal (type 5, 48leaves, 2steps):

2 . 3 2 2+n b x"
x2 Hyper geonet ri c2F1[1, R T ]
2a (a+bx")3?2
Result (type 5, 100 leaves):
1 b x"
x> |4an+4 (-4+3n) (a+bx") + (16 -16n+3n?) (a+bx") [1+
6a2n? (a+bxn)s2 a

Problem 2513: Result more than twice size of optimal antiderivative.

1
Ji ax
(a+bxn)s/2

Optimal (type 5, 39leaves, 2steps):

X Hyper geomet ri c2F1[1, 7§+§, 1+%, _

a (a+hbxn)3?2

Result (type 5, 94 leaves):

Hyper geonetri c2F1| —,
2
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2+n b x"

a
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1 b x"
X|2an+2(-2+3n) (a+bx") + (4-8n+3n?) (a+bx") |1+
3a2n? (a+bxn)8/2 a

1
Hyper geonetri c2F1| —, —
2

Problem 2515: Result more than twice size of optimal antiderivative.

J 1
— dX
X2 (a+bx")5/2

Optimal (type 5, 49leaves, 2 steps):

Hypergeonetric2F1[1, -~ - -, - =",

ax (a+bxn)sd2

Result (type 5, 101 leaves):

2an+2 (2+3n) (a+bx") - (4+8n+3n?) (a+bx") 1+b%” I—IypergeorretricZFl[%, - , -

3a2n2x (a+bxn32

Problem 2517: Result unnecessarily involves higher level functions.

(a+bxmts3
[———ax

X

Optimal (type 3, 106 leaves, 6 steps):

1/3 al/3.:2 (a+b x")1/3
V3 a ArcTan[iﬁam } L
- - —a'%Log[x] +
n n 2 2n

3 (a+bx")t? 3al3Log[al’? - (a+bx") 13|

Result (type 5, 68 leaves):

6 (a+bx") -3a (1+az")2/3

HypergeometricZFl[%, % 2 —axn}

2n (a+bxn)2/3

Problem 2561: Result more than twice size of optimal antiderivative.
J-x’l’sn (a+bx")5%dx

Optimal (type 3, 24 leaves, 1step):
x 6" (a+bx")t

6an
Result (type 3, 72leaves):

x 8" (a®+6a*bx"+15a3b2x2"+20a? b3 x3" + 15ab? x*" + 6 b® x°")

6n
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® Problem 2573: Result more than twice size of optimal antiderivative.
Jx’l*“ (a+bx")8ax

Optimal (type 3, 40leaves, 3steps):
a(a+bx™m® (a+bx"10

9b%n : 10b?n
Result (type 3, 113 leaves):

1
——x?" (45a% +240a’ b x" + 630 a°® b” x*" + 1008 a° b3 x3" + 1050 a* b* x*" + 720 a® b> x*" + 315a° b® x®" + 80 a b’ x'" + 9 b® x2")
90 n

Problem 2584: Result more than twice size of optimal antiderivative.
Jx‘l‘gn (a+bx"8ax

Optimal (type 3, 24 leaves, 1step):
x 9" (a+bx")?
9an
Result (type 3, 111 leaves):
1
-—x " (a®+9a’bx"+36a°b? x*"+84a°b? x®"+ 126 a® b* x*" + 126 a3 b> x°" + 84 2% b® x°" + 36 a b’ x'" + 9 b® x5")
9n

Problem 2585:; Result more than twice size of optimal antiderivative.
Jx’l’lon (a+bx")8dx

Optimal (type 3, 50leaves, 3steps):
x 0 @a+bxM® bx°"(a+bx")®
- +

10an 90 a2 n
Result (type 3, 113 leaves):

1
-——x 1" (9a®+80a’ bx"+315a%b?x?" +720a° b? x*" + 1050 a* b* x*" + 1008 a® b® x>" + 630 a® b® x®" + 240 a b’ x"" + 45 b® x8")
90n

Problem 2592: Result more than twice size of optimal antiderivative.
Jxlz (a+bx'?) 12 9x

Optimal (type 1, 16leaves, 1step):

(a+b x13)13

169b
Result (type 1, 160 leaves):
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12 13

al2x1* 6 22 55 99 2

+—allbx®+ —al®b?x% + —a®p®x®+ —alb*x%® 4~ a’box7®+
1

13 13

12 1169
132 ab b® x! . % a5 b7 x104 . ﬁ a% b8 x117 . E ad b x130 . i a2 b10 x143 i a bll x156 . b™ x
13 13 13 13 13 13 169

® Problem 2593: Result more than twice size of optimal antiderivative.
sz“ (a+bx*) 2 gx

Optimal (type 1, 16leaves, 1step):
(a+bx2%) 13

325b
Result (type 1, 160 leaves):

12 25
arx N i all p x50 . E alo p2 x75 . E ad b3 x100 | % a8 b? x125 . 182 a’ b5 x50 .
25 25 25 5 25 25
12 4325
132 ab pb x175 . % ad p7 x200 , E a% p8 x225 | E a3 p9 x250 . i a2 plo x275 , i a bll x300 ™ x
25 25 5 25 25 25 325

® Problem 2594: Result more than twice size of optimal antiderivative.
Jx36 (a+bx¥) 12 g9x
Optimal (type 1, 16leaves, 1step):
(a+b x37)13

481 b
Result (type 1, 160 leaves):

12 37
arx . iallbx74+ Ealo b2 x111 §a9 b3 x148 %as b% x185 3 a’ bs x222
37 37
132 99 55 22 6 1 b2 x481
ab bh® x259 4 a5 7 x296 , = a4 B 333 | TT 939 370 | 2 pl0 4407 | T o 1l 4444
37 37 37 37 37 37 481

® Problem 2640: Result is not expressed in closed-form.

2n

x 1%
——— dX
a+bx"

Optimal (type 3, 160 leaves, 8steps):

/—3 b2/3 ArcTan al/3_2 pl/3 xn/3 / /
3 x-2n/3 V3 air3 b2/3 Log[al/S Jrbl/?: Xn/S} b2/3 Log[aZ/S 73.1’/3 bl/3 xn/3 Jrb2/3 X2n/3]
- + - +

2an a®/3n a®/3n 2a%3n

Result (type 7, 60 leaves):
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nLog(x]+3 Log[x™"/3-u1]
#l

&

-9ax-2n/3,2pRoot Sum/b + a1l &

6a%n
Problem 2641: Result is not expressed in closed-form.

x’l’%n
dx
a+bx"
Optimal (type 3, 236 leaves, 11 steps):

ax-3n/4 V2 b3/4ArcTan[1—M} V2 b3/4ArcTan[l+M]

1/4 al/a

~ 3an : a’’4n a’’4n :

p3/4 Log[~ha _~/2 al/4pl/axn/a  +/p Xn/z} h3/4 Log{ﬂﬁa +~/2 al/4pl/axn/a  A/p Xn/z]
A2 a’’*n V2 a4n

Result (type 7, 60 leaves):

nLog(x]+4 Log |[x ™4-ul]
1l

~16ax-3"4 , 3 b Root 3um[b+an14 & &]

12 a2 n

Problem 2644: Result is not expressed in closed-form.

x 13
dx
a+bx"

Optimal (type 3, 158 leaves, 9steps):

V3 b3

an a?/3n a%/3n 2 a%’3n

1/3 b1'372 al,’3 an,s
g3y V3 b A cTan[i b/3 Log [b1/3 +al/3 x /3] b1/3 Log[b?/3 + a2/3 x 21/3 _ a1/3 pl/3 x /3]
_ N -

Result (type 7, 59 leaves) :

b+anld g

L +3 L n/3_n1
~9ax "3 ;b Root Sum nLog (x] -3 Log [x 1] &}

112

3aZn

Problem 2645: Result is not expressed in closed-form.

x 1
dx
a+bx"

Optimal (type 3, 234 leaves, 12 steps):
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ax-/4 V2 b4 ArcTan [1 _ V2 avixn } V2 bl/4 ArcTan {1 L Yz avixs ]

pl/4 pl/a
" an a5/4n a5/4n -
pl/4 Log[ﬁlb +/a x "2 _+[2 al/4pl/s >(7n/4} hl/4 Log{ﬂ/b +/a x "2 +/2 al/4pl/ay-n/a
+
2 a54n V2 a5/4n

Result (type 7, 59 leaves) :

nLog(x]+4 Log [x ™*-ul]
113

~16ax "4 + b Root Sum[b+an14 & &]

4a%n
Problem 2647: Result is not expressed in closed-form.

x’l’%ﬂ
——— dx
Ja +bxn
Optimal (type 3, 176 leaves, 10 steps):

\/3 b*3 ArcTan [ LS Lt S
3x-4n/3  3py-n/3 o b*/3 Log[bl/3 + al/3x /3]  b4/3 Log[b2/3 + a2/3 x 27/3 _ al/3 pL/3 x 1/3]
- + + - +

4an aZn a’’®n a’’3n 2a’/3n
Result (type 7, 70 leaves):

nLog[x]+3Log[x "3-11]
11?2

9ax-4n3 (a74bx“)+4b2RootSum[b+anl3&, &]

12a%n

Problem 2648:; Result is not expressed in closed-form.

x'l'%Tn
——— dx
a+bx"
Optimal (type 3, 252 leaves, 13 steps):

Ax-5N/4  gpx-n4 V2 b5/4ArcTan[17M} V2 b5/4ArcTan{1+M]

pl/4 pl/4
- + + - +
5an a’n a%“4n a%4n
p5/4 Log[ﬂ/b +/a x "2 _+[2 al/apl/a an/A} b5/4 Log [ﬂ/b w/a x "2, +/2 al/apl/a an/4]
A2 a%4n A2 a%4n

Result (type 7, 70 leaves):

nLog(x]+4 Log [x"/4-n1]
118

16 ax5"4 (a-5bx") +5b?Root Sumb +a #1* &

g

20a%n
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® Problem 2672: Result more than twice size of optimal antiderivative.

Xm
Ji ax
(a+bxm)3

Optimal (type 5, 40leaves, 1step):

x1*MHyper geonet ri c2F1 3, 1;”‘, 1*:‘*”, —%}
a® (1+m
Result (type 5, 100 leaves) :
1em aZn a (1+m-2n) (1+m’-+m(2—3 n)-3n+2 n2> Hyper geonmet ri c2F1 |1, 1;—m 17?",—%}
X (a+b x")2 B a+b x" 1+m
2adn?

® Problem 2673: Result more than twice size of optimal antiderivative.
Jxm (a+bx"3?2ax

Optimal (type 5, 55leaves, 2 steps):

1+m  1+men b x" ]

x1M (a + b x")%/2 Hyper geonet ri c2F1[1, g+ S

a(l+m

Result (type 5, 124 leaves):

xMi2 (1+m (a+bx") (2a (1+m+2n) +b (2+2m+n) x") +3a%n? |1+

b x" . 1 1+m 1+m+n b x"
Hyper geonetri c2F1| —, , ——, ] /
2 n n a

[(1+m) (2+2mM+n) (2+2mM+3n) «/a+bx”)

® Problem 2677: Result more than twice size of optimal antiderivative.

Xm
[z
(a+hbxm)®?

Optimal (type 5, 55leaves, 2steps):

1+m  1+men bx"]
n '’ n '’ a

xtMHyper geomet ri c2F1 (1, - g +

a(l+m (a+bxn)32

Result (type 5, 129 leaves):



250 | 1.1.3 General.nb

x2*M12 (1+m (an-(2+2m-3n) (a+bx")) +

b xn 1 1+m 1+m+n b x"

(4+4nf-8m(-1+n)-8n+3n%) (a+bx") |1+ Hyper georret ri c2F1 | —, , — } /(3a2 (L+m n® (a+bx")3?)

a 2 n n a

® Problem 2700: Result unnecessarily involves higher level functions.

Xm
d
J\(a+bx3 (Lem ) 173 "

Optimal (type 3, 97 leaves, 2steps):

1s Zbl leom
(asb x3 (1m ) 2/3
Ar cTan[i} Log [b1/3 x1+m_ (a+bx3@m) 1/3]

V3 b3 (1+m) 2bY3 (1+m

Result (type 5, 68 leaves):

3

Xl*m (a+b:3*3m)1/3

HypergeonetricZFlE, =, =

(1+m (a+bx3*3m)l/3

Problem 2701: Result unnecessarily involves higher level functions.
3 2/3
Jxm (a+bx’5 ‘l*m)) dx

Optimal (type 3, 139leaves, 3steps):

2 (1em | 273 L S qum | 173
xl*m(a+bx’5<”) 2b2/3ArcTan{7‘ : } b2/3 Log [b1/3 xz ™ - a+bx’5(”) }
3

- +

1+m \/? (l + m) 1+m
Result (type 5, 73 leaves):

3
3 - (1em)

2/3
x1+m (a+bx’z <1*m)) Hyper georet ri c2F1{7§, 7; % J”%

(1+m)
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® Problem 2702: Result unnecessarily involves higher level functions.

X71+g
—————dx
(a+bxmts3

Optimal (type 3, 89leaves, 2steps):

2pl/3n/3

1+
\/?ArcTan{%w] 3 Log[b1/3 xn/3 _ (aerXn)l/S}

bl/3 n 2 b1/3 n
Result (type 5, 57 leaves) :

3x"3 (20X 1% ypergeomet ricaF[ 2, L, 4, 0]

n(a+hbxmt3

Problem 2703: Result unnecessarily involves higher level functions.
Jx’lf?n (a+bx")23dx

Optimal (type 3, 114 leaves, 3steps):

2pl/3 /3
+

2/3 aibx") /3
3x20/3 (a+bxn)2/3 V3 b? ArcTan{(?} 3 p2/3 Log[bl/S xN/3 _ (a+bx”)l/3}
_ N _
2n n 2n

Result (type 5, 71leaves):

3x2n/3 (a+bx”72bx” (1+:ﬁ)l/SWpergeonetricZFl[%, 33 —bx"})

2n (a+bxn)1/3

Problem 2705: Result unnecessarily involves higher level functions.
2 1
J-(a+bx”)’ “n dx

Optimal (type 3, 146 leaves, 4 steps):

3—1 1,3

1
X (a+bx"M 3% 3nx (a+bx") . 6nZx (a+bxM a 6ndx (a+bxn)-t/n
+ + +
a(l1+3n) a? (1+5n+6n?) a® (1+n) (1+2n) (1+3n) a*(1+n) (1+2n) (1+3n)
Result (type 5, 55 leaves):
X (a+hbx"-t/m (1+%)5Hypergeonetri02F1[4+%, % 1+%, —b:n}

a4
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® Problem 2706: Result unnecessarily involves higher level functions.
1
J(a+bx”)’3’ﬁ dx

Optimal (type 3, 96 leaves, 3steps):

1 1
X (a+bx™ 25 2nx (a+bxM) s 2n2x (a+bxn)-m

+ +

a(l+2n) a2 (1+n) (1+2n) a%(1+n) (1+2n)

Result (type 5, 55 leaves):

1
bTX) " Hyper geomet ri c2F1[3 + % = 1+

X (a+bxm) /(1

as

Problem 2707: Result unnecessarily involves higher level functions.
J(a +b x“)’2’§ dx

Optimal (type 3, 50leaves, 2 steps):

1
X (a+bx™ T n  nx (a+bxn)-n

N
a(l+n) a? (L+n)

Result (type 5, 55 leaves):

1

= . 1 1 1 b x"
)"Hypergeon‘etrlc2F1[2+E, ooleo, - ]

b x"
a

X (a+bx") /(1

a2

Problem 2725: Result more than twice size of optimal antiderivative.
Jx’l’gn (a+bx"8ax

Optimal (type 3, 24 leaves, 1step):
x9N (a+bxM?®
9an
Result (type 3, 111 leaves):
1
- ——x9n (<’;18+9a7bx”+36a6 b% x2"+84a%b3x3" +126a* b*x*" +126a% b5 x®" + 84 a%b® xf" + 36 ab’ x7“+9b8x8“>
9n

Problem 2727: Result more than twice size of optimal antiderivative.

(a +b x3)8
—

Optimal (type 1, 19leaves, 1step):
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(a +b X3> °
 27ax?
Result (type 1, 108 leaves):

a8 a’b 4a%b? 28a5bd® 14a*b* 14a3b5 28a?b® 4ab’ b8

27 x27 3 x% 3x2 9 x18 3 x15 3 x12 9 x° 3 x5 3 x3

Problem 2730: Result unnecessarily involves higher level functions.
1+4n
J(a+bx”)’T dx

Optimal (type 3, 147 leaves, 4 steps):

1 1
X (a+bx" 35 3nx(a+bx")?a 6n3x (a+bxn-i/m 6n2x (a+bx") w
+ + +
a(l+3n) a? (1+5n+6n?) a*(l+n) (1+2n) (1+3n) a®(l+n) (1+2n) (1+3n)
Result (type 5, 55 leaves):
X (a+hxm-1/mn (1+%)5I—Vpergeonetri02Fl[4+%, % 1+%, —b:n}
a%

Problem 2731: Result unnecessarily involves higher level functions.
J(a+bx“)’$ dx

Optimal (type 3, 97 leaves, 3steps):

1 1+n
X (a+bx™ 2% 2n2x (a+bxM " 2nx (a+bx") o

+ +

a(l+2n) a® (1+n) (1+2n) a%2(1+n) (1+2n)

Result (type 5, 55 leaves):

1
) " Hyper geomet ri c2F1[3 + % % 1+

b x"

“1/ bx"
X (a+bx") /" (1 -

S|k
o

x
El

as

Problem 2732: Result unnecessarily involves higher level functions.
J(a+bx“)’$ dx

Optimal (type 3, 51leaves, 2steps):

nx (a+hxn)-1/n x(a+bx”)’%
+
aZ (1+n) a(l+n)

Result (type 5, 55 leaves):
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1
-1/n bxy o i 11 1o
X (a+bx" (1+ a) I—lypergeonetrlc2Fl[2+n, T

a2
® Problem 2763: Result is not expressed in closed-form.

(c x)’l’z?n
—————dx
a+bx"
Optimal (type 3, 222 leaves, 9steps):

1/372b1'3X”/3

\/3 b2/3x2n/3 (¢ x ’2”/3ArcTan{37}

3 (c X>72n/3 ( ) 3 als

_ . i _
2acn a®3c¢cn

p2/3 x2n/3 (cXx) -2n/3 Log [al/S + pbl/3 Xn/3} p2/3 x2n/3 (cx) -2n/3 Log [a2/3 _al/3 pl/3 yn/3 ,  p2/3 x2 n/3}
+
a%3cn 2a%%c¢cn

Result (type 7, 72leaves):

(cx)-2n/3 (—9 a +2 b x2"/3 Root Sum[b +anl® g, nLog (x]+3Log [x?-u1] &])

=1

6aZcn

® Problem 2764: Result is not expressed in closed-form.

(c x) S
——dx
a+bxn
Optimal (type 3, 317 leaves, 12 steps):

4 (cx)-3m4 N2 A3 (¢ x)’3”/4ArcTan[1f 7ﬁbmxw} V2 b34x3n/4 (¢ x)’3”/4ArcTan{1+ 4ﬁbmxw]

a1’4 al,4
- + - +
3acn a’’%cn a’’%cn
b3/4 x3n/4 (¢ x)-3n/4 Log{ [a —/2 al’4pl/4xn/4 ./p Xn/z} b3/4 x3n/4 (¢ x)-3n/4 Log{ [a ++/2 al/4pl/axn/4 . +/p Xn/Z]
V2 a’’%cn V2 a’’%cn

Result (type 7, 72leaves):

#l

(c x)-3n/4 (716a+3 b x3"/4 Root Sum{b +anlt & nLog [x] -4 Log [x*-u1] &H

12a?cn

® Problem 2767: Result is not expressed in closed-form.

(cx)*s
—F  dXx
a+bxn

Optimal (type 3, 220 leaves, 10 steps):



3 (CcX)

1/3 5 41/3 y-n/3
a3 V3 bYEx"E (¢ x)’”/3Ar(:Tan{7b 28 X }
V3 b3

N
acn a*3cn

pl/3 xn/3 (cXx) -n/3 Log [b1/3 +al/s X—n/3} pl/3 xn/3 (c X) -n/3 Log [bZ/?’ +a2/3 x-2n/3 _gl/3 pl/3 X—n/S]

a*3cn 2a*3cn

Result (type 7, 71leaves):

+ -n/3_
(cx)ns3 (—9a+bx”/3 Root Sum[b+am13 g "Loslxs3log[x o &])

112

3aZcn

® Problem 2768: Result is not expressed in closed-form.

(cx) s
—— dx
a+bxn
Optimal (type 3, 315leaves, 13 steps):

4 (cx)4 o V2 bUAxMA (e x)’”/“ArcTan{lf M} A2 blaxn/4 (¢ x)’”/4ArcTan{1+ M]

pl/4 pl/4
_ _ N _
acn a’4cn a’4cn
bl/4 xn/4 (¢ x) /4 Log{ﬂ/b +/a x "2 _+[2 gl/4pl/a an/ﬂ bl/4 xn/4 (¢ x) /4 Log{ﬂ/b +/a x N2 ,.+/2 al/4pl/ay-n/a
+
V2 a%4cn V2 a®4cn

Result (type 7, 71leaves):

+ n/4_
(cx)n4 (716a+bx“/4 Root Sum{b+aﬁ14 g "ot 4 Log x4 1) &”

118

4a%2cn

® Problem 2770: Result is not expressed in closed-form.

(c x)’l’%n
————dx
a+bx"
Optimal (type 3, 246 leaves, 11 steps):

/3 x4n/3 -4n/3 be-2al8 x 3
3(cx) 43 3bx" (cx) 43 V3 bt x (¢ x) ArcTan{ = }
- . . )

4acn a?cn a’’3cn

b4/3 X4n/3 (C X>—4n/3 Log[b1/3+al/3 an/S} b4/3 X4n/3 (C X)—4n/3 Log[b2/3+a2/3 X—Zn/3_al/3 bl/3 an/a]
+
a’’3cn 2a’’3cn

Result (type 7, 82 leaves):
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. n/3_
(cx)4n/3 (79a (a-4bx") -4b2x4"/3 Root Sum|b +a =12 & nLog X tfzg[x a1] &H

12adcn

® Problem 2771: Result is not expressed in closed-form.

(c Xx) -7
—————dx
a+hbx"
Optimal (type 3, 341leaves, 14 steps):

pl/4 pl/4

4 (cx)5N4  4pxn (cx)5n4 V2 b¥AxENA (cx)’5”/4ArcTan{17M} N2 bS/4 xsn/4 (cx)’5”/4ArcTan{1+M]
+ + -

.
5acn a?cn a%“4cn a%“4cn

b5/4 x5n/4 (¢ x)5n/4 Log{ﬁ/b +/a X2 _+[2 al/4pl/a an/A} b5/4 x5n/4 (¢ x) 5n/4 Log[ﬂ/b +a X2 4 +/2 al/dpl/a an/4]

V2 a4cn V2 a%cn

Result (type 7, 82 leaves):

4 -n/4_
(c x)5n/4 (716a (a-5bxM) -5b2x5"4 Root Sum|b +a r1* &, nLog (x4 Log [x-w1] &])

118

20acn

® Problem 2799: Result unnecessarily involves higher level functions.
J(c x)120-1P (g 1 b x™)P dx

Optimal (type 3, 79leaves, 2steps):

(ern (2+p) <a+bxn)l+p (CX)’” (2+p) (a+bx“>2*P
- +

acn (1+p) a?cn (1+p) (2+p)

Result (type 5, 69 leaves):

b x"

b n
. -

a

X (cx) 1" ZP) (a+bx")P (1+ )’p Hyper geonetric2F1[-2-p, -p, -1-p, -

n(2+p)

® Problem 2800: Result unnecessarily involves higher level functions.
J-(c x)18nnp g 4 b x")Pdx

Optimal (type 3, 127 leaves, 3steps):

(Cx)MBEP (arbx")P 2 (cx) "GP (a+bx")2P 2 (cx)"NBP (ga+bx")3P
_ N _

acn (1+p) aZcn (1+p) (2+p) atcn (1+p) (2+p) (3+p)

Result (type 5, 69 leaves):
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X (Cx) 1N GP) (a+bxmP (1+bai)’p Hyper geonetric2F1[-3 -p, -p, -2-p, -

b n
2

n (3+p)

® Problem 2801: Result unnecessarily involves higher level functions.
J(c X)14nnP g+ b x")P dx

Optimal (type 3, 179leaves, 4 steps):

(Cx)™M@P (arbx™IP 3 (cx) NP (arbx")2P 6 (cx) " P (a+bx")3P 6 (Cx) (4P (a+bx")4P
- + - +

acn (1+p) atcn (1+p) (2+p) atcn(1+p) (2+p) (3+p) a*cn (1+p) (2+p) (3+p) (4+p)

Result (type 5, 69 leaves) :

b x"

X (Cx) NP @asbxM)P (1422 bx"}

a

)7p Hyper geonetric2F1[-4 -p, -p, -3-p, -

n (4+p)

Problem 2841: Result more than twice size of optimal antiderivative.
J(C+dx)3 (a+b (c+dx)?) dx

Optimal (type 1, 31leaves, 3steps):
a(c+dx)* b(c+dx)8
+

4d 6d
Result (type 1, 77 leaves):

1
—Xx (2c+dx) (3a(2¢®+2cdx+d*x?) +2b (3c*+6c3dx+7c?d*x?+4cd®x®+d*x*))

Problem 2842: Result more than twice size of optimal antiderivative.

J-(C +dx)® (a+b (C+dX)2)2d1X

Optimal (type 1, 51leaves, 4 steps):
a2 (c+dx)* ab(c+dx)® b2 (c+dx)8
+

.
4d 3d 8d
Result (type 1, 172 leaves):

1 1
I (a+bcz)2x+—c2 (3a?+10abc®+7b%c*) dx?+ —c (3a®+20abc?+21b%c?) d?x3 +
2 3

1 1
(a®+20abc?+35h%c*) d®*x*+bc (2a+7bc?) d*x®+ —b (2a+21bc?) d®x®+b?cd®x’+ —b?d’ x®
6 8

N
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Problem 2843: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+b (c+dx)2)3d1x

Optimal (type 1, 48leaves, 4 steps):

4 5

a(a+b (c+dx)?)

N

8b2d 10b?d
Result (type 1, 249 leaves):

(a+b (C+dX)2)

3 1
I (a+bc2)3x+—c2 (a+bc2)2 (a+3bc?)dx®+c (a®+10a’bc?+21ab?c?+12b%c®) d?x®+ — (a®+30a’bc? +105ab?c? + 84 b3 c®) d¥ x* +
2 4
3 1 3 1
—bc (5a®+35abc?+42b%c?) d*x°>+ —b (a®+21abc?+42b%c?) d°x®+3b%*c (a+4bc?)d®x"+ —b? (a+12bc?) d" x®+b%cd®x®+ — b3 d?x™
5 2 8 10
Problem 2853: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+b (c+dx)?) dx

Optimal (type 1, 31leaves, 3steps):
a(c+dx)* b(c+dx)’

4d : 7d
Result (type 1, 98 leaves):

3 1 1
cd (a+bc3)x+7c2 (a+2bc3>dx2+c (a+5b03)d2x3+7 (a+20bc3)d3x4+3bczd4x5+bcd5x6+fbd6x7
2 4 7

Problem 2854: Result more than twice size of optimal antiderivative.

J(C+dx)3 (a+b (c+dx)3)?dx

Optimal (type 1, 51leaves, 3steps):
aZz (c+dx)* 2ab (c+dx)” b2 (c+dx)1°
+ +

4d 7d 10d
Result (type 1, 203 leaves):

3 1
cd (a+b03)2x+—02 (a2+4ab03+3b206)dx2+c (a2+10abc3+12b206>d2x3+7 (a2+40ab03+84b2c6)d3x4+
2 4
6 2 9 1
—bc? (5a+21bc®)d*x°+bc (2a+21bc3)d*x®+ —b (a+42bc?) d®x’ + —b%c?d’ x® +b?c d®x®+ — b?d? x'?
5 7 2 10

Problem 2855: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+b (c+dx)3)3d1x
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Optimal (type 1, 71leaves, 3steps):
ad (c+dx)* 3aZb(c+dx)” 3ab? (c+dx)® bd3(c+dx)t3
+ + +

4d 7d 10d 13d
Result (type 1, 323 leaves):

3 1
cd (a+bc3)3x+—c2 (a+bc3>2 (a+4b03) dx?+c (a3+15a2bc3+36ab206+22b309) d?2x3+ — (a3+6Oa2bc3+252ab2c6+220b309) dd x4 +

2 4

9 3

—bc? (5a®+42abc®+55b%c®) d*x>+3bc (a®?+21labc?®+44b?c®) d®x®+ —b (a®+84abc®+308b%ct) d®x” +

5 7

9 1 1

—b?c? (3a+22bc®)d'x®+b?c (3a+55bc?) d®x®+ —b® (3a+220bc?) d®x* +6b3c?d®x! +b3cdt x?+ — b%dl?x!?

2 10

13
Problem 2856: Result more than twice size of optimal antiderivative.

J(ce+dex)3 (a+b (c+dx)?) dx

Optimal (type 1, 37 leaves, 3steps):
aed (c+dx)* bed(c+dx)’
+

4d 7d
Result (type 1, 102 leaves):

3 1 1
ed |c8 (a+b03)x+702 (a+2bc3)dx2+c (a+5bc3)d2x3+f (a+20bc?)d®x*+3bc?d*x°+bcd®x®+ —bd®x’
2 4 7

Problem 2857: Result more than twice size of optimal antiderivative.
J(ce+dex)3 (a+b (C+dX)3)2d]X

Optimal (type 1, 60leaves, 3steps):
a2ed (c+dx)* 2abed (c+dx)” b2ed (c+dx)0
+ +

4d 7d 10d
Result (type 1, 207 leaves):

3

3 1
ed |c8 (a+bc3)2x+fc2 (a®+4abc®+3b”cl)dx?+c (a®+10abc®+12b%c®) d®x®+ — (a® +40abc®+84b%c®) d®x* +
2 4

6 2 9 1
—bc? (5a+21b03)d4x5+bc (2a+21bc3)d5x6+—b (a+42bc3)d6x7+—b2(:2d7x8+b2cd8x9+—bzdgx10
5 7 2 10

Problem 2858: Result more than twice size of optimal antiderivative.

J(ce+dex)3 (a+b (c+dx)3)3dlx

Optimal (type 1, 83leaves, 3steps):
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aded (c+dx)* 3a?bed (c+dx)” 3ab?ed (c+dx)® b3ed (c+dx)3
+ + +
4d 7d 10d 13d
Result (type 1, 327 leaves):

3 1
ed |c3 (a+bc3)3x+—c2 (a+bc3)2 (a+4bc3)dx2+c (a3+15a2bc3+36ab2c6+22b3cg)d2x3+— (a3+6Oa2bc3+252ab206+220b3cg)d3x4+
4
9 3
—bc? (5a®+42abc®+55h%c®) d*x*+3bc (a®+2labc?®+44b?c?) d®x®+ —b (a® +84abc®+308b%ct) d®x” +
5 7

9 1 1
—b%c? (3a+22bc®)d"x®+b*c (3a+55bc?) d®x?+ —b? (3a+220bc?) d®x* +6b%c?d x! +b3cdt x*?+ — b3 d2x!3
2 10 13

Problem 2911: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+b (c+dx)*) dx

Optimal (type 1, 23leaves, 3steps):

(a+b (c +dx)4)2

8bd
Result (type 1, 80 leaves):

1
—x (4c®+6c?dx+4cd?’x?+d*x3) (2a+b (2c*+4c3dx+6c?2d*x?+4cd®x3+d* x?))
8
Problem 2912: Result more than twice size of optimal antiderivative.
2

J(c+dx)3 (a+b (c+dx)*)"dx

Optimal (type 1, 23leaves, 2steps):

(a+b (c +dx)4)3

12bd
Result (type 1, 172 leaves):

%x (4c®+6c?dx+4cd?’x*+d*x3) (3a®+3ab (2c*+4c®dx+6c?d?x?+4cd®x3+d*x?) +

b? (3c®+12c’dx+34c®d?x*+60c°d®x®+71c*d* x* +56c3d>x>+28c?d®x®+8cd’ x" +d®x?))
Problem 2913: Result more than twice size of optimal antiderivative.
J-(c+dx)3 (a+b (C+dX)4)3d1X

Optimal (type 1, 23leaves, 2steps):

{a+b (c +dX)4>4

16bd
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Result (type 1, 308 leaves):

1
—x (4c®+6c?dx+4cd®x®*+d®x?) (4a%+6a’b (2¢*+4c3dx+6c?d*x®+4cd®x®+dx?) +
16
4ab?(3c®+12c’dx+34cd?x?+60c°d*x®+71c*d*x*+56c3d>x+28c?d®x®+8cd’ x" +d®xB) +b® (4ct?+24ctdx+100c™0d?x? +
280 c? d* x® + 566 c® d* x* + 848 ¢’ d° x° + 952 ¢® d® x® + 800 ¢® d” x” + 496 c* d® x® + 220 ¢ d°® x° + 66 c? d'® x'0 + 12 ¢ d™ X' + d1? x'?) )

Problem 2917: Result unnecessarily involves imaginary or complex numbers.

J\wl 4
dx
a+b(C+dX)

Optimal (type 4, 111 leaves, 2steps):

2 a+b (c+dx)* . . b1/4 (c+d x) 1
(\/§+\/F(c+dx) ) m ElllptlcF[ZArcTan{T}, 5}

2alt/4pl4d-ja+b (c+dx)*

Result (type 4, 90 leaves) :

ivh

a

a+b (c+dx)*4

EIIipticF[jArcSinh[ <C+dx>}, _1]

]‘Lﬁd

a+b (c+dx)*
Va

Problem 2918: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J\ X
dx
Ja+b (c+dx)?

Optimal (type 4, 154 leaves, 7 steps):

. b d 2 a+b (c+dx)* EllioticEl2 ArcT b1/4 (c+d x) 1
perann| o |6 (V3 VB (eeg0t) | SR e orlomotan 21500 2]
\/a+b (c+dx)*
2b d? 2al/4pl/4d2+/a+b (c+dx)*

Result (type 4, 330 leaves):
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i (<_1)1/4 al’d +pl/4 (c +dx))

(-1)1/4\/2_\/— (Ji\/;+\/F(c+dx)2)

(-1)M4al/4 _pl/4 (¢ 4 dx)

i ((_1)1/4 al/4 ;. pl/4 (C+dX)>

(-1)4al/4 _pl4c) EllipticF|ArcSin|_| - C -1 -
( ) P [ [ (—1)14 al/d _pl/4 (¢ 4 dx) } ]

i ((—1)1/4a1/4+b1/4 (c+dx))
- -1]|l/

2 (-1)YV4al4 EllipticPi [71'1, ArcSin[\/ 1) 4 At bl o dx)
- a - cC+0dX

fl\/;Jr\/F c+dx)?
al’4 /b d? ( ) a+b(c+dx)*

(<71>1/4 al/4 _pl/a (c+dx))2

® Problem 2929: Unable to integrate problem.

1
— dX
1+ <X2>3/2

Optimal (type 3, 83leaves, 7 steps):

XArCTa”{LZFZXT} xLog[1+x2—\/xT} xLog[1+\/xT]

V3 [x 6/x2 3./x2

Result (type 8, 13 leaves):

1
— dX
1+ <X2>3/2

® Problem 2933: Unable to integrate problem.

dx
X

J a+bnfcx?

Optimal (type 3, 51leaves, 4 steps):

a+bqcx?
2 a+b+/cx? ZﬁArcTanh[%]
a

Result (type 8, 23 leaves):
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a+b+cx?
_——dx
(R
® Problem 2934: Unable to integrate problem.
a+b+cx?
J YT
X3

Optimal (type 3, 97 leaves, 5 steps):

W bcm b%ArcTanh[@}
a
B _ +
2 x2 2

3/2
4a~/cX 4a

Result (type 8, 23 leaves):
a+b~/cx?
f VT
X3
® Problem 2935: Unable to integrate problem.
a+b~/cx?
J VT
X5

Optimal (type 3, 171leaves, 7 steps):

+b\ 2
A/ a+ba/cx? 5b2c ./ a+bq/cx? bc2./a+b/cx? 5b3c2./a+b+/cx? 5b4c2ArcTanh{7“acx}
vV a
- + - - +
4 2 2 3/2 7/2
4x 96 a2 x 24a (cx?) 64 a2 +/ ¢ x2 64a

Result (type 8, 23 leaves):

a+b/cx?
Jvdx
%5
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® Problem 2936: Unable to integrate problem.

Jx4«/a+bxlcx2 dx

Optimal (type 2, 191 leaves, 3steps):

5/2

3/2 7/2
2a4x5(a+b cxz) 8a3x5(a+b cxz) 12a2x5(a+b cx2]

9/2
8ax® (a+b cxzj

11/2
2 x° (a+b cxzj

5/2 5 p5 (CX2>5/2 7 b5 (CX2)5/2

5/2 5/2

3b° (c x?) 9b° (c x?) 1165 (c x2)

Result (type 8, 23 leaves):

Jx4«/a+bx/cx2 dx

® Problem 2937: Unable to integrate problem.

Jx2«/a+b\/cx2 dx

Optimal (type 2, 113leaves, 3steps):

5/2

3/2 7/2
2a2x3(a+b cxz) 4ax3(a+b cxz) 2 x3 [a+b cxz)

3/2 3/2 3/2

3bs (c x2) 5b* (c x?) 7 b3 (c x2)

Result (type 8, 23 leaves):

Jx21/a+b\/cx2 dx

® Problem 2939: Unable to integrate problem.

dx

a+bnfcx?
S

Optimal (type 3, 67 leaves, 4 steps):

xla+chx2 b\/cx2 ArcTanh

X Ja x
Result (type 8, 23 leaves):

a+b /¢ x? ]

a




a+b+cx?
J YT
X2
® Problem 2940: Unable to integrate problem.
a+b+cx?
J YT
X4

Optimal (type 3, 144 leaves, 6 steps):

A/ a+b /¢ x?
LJa+ba/cx? b2c .| a /¢ x2 b (¢ x?) 3/21/a+b b3® (c x?) 3/2 Ar cTanh 7]
a
_ N _ /

+b [
3x3 8 a? x 12 ac x> 8a%/2x3

Result (type 8, 23 leaves):
a+b~/cx?
J VT
X4
® Problem 2941: Unable to integrate problem.
a+b+/cx?
J VT
XG

Optimal (type 3, 219 leaves, 8steps):

1/a+b 2 7b2c «/a+b 2 7b402\la+b

240 a? x3 128 a* x

£/ a+b/c
+b 2 705 (cx? 5/2ArcTanh[ : }
r

40ac?x® 192 ad ¢ x’ 128 a%/2 x5

Result (type 8, 23 leaves):

a+b+/cx?
[
X6

5/2 5/2
(cx?)**.[a+b cx2 703 (cx?)°? | a

1.1.3 General.nb | 265



266 | 1.1.3 General.nb

® Problem 2942: Unable to integrate problem.

st a+b (c x2)3/2 dx

Optimal (type 2, 113leaves, 4 steps):

2a?x9 (a+b (c x2)3/2)3/2 4ax® (a+b (c x2)3/2)5/2 2x% (a+b (c x2)3/2)7/2

9 b3 (c xz)g/2 15 b3 (c xz)g/2 21 b3 (c x2>9/2

Result (type 8, 23 leaves):

ng a+b (c x2)3/2 dx

Problem 2943: Unable to integrate problem.

Jx5 a+b (c x2)3/2 dx

Optimal (type 2, 56 leaves, 4 steps):

5/2

2a(a+b (c x2)3/2)3/2

) 2 (a+b (CX2)3/2>

9 b?c3 15 b2 ¢3
Result (type 8, 23 leaves):

Jx5 a+b (c x2)3/2 dx

Problem 2945: Unable to integrate problem.

)3/2

a+b (cx?
dx
X

Optimal (type 3, 55leaves, 5steps):

a+b (cx2)3/2
2

2
N a+b (cx2)3/2 7§ﬁArcTanh[

]

Va
Result (type 8, 23 leaves):
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3/2

a+b (cxz)
J ax
X

® Problem 2946: Unable to integrate problem.

3/2

a+b (c x?)
J ax
X4

Optimal (type 3, 71leaves, 5steps):

a+b ((:)(2)3’2
a+b (cx?)? b(cxz)S/ZArcTanh{

a

3x® 3/a x3
Result (type 8, 23 leaves):

3/2

a+b (c x2)
J ax
X4

® Problem 2947: Result unnecessarily involves higher level functions.

JXS a+b (c X2>3/2 dx

Optimal (type 4, 340leaves, 4 steps):

6ancx? a+b(cx2)3/2

2
—x* la+b(cx2)3/2 + -
11 55b c2

a2/3 + b2/3 ¢ x2 — al/3 pl/3 4/ ¢ x2 (1— V3 ) at’® +b1/%/c x?
4x3%344/2 /3 a? (a1/3+b1/3 cxz) . EIIipticF{ArcSin[

((l+\/?)a1/3+bl/3x/cx2) (1+\/37)a1/3+b1/3\/cxz

|, -7-4v3| /

al/3 (al/S L b3/ x2 )
((1+\/?) al’® 4+ bl/34/cx? )2

Result (type 5, 132 leaves):

55 b*/3 ¢? a+b(cx2)3/2



268 | 1.1.3 General.nb

1 a+b (cx?)%? 1 1 4 b (cx?)¥?
16abc?x*+6a2+cx? +10b%c3xb+/cx®? -6a%+/cx? <7 ergeonetric2Fl| —, —, —, 7¥
Hyperg
a 3 2 3 a
55 b ¢?2 a+b(cx2)3/2
® Problem 2948: Unable to integrate problem.
J a+hb (cxz)‘q’/2 dx
Optimal (type 4, 306 leaves, 3steps):
2
—x_ [a+b (cx?)¥? .
5
a2/3 . p2/3 ¢ x2 _al/3 pl/3 /¢ x2 1-+/3 ) al’3 +pl/3 /¢ x2
2x3%44/244/3 ax(al/3+bl/3 cxz] ; EIIipticF{ArcSin[( ) } —7—4\/?} /
[(1+\/?)a1/3+b1/3x/cx2) (l+ﬁ)al/3+bl/3 ¢ x2
al/3 (al/3 +bl/3 H/CXZ ]
3/2

5b1/3+/c x? a+b (cx?)

2
((l+\/?) al’3 + p1/3 /¢ x?2 ]
Result (type 8, 19 leaves):

J a+b (cxz)S/2 dx

® Problem 2949: Unable to integrate problem.

3/2

a+b (c x?)
J ax
X3

Optimal (type 4, 298 leaves, 3steps):
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a+b(cx2)3/2
) 2 x? :
a2/3 4 b2/3 ¢ x2 _ al/3 pl/3 /¢ x2 1-+/3 ) al’3+bl/34/cx2
3344/2++/3 b2/3c[al/3+b1/3 cxz) . EIIipticF[ArcSin{ ) } 7774\5]/

[(1+ﬁ)a1/3+b1/3\/§) (1+\/3_)al/3+b1/3\/CX2

al/3 (a1/3 b3 4/ x2 ]

2 a+b(cx2

( 1+\/?) al’3 1 pl/3 +/c x? ]2

Result (type 8, 23 leaves):

)3/2

a+b (cxz)a/2

dax

® Problem 2950: Unable to integrate problem.

3/2

a+b (cx?)
J dx
X6

Optimal (type 4, 352 leaves, 4 steps):

a+b(cx2)3/2 3b((:x2)5/2 a+b(cx2)3/2

a2/3 . p2/3cx2_al’®pl/3+/c x?

_ . _ . _|33/4+/2.~/3 p5/3 (c X2)5/2 (al/3+b1/3 ¢ x2 ] ,
5 x 20acx

((l+\/3 ) a1/3+b1/3\/c7]

al/3 [a1/3+b1/3 /sz)
[, -7-4V3] / 20ax5 a+b (cx?)®?

(1+\§)a1/3+b1/3 c x2 [(1+ﬁ)a1/3+b1/3x10x2)2

1—\/?) al’3 + pl/3 +/c x?

EIIipticF{ArcSin[

Result (type 8, 23 leaves):
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~.la+b (cxz)?’/2

x6

dx

N

Problem 2951: Unable to integrate problem.

-
x4 [a+b (cx2)3/2 dx

Optimal (type 4, 709 leaves, 6 steps):

N

) 6acx’ [a+b (cx?)%? 24a2x> |a+b (cx2)®?
— x° a+b(cx2)3/2 + - - +
13 91b (cx?) 91 b5/3 (cx2)°"? [(1+\/3_) al’3 . p1/3 /¢ x2 )
a2/3 1 p2/3 ¢ x2 _al/3 pl/3 /¢ x2 1-+/3 ) al’3+pl8+/cx?
12342 /3 al/3xS (a1/3+b1/3 sz) , EllipticE[ArcSin[( ) ] 7774\/3*}/
((1+\/3_)a1/3+b1/3«/cx2] 1+\/?)a1/3+b1/3 c x2
al/3 (al/s b3 e x2 )
91 b5/3 (C X2)5/2 . a+b (C X2>3/2
((l+ﬁ)al/3+bl/3xlcx2)
a2/3 1 p2/3 ¢ x2 _al/3 pl/3 /¢ x2 1-+/3 ) al’3+pl8+/cx?
8~/2 3%4a’/3 x5 (a1/3+b1/3 cx2] EllipticF|ArcSin| ) ] 7774\/?}/

(1003 )t font ||

1+x/3)a1/3+b1/3 c x?2

al/3 (al/s b3 e x2 )
((1+ﬁ) al’? + b3/ c x2 )2

Result (type 8, 23 leaves):

Jx“ a+b (cx2)3/2 dx

5/2 3/2

91 p5/3 (cxz) a+b (cxz)
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® Problem 2952: Result unnecessarily involves higher level functions.

Jx a+b (c x2)3/2 dx

Optimal (type 4, 642 leaves, 5 steps):

6a_ /a+b (cx2)3/2

2
—x? |a+b (cx?)¥? « -
! 7b2/3c((1+\/3)a1/3+b1/3x/cx2J
a2/3 . p2/3 ¢ x2 _al/3 pl/3 /¢ x2 1-+/3 ] al®+pl3+/cx?
3x344/2-+/3 a3 (a1/3+b1/3 csz - EIIipticE{ArcSin[( | ] -7-4\/3}/
([reva)avaemo e | (143 | at 518 oo
a1/3 (a1/3 +b1/3 A/CXZ J
7b%3¢ ; a+b(cx2)3/2
((1+\5)al/3+b1/3\/cx2]
a2/3 1 p2/3 ¢ x2 _al/3 pl/3 /¢ x2 1-+/3 ] al’3+bl3+/cx?
22 334943 (a1/3+b1/3 cxzj EIIipticF[ArcSin{( ) ] —7—4\/3}/

1++/3 ) al/3 + bl/3 4/ c x?

(1vE) s pe ot |

al/3 (al/S +bl/3 /¢ x? J

7b%273 ¢ a+b(cx2)3/2

(1] s eme foxt ||

Result (type 5, 89 leaves):

a+h (c x2)3’2

a

x? |4 (a+b (cx2)3/2) +3a

2,3/2
HypergeonetriczFl[%, % g _b(”)]]

14 |a+b (cxz)e’/2
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® Problem 2953: Unable to integrate problem.

3/2

a+b (cx?)
J ax
X2

Optimal (type 4, 661 leaves, 5steps):

3/2 / 3/2
a+b (cx?) 3b1%ex? | Jasb (cx?) a2/3 + p2/3 ¢ x2 - al/3 pl/3 1/ x2
_ + _ 3><31/4 “'2—\/? a1/3 b1/3 CX2 (31/3 +b1/3 /CXZ ] .
X x((1+\/3_)a1/3+b1/3\/cx2) ((l+ﬁ>a1/3+b1/3 /szj

al/3 (al/S + bl/3 A c X2 ]

1-+/3 ) al’® +bl/3+/cx?

El i pticE[ArcSin| },_7_4V§j// 2x a+b (cx2)%?
2
(1+ﬁ)a1/3+b1/3 ¢ x2 (1+\/?)a1/3+b1/3\/§]
a2/3 . b2/3 ¢ x2 _al/3 pl/3 /e x2 1 —ﬁ) al/3 + bl/3 /¢ x?

V2 33/4 313 pl/3 /¢ x2 (a1/3+b1/3 \/cxz] EIIipticF{ArcSin[

, -7-443
([rova)avemofoc | (1443 ) at s bos W] IV

a1/3 (al/3 +bl/3 /CXZ ]

X a+b (cx?

( 1+\/?) al/3 + b3 +/c x? ]2

Result (type 8, 23 leaves):

)3/2

3/2

a+b (cx?)
J ax
X2

® Problem 2954: Unable to integrate problem.

3/2

a+b (cx?)
J dx
X5

Optimal (type 4, 681 leaves, 6 steps):
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a+b(cx2)3/2 3bc? a+b(cx2)3/2 3b*/3¢? a+b(cx2)3/2
8a-/cx? 8a(1+\/?)a1/3+b1/3\/cx2]
a2/3 4 b2/3 ¢ x2 — al’3 pl/3 1/ ¢ x2 1-+/3 ) al3:bl3./cx2
3x34+/2-+/3 p¥3c2 (a1/3+b1/3 CXZJ - El i pti cE[ArcSin| | ] -7-4%?}/
((1+ﬁ)a1/3+b1/3x/cx2) (1+ﬁ)a1/3+b1/3 c x2
al/3 (al/?) +b1/3< CX2 )
16 a?/® S ,jarb(c x2)'2
((1+\/?)a1/3+b1/3wcx2)
a2/3 4 b2/3 ¢ x2 —al’3 pl/3 +/c x2 (1—\/?) al’® +bl/3/cx?
33/4 p4/3 ¢2 (a1/3+b1/3 cx2] . EIIipticF{ArcSin[ } —7—4\/?}/
((1+\/?) a1/3+b1/3x/cx2) (1443 ) a2 b2 fcx2

al/3 [a1/3 L bl/3 /¢ x2 )
[(1+\/3_) al’® 4+ bl/84/c x? )2

Result (type 8, 23 leaves):

4+/2 a?®

a+b (cxz)s/2

3/2

a+b (c x?)
J ax
X5

® Problem 2955: Unable to integrate problem.

J(dx)m a+b (sz)a/z dx

Optimal (type 5, 86 leaves, 3steps):

1+m  4+m b (C Xz)a/z

(dx)tm a+b(cx2)3/2 HypergeorretricZFl[fg, o

d@d+m /1+
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Result (type 8, 25 leaves):

J(dx)m a+b (c x2)3/2 dx

® Problem 2958: Unable to integrate problem.

b
a@x)™ lay —— dx
(C X2>3/2

Optimal (type 5, 90leaves, 4 steps):

(dx)tm [ar —2 HypergeometricZFl[_%, %(—l—m),

(c x2)3’2

2-m b
3’ a(cxz)3/2

b

a (cx?

d@d+m [1+

)3’2

Result (type 8, 25 leaves):

b
@dx)™ la+ ——— dx
(CX2>3/2

® Problem 2959: Unable to integrate problem.

J 1
—  dx
14+ (x3)%°

Optimal (type 3, 17 leaves, 2steps):
X ArcTan | (x3)1/3}

(x3>1/3

Result (type 8, 13leaves):

1
— dX
1+ <X3>2/3

® Problem 2962: Unable to integrate problem.

dx
X

J a+b+/cxd

Optimal (type 3, 55leaves, 5steps):
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a+b+/cx3

Va

4 4
—Ja+b+cx® 77\/?ArcTanh{
3 3

Result (type 8, 23 leaves):

dx

J a+b+/cxd
X

® Problem 2963: Unable to integrate problem.

dx

a+b+/cx®
J =

Optimal (type 3, 97 leaves, 6 steps):

Ja+ba/cx3 bc+ a+b+cx3 bchrcTanh[%cxa}
a
- - +
3x° 6a-/cx3

6 a3/2

Result (type 8, 23 leaves):

dx

a+b+cx®
=

® Problem 2964: Unable to integrate problem.

JX«/a+b\/CX3 dx

Optimal (type 4, 400 leaves, 5 steps):
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4 12ax?2./a+b+/cx3
—x?,Ja+b~fcx® + -
11

55b+/c x3

bl/3 c2/3 y2 e = (1 *\/?) al/s , bic?ix®
c?/3 x o =
8 x 33/4 2+\/? a2 |al’3 + X ElliptiCF{ArcSin[ X }' 7774\/37] /
¢ x® V3 ) avs, peeee |’ (1073 ) a3, B2
s ) : +73 ¢ x3
cX

al/3 [a1/3 ,
cx3

55 b*/3 ¢2/3 ; a+b+cx®

1o a2

cx3

b1/3 CZ/B XZ J

Result (type 8, 21 leaves):

Jx«/a+b\/cx3 dx

® Problem 2965: Unable to integrate problem.
a+b~/cx3®
J YT
X2

Optimal (type 4, 355Ileaves, 4 steps):
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a+b+cx3

X
1/3 Bh1/3 2/3 y2 1/3 ~2/3 y2
a2/3 . p2/3 gl/3 x _ a2b1PctPx (1_4/3)31/3+b cx
pl/3 ¢2/3 2 cxd Jexd
33/44/2 /3 b23cl/3 [al/d . - EIIipticF[ArcSin[ } ~7-4+/3 ] /
b1/302/3x2
3 b1/3 ¢2/3 g2 (1+\/3 ) gl 2 X
C X / 1/3 , bY3c23x?
{(l +V3 ) a’° + ] cx3
c x3
al/3 |gl/3 , biEc?? Xz]
cx®

\Ja+bacx3

cx®

2

|

Result (type 8, 23 leaves):
a+b~/cx3
f VT
X2
® Problem 2966: Unable to integrate problem.

dx

a+b+/cxd
S

Optimal (type 4, 434 leaves, 6 steps):
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wla+b 3 21b%2c+/a+b cx3 3bc3x51/a+b

160 a* 40a (c x3)5/2
a2/3 4 p2/3 ol/3 y _ aebptIciix? (1 - \/?) ql/3 , biierx?
bl/3 c2/3 y2 e 7%7
7x3%412++/3 b33 43 (a3, — EllipticF[arcsin| ] 7-4v3 | /
bl/3 ¢c2/3 x
CX3 — 1,3 pl/3 c2/3 x2 1+./3 a1/3+ bt7®c?®x2
[(l+ ° ) 2 : c x3 ] ( ) \/?

b1/3 C2/3 X2
a1/3 al/3 ]
cx3

N
160 a? ; Ja+ba/cx®

[y w22z

cx®

Result (type 8, 23 leaves):

dx

a+b+/cxd
S

® Problem 2967: Unable to integrate problem.

stx/a+bx/cx3 dx

Optimal (type 4, 843leaves, 8steps):
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120a2x+/a+b~/cx3 12ax+/cx® Ja+b+cx3 480a% . /a+b+/cx3
4
- + —x*Ja+bfcx® + +
° (1433 ] a1/3+b1/3°2/3xz]

2
1729 b%c 1 1729 b8/3 c4/3
cx3

1/3 B1/3 2/3 y2 1/3 ~2/3 y2
a2/3 , p2/3 gl/3 y _ a2 ciPx (1—\/3_)a1/3+b c?8x
1/4 10/3 | 41/3 bt/% 2% x2 Vex? P " o x?
240 x31/4~/2 /3 alo3 |al/3, - ElluptucE[ArcSun[ ] -7-4x/3} /
b1/3c2’3X2
3 pl/3 c2/3 x2 (1 4 3 ) al/S LT Xt
c X 1/3 , bY%c?3x?
R ] v
al/s |g1/3 , b~ C”XZJ
8/3 ~4/3 ox? 3
1729 b8/3 ¢/ ; a+b+/cx +
[ (177 ) ars, e J
cx3
1/3 B1/3 2/3 y2 1/3 ~2/3 y2
a2/3 4 p2/3 cl/3 x _ AP bPcPx (17ﬂ/3)al/3+b e x
bl/3 c2/3 x2 e e
160 /2 33/4 1073 |g1/3 — EllipticF|Arcsin| |, -7-av3] /
bl,’302/3x2
3 pl/3 c2/3 2 1 +4/3 a1/3 g X
cX l+\/3)a1/3+7 ( —
{( cx3 °x?
al/3 a1/3 N bl,’3 02,’3)(2]
cx3

1729 b8/3 c4/38 . a+b+cx®
[14v3 ) ais. b}

cx3

Result (type 8, 23 leaves):

~
x3 [a+bacx® dx

® Problem 2968: Unable to integrate problem.

a+b/cx® dx
</

Optimal (type 4, 770leaves, 6 steps):

N

~
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4 12a+/a+ba/cx3
— X+ la+bcx® +
-

7 b2/3 c1/3 [(1 +/3 ) al/s , b? C”XZJ

cx3

1/3 B1/3 ~2/3 y2 1/3 ~2/3 y2
a2/3 . p2/3 c1/3 x _ a2 ctPx (1_4/3)31/3+b cTx
bl/3 c2/3 y2 ) i
6x34/2-+/3 a%? |al’3 . - EIIipticE[ArcSin[ } _7_4\/3] /
b1’302/3x2
3 pl/3 c2/3 2 (1 +4/3 ) a1/3 LoretTXxt
cX 1/3 , bt3c2Ex? vV
{(l+\/3 ) a’° + ] cx3
cx3
al/3 |gl/3 , biEc?? Xz]
2/3 ~1/3 exd 3
7 b?/3ct/ . a+b/cx +
[ 2]
cx3
a2/3 . p2/3 gl/3 y _ dbEcEx? (17 3 ) al/a, bYRctix?
pl/3 c2/3 y2 ¢ x3 cx3
47 33483 |alle - EllipticF[ArcSin[ ] 7774\/3} /
b1/3c2,’3x2
3 bl/3 ¢2/3 y2 1++/3 | gl/3 2" ¢ %X
c x (12F ) ae , 220 (1 —
o cx3
al/s |gl/3 , bifc?? Xz]
2/3 ~1/3 exd 3
7 b?/3ct/ a+b/cx
[ e 2]
cx®

Result (type 8, 19 leaves):

J a+b/cx® dx

® Problem 2969: Unable to integrate problem.

dx
x3

J a+b+/cxd

Optimal (type 4, 810leaves, 7 steps):



3b43¢c2/3 Ja+bycx3

(1 N \/?) a1/3 . bl,’3 CZ,’3 XZ J

cx3

Ja+ba/cx3d 3bcx+/a+b~/cx3
- - +
2 x2 4 3

ay/CcXx

4a

a2/3 . p2/3 c1/3 x _

cx3

a1/3 b1/3 C2/3 XZ

b1/3 CZ/3 X2
3X31/44/2_4/3 b4/3C2/3 a1/3+
2
CX3 {(1+ ﬁg ) al/3+b1/302/3xz]

(1—\/?) al/s 4
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b1/3 CZ/S XZ

EIIipticE[ArcSin[

(1+\/§) al/’s 4

Ve |, -7-4v3] /

b1’3 02/3 X2

cx3
cx3
1/3 p2/3 y2
al/s |g1/3 , bB°¢ X]
3
8 a?/3 o , a+b+cx® |+
1/3 r2/3 y2
( 144/3 ) @l 2 ]
cx®
1/3 Bh1/3 2/3 y2 1/3 ~2/3 y2
a2/3 4 p2/3 cl/3 y _ AbPcPx (171/3)a1/3+b e x
p1l/3 ¢2/3 x2 o o
33/4 p4/3 o2/3 | g1/3 | 2 EIIipticF{ArcSin[ } —7—4\/3] /
bl/SCZ,SXZ
3 b3 c2/3 x2 (1 +/3 ) al/s, K
c X N 1/3 , b'®c?¥x?
((lJr 3 ) a’/° + ] )
cx3
1/3 1/3 b1/302/3x2
a alt/3 4 ——=
cx3

2+/2 a?/3

cx3

2
[(1 T ) atss . e J

Result (type 8, 23 leaves):
a+b+/cxd
J VT
X3

® Problem 2970: Unable to integrate problem.

Jx” a+b (cxc")3/2 dx

Optimal (type 2, 116 leaves, 4 steps):
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4 ad (a+b(cx3)3/2)3/2 4(a+b(cx3>3/2)9/2

4 a2 (a+b (c x3)3/2)5/2

4a (a+b (c x3)3/2)7/2

- + +

27 b* c® 15 b* c® 21 b*ch 81 b* cb
Result (type 8, 23 leaves):

Jx” a+b (c x3)3/2 dx

® Problem 2971: Unable to integrate problem.

st a+hb (c x3)3/2 dx

Optimal (type 2, 56 leaves, 4 steps):

4a(a+b (cx?)*?)*? 4 (asb (cx3)*?)?
- +

27 b2 c3 45 b2 ¢3
Result (type 8, 23 leaves):

jxs a+b (c x3)3/2 dx

® Problem 2972: Unable to integrate problem.

3/2

a+b (c x3)
f ax
X

Optimal (type 3, 55leaves, 5steps):

a+b (c x3)3/2
4 3\3/2 4
— Ja+b (cx?) —gx/a ArcTanh[

9

)

Va
Result (type 8, 23 leaves):

3/2

a+b (cx3)
dx
=

® Problem 2973: Unable to integrate problem.

3/2

a+b (cx3)
J dx
XlO
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Optimal (type 3, 101 leaves, 6 steps):

a+b (c ><3)3’2
=
+
9X9 18 a (C X3>3/2 18 a3/2

a+b(cx®)®? bcd® [a+b (cx®)¥?  p2c3 ArcTanh

Result (type 8, 23 leaves):

a+b(cx3)3/2
(e,

® Problem 2974: Result unnecessarily involves higher level functions.

sz a+b(c x3)3/2 dx

Optimal (type 4, 642 leaves, 7 steps):
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4a a+b(cx3)3/2
4 3/2
—x® Ja+b (cx®) + -
21 T (103 ) s b fent
a2/3 +b2/3¢cx3_al’3pl/3./cx3 1-+/3 ) al’3 1 pl/3+/c x3
2x344[2-/3 a*3 (a1/3+b1/3 cx3] — EllipticE|ArcSin| |
[(1+ﬁ) a1/3+b1/3x/cx3) (143 ] at® bt q/ex
a1/3 (al/3 +b1/3 ./CX3 ]
70?3 ¢ - 4ja+b (cx3)%?
( 14++/3 ) al/’3 1 pl/3 /¢ x3 ]
a2/3 . b23 c x3 _al’3pbl/3+/c x3 1-+/3 ) al’3+pl3+/cx3
4+/2 a%3 (a1/3+b1/3\/cx3] . EIIipticF[ArcSin{( ) ] _7_4\/?} /
((1“/3 | al/2 bl e x3 ] (1+V3 ) a3 b3 fexd

al/s (a1/3 +bl/3 /¢ x3 ]

7 x 314 p2/3 ¢ a+b (cx?

(vE) o four |

Result (type 5, 89 leaves):

)3/2

a+b (c x3)3’2

a

x3 |4 (a+b (CX3)3/2) +3a HypergeomatricZFlE, % g _bfexd) (st)“]]

21 [a+b (c x3)3/2

® Problem 2975: Unable to integrate problem.

ng a+hb (cx3)3/2 dx

Optimal (type 5, 170leaves, 7 steps):

L -T-4V3 | /
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792 a? x a+b(cx3)3/2 4

- + — x10 a+b(cx3)3/2 +
19747 b2 c3 49
3)3/2 3\3/2
36ax (cx3)¥? [a+b (cx®)*?  792a3x.[1+ % Hyper geonet r i cZFl[g, z 7%
N
1519 b c3
19747b%c3 [a+b (cx3)%?

Result (type 8, 23 leaves):

e

x® a+b (cx3)3/2 dx
-/
Problem 2976: Unable to integrate problem.

'

a+b (cx®)®? ax
-/
Optimal (type 5, 91leaves, 5steps):
3)3/2 3\3/2

4 9ax 1+% HypergeonetricZFl{g, % 19—1 7b<°:)

—x [a+b (cx3)¥? 4

13

13 [a+b (cx3)3/2

Result (type 8, 19 leaves):

J a+b (cxe’)S/2 dx

Problem 2977: Unable to integrate problem.

3/2

a+b (c x3)
J ax
O

Optimal (type 5, 139leaves, 6 steps):

3)3/2 3372
a+b (cx?)®? 9bc3x [a+b (cx3)%? 45b2c3x4/1+% Hyper geomretric2F1[2, 1 X, f’“%
8 x8

112a (c x3)3/2

448a |a+b (c x3)3/2
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Result (type 8, 23 leaves):
a+b (c x3)3/2
J ix
XQ

® Problem 2978: Unable to integrate problem.

J(dx)m a+b (cx®)®? ax

Optimal (type 5, 84 leaves, 5steps):

3/2
) 9 * 9 a

313/2
x (dx)™ fa+b (cx3 WpergeonetricZFl[fg, 2(0em g, 2(1em b (exX))

b (cx3)%?

a

(1+m) 1+

Result (type 8, 25leaves):

J(dx)’“ a+b (cx3)3/2 dx

® Problem 2981: Unable to integrate problem.

b
dx)™ la+ —— dx
<CX3>3/2

Optimal (type 5, 102 leaves, 6 steps):

bc3x®

a (c><3)9’2

bc3x®

(cx3)9’2

x (dx)™ [a+ I—!ypergeorretric2F1[7%, 72 (L+m, 3(772m), -

bcdx°?
3)9/2

a(cx

Result (type 8, 25 leaves):

b
@x)™ la+ ——— dx
(C X3>3/2

® Problem 2995: Unable to integrate problem.

c\3/2
a+b(—] (d x)M™dx
X
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Optimal (type 5, 102 leaves, 6 steps):

a+ cbac,z X (dx)ml—lypergeonetriCZFl{fi, 2 1sm, ta-2m, - cb‘;s,z
(;) x3 2 3 3 (;) x3
(Tem |14 0
(b)7
Result (type 8, 25leaves):
Cc\3/2
a+b[—] (d x)™dx
X
® Problem 2998: Unable to integrate problem.
(dx)Mdx
Optimal (type 5, 102 leaves, 5 steps):
X (dx)™ a+ b(;isl X HypergeorretricZFl{fé, 2dem % (5+2m), 7b(;a>0; X
0 (£)°7
(1+m) 1+ o3
Result (type 8, 25 leaves):
) Mdx
® Problem 2999: Unable to integrate problem.
dx
Optimal (type 5, 102 leaves, 6 steps):
1+ <cb)633,2 o X (dx>m|—ypergeonetri02F1E, —% (1+m), é 1-2m), - <cb)(jz 3
a (- X X X

(1 +m) a+

Result (type 8, 25leaves):
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(dx)m

dx
c\3/2
a+b (;)
® Problem 3002: Unable to integrate problem.
J (dx)m
————dx
a+ cb32
(z)7

Optimal (type 5, 102 leaves, 5 steps):

\3/2
(2)77%x

X (dx)™ )1+ HypergeometricZFl[%,

acd

c,3/2
b(7) "%

acd

2 (1+m)
3

, %(5+2m), -

b (£)°* e

(Lem \fa+ —

Result (type 8, 25 leaves):

J (dx)m
—  dX
b

a+ — 3/2
(x)

® Problem 3006: Unable to integrate problem.

X3
71d1x
a+b (cx")n

Optimal (type 3, 101 leaves, 3steps):

a2 X4 (c Xn)—3/r‘| ax4 (c Xn>—2/n x4 (c XFI)*l/I']

1
adx* (cx")*"Log|la+b (cx")n

+ —

b3 2 b? 3b
Result (type 8, 21 leaves):

X3
7ldlx
a+b (cx")n

® Problem 3007: Unable to integrate problem.

X2
71le
a+b (cx"n

Optimal (type 3, 77 leaves, 3steps):

b4



1.1.3 General.nb | 289

1
ax® (cxM)-2/n  x3 (cxny-im  a?x? (cx")?¥"Log|a+b (cx")n
- + +

b2 2b b3
Result (type 8, 21 leaves):

X2
a+b (cx")n

® Problem 3008: Unable to integrate problem.

X
|
a+b (cx")n

Optimal (type 3, 53leaves, 3steps):

1

X2 (¢ x")-1/n ax? (cx")?"Logla+b (cx")n

b b2
Result (type 8, 19 leaves):

X
[
a+b (cxMn

® Problem 3011: Unable to integrate problem.

1
[ .
x? (a+b (cxMyn

Optimal (type 3, 60leaves, 3steps):

1 1
1 b(CXn)%Log[x] b (cx")n Log|a+b (cx")n
- +
ax aZ x a2 x

Result (type 8, 21 leaves):

1
dx
sz (a+b (cx“)%)

® Problem 3012: Unable to integrate problem.

J 3 a +|) C n
dx
X ( ( X ) )

Optimal (type 3, 87 leaves, 3steps):
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1
1 b (c Xn)§ b2 (cx")2/"Log[x] DP? (cxM2MLogla+b (cx")n

+ +
2 ax? a2 x? as x2 as x?2

Result (type 8, 21 leaves):

\J\ 3 a + l) C n
dx
X ( ( X ) )

® Problem 3013: Unable to integrate problem.

J -

— dX
12

(a+b (c x”)F)

Optimal (type 3, 114 leaves, 3steps):

1
2 y4 ny-4/n ny o
2ax* (cx")3n x4 (cxn)-2/m ad x4 (c x")-4/m 3ax* (cx") Logja+h (cx")n

- + + +

3 2 1 4
b 2b b* [a+b (cx")n b

Result (type 8, 21 leaves):

—  dX
142
(a+b (cx”)F)

® Problem 3014: Unable to integrate problem.

X2
de
142
(a+b (cx“)F)

Optimal (type 3, 90leaves, 3steps):

1
X3 (c xN)-2/n a2 x3 (¢ xn)-3/m 2ax3 (cx")3"Logla+b (cx")n

2 1 3
b b3 [a+b (cx")n b

Result (type 8, 21 leaves):

J :

— dX
142

(a+b (cx”)F)



® Problem 3015: Unable to integrate problem.

dex
(a+b (cx“)%)2

Optimal (type 3, 67 leaves, 3steps):

ax? (cxmy2/n  x*(cx")?"Logla+b (cx")n

+

1 2
b2 (a+b(cx”)ﬁ) b

Result (type 8, 19 leaves):

J x

— dX
12

(a+b (cx“)ﬁ)

® Problem 3018: Unable to integrate problem.

J 1
dx
12
x? (a+b (c x“);)

Optimal (type 3, 94 leaves, 3steps):

1

1 b (cx")n 2b(cx”)§Log[x]

2b (cx™ynLogla+b (cx")n

1

2 1 3
ax azx(a+b(cx”)n) a x

Result (type 8, 21 leaves):

J 1
dx
12
x? (a+b (c x“);)

® Problem 3019: Unable to integrate problem.

J 1
dx
12
x3 (a+b (cx“)i)

Optimal (type 3, 125leaves, 3steps):

1 2b (cx")n b2 (c x")2/n

- + + +

ad x

3Db2 (¢ x") 2" Log[X]

1

3b2 (cxM?"Logla+b (cx")n

2 2 342 1
2a%x ax a3x2(a+b(cx“)n

Result (type 8, 21 leaves):

a* x2

a* x2
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J 1
dx
1\2
x3 (a+b (c x”);)

® Problem 3021: Unable to integrate problem.

dex
(1+ (x“)%)z

Optimal (type 3, 48leaves, 3steps):

x2 (xny-2/n 1
e — e x? (x") 2 Log{1+ (x”)ﬁ}
1+ (X"

Result (type 8, 15leaves):

dex
(1+ (X”)%)z

® Problem 3031: Unable to integrate problem.

1
J S E—
a+b (cxm2z/n
Optimal (type 3, 44leaves, 2steps):

1
Vb cx")ﬁ}

X (¢ x™) " ArcTan { N
a

Va b
Result (type 8, 19 leaves):

1
[
a+b (cxm?/n

® Problem 3032: Unable to integrate problem.

J :
dx
(a+b (c X“)Z/")2

Optimal (type 3, 73leaves, 3steps):

1
Vb (cx”)n]

X (C x”)’l/”ArcTan{
a

X

N
2a (a+b (cxM?M) 2a32+/b

Result (type 8, 19 leaves):
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1
dx

J (a+b (cx")?/n)?

Problem 3033: Unable to integrate problem.

r 1
dx

J (a+b (cx“)z”‘)3

Optimal (type 3, 98leaves, 4 steps):
Vb cx”)%]

3x (c x”)’l/”ArcTan[
Va

X 3 X

+ +
4a(a+b(cx")2/“)2 8a? (a+b (cx")2/n) 8a5/2+/b

Result (type 8, 19 leaves):

J
dx
(a+b (c x“)z”‘)3

Problem 3034: Unable to integrate problem.

Jldx
1+4\/X74

Optimal (type 3, 22leaves, 2steps):

x ArcTan |2 (x“)l/ﬂ

2 (X4>1/4

Result (type 8, 15leaves):

Jldx
l+4\/X74

Problem 3035: Unable to integrate problem.

J 1

———dx

1-44/x*

Optimal (type 3, 22leaves, 2steps):

X ArcTanh |2 (x4)

2 <X4> 1/4

1/4]

Result (type 8, 15leaves):



294 | 1.1.3 General.nb

Jldx
Lafxt

® Problem 3036: Unable to integrate problem.

J 1
- dx
144 (x8)%°

Optimal (type 3, 22leaves, 2steps):
x ArcTan[2 (x8)%°]

2 (X6>1/6

Result (type 9, 142 leaves):
1

24 (—X6>5/6

2/3 Beta[764x6, E 0} +

1
-2X (7x12)1/3 Beta{764x6, -, O] +2X (x6)
2 6

(-x6)°/° (—2ArcTan{ﬁ—4x]+4ArcTan[2x} +2ArcTan[\/37+4x} —\ELog{l—Zﬁx+4x2} +\/37Log{1+2ﬁx+4x2”]

Problem 3037: Unable to integrate problem.

J 1
—dx
1-4 <X6>1/3

Optimal (type 3, 22leaves, 2steps):
x ArcTanh[2 (x8) 1/6]

2 <X6> 1/6

Result (type 9, 123 leaves):

2xBeta[64x®, 1, 0]

} +2 \EArcTan[ ] + +
V3 V3 (x8)

2xBeta[64x®, 2, 0]

(Xs)l/e

-1+4x 1+4x

Z\EArcTan[
24

-2Log[1-2x]+2Log[1+2x]-Log[1-2x+4x?] +Log[Ll+2x+4x?]

Problem 3038: Unable to integrate problem.

J 1
71dlx
1+4<XM>;

Optimal (type 3, 34leaves, 2steps):
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. x (x2") -3/
2

Result (type 8, 17 leaves):

J 1
7ldlx
1+4 (XZ”);

® Problem 3039: Unable to integrate problem.

J 1
1-4 (x2")n

Optimal (type 3, 34leaves, 2steps):
1 1 1
X (x2")2/" ArcTanh [2 (x2") /"]

Result (type 8, 17 leaves):

J 1
1-4 (x2")n

® Problem 3043: Unable to integrate problem.

1
[
a+b (cxm?3nm

Optimal (type 3, 183leaves, 7 steps):

1
ny-1/n arcTan | 2522012 ext e ny-1/n 1/3 , p1/3 ny - ny-1/n 2/3 _ 41/3 p1/3 Ny p2/3 ny2/n
X (€ xX") rcflan N X (cxM) Log|al/® +bl/3 (c x")n x (cx") /" Log|a?/3 -al/3 bl/3 (cx")n +b2/3 (cx")
_ N _

/_3 a2/3 b1/3 3 a2/3 bl/3 6 a2/3 b1/3

ArcTan [2 (x2m) %/"]

Result (type 8, 19 leaves):

1
[
a+b (cxm?3m

® Problem 3044: Unable to integrate problem.

J
dx
(a+b (c x“)e’/”)2

Optimal (type 3, 210leaves, 8steps):
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1

1/3_p pl/3 Ny

2 x (cx”)’l/”NcTan{w}
A/3 al/3

- +

3a (a+b (cx™3") 3/3 a53pl/3

X

1 1
2x (cx") /" Log [a1/3 + b3 (e xM) F} X (cx™) 1" Log [a2/3 -alB bl (cx")n +b2/3 (cxM)2/n

9 a5/3 b1/3 9 a5/3 b1/3

Result (type 8, 19 leaves):

J : ’
X
(a+b (cx")3m)?

® Problem 3045: Unable to integrate problem.

J :
dx
(a+b (c x“)?’/")3

Optimal (type 3, 235leaves, 9steps):

1
al/3_2bl/3 (cxM)n

V3 al’?

- +

.
6a <a+b (c x”)a/“)2 18a? (a+b (c x”)3/”) 9+/3 ad/3pl/3

ny-1/n
X 5 x 5x (cx") ArcTan{

1 1
5x (cx") /" Log {a1/3 +b1/3 (o xM ;} 5x (cx") /" Log {a2/3 —al/3pl/3 (o xMya 4 bh2/3 (¢ xN)2/n

27 a8/3 b1/3 54 a8/3 b1/3

Result (type 8, 19 leaves):

J :
dx
(a+b (cx")3m)®

® Problem 3052: Unable to integrate problem.

Optimal (type 6, 230leaves, 4 steps):
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2¢ | ¢ 2¢ | ¢
d c 1 1 x x
a+b f+7x1*mAppeIIFl[72(l+m),77,77, -1-2m - , - } /
X X 2

2 \H(b\/di—\/74ac+b2d) \H(bﬁ+w/74ac+b2d]

2¢ |9 20/9
X X

<1+m>J1+W(bﬁm) 1+\/d_(de_+\/m)

Result (type 8, 28 leaves):

d [
a+b | — +— xMdx
X X

® Problem 3053: Unable to integrate problem.

d c
a+b | — +— x%dx
X X

Optimal (type 3, 333 leaves, 9steps):

3/2
a+b [% ¢ a+b_[¢ +5] (16a2c2-56ab?cd+21b*d?) [2a+b [d a+b |3 .S x
X X X X X X X

— + + —

10a2 (2)°7 480 a4 (4)°* 256 a°

3/2
a+b d+c] x?
A\ x o ox
+ +

80 ad 3a 512 al1/2

3/2

3b d? 7bd? (28ac - 15b? d)

2a+b d
—|
2+a a+b a4 W2
\ x T x

3/2 (4ac-b2d) (16a2c2756ab20d+21b4d2)ArcTanh{
(20ac -21b%d) a+b |2 +§] x3

Result (type 8, 28 leaves):
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® Problem 3054: Unable to integrate problem.

2a+b/9 a+b/9+3x
X X X

- +

32 ad

4ac-5b2d
(

2 +bﬁ
(4ac—5b2d) (4ac—b2d) ArcTanh{;}
R
2\/?\ja+bﬁ+§

64 a’/?

Result (type 8, 26 leaves):

d c
a+b | — +— xdx
X X

® Problem 3055: Unable to integrate problem.

d c
a+b | — +— dx
X X

Optimal (type 3, 113leaves, 5steps):
+

2a+b [ ¢
X
2a 4 a3/2

Result (type 8, 24 leaves):

2a+bﬁ

(4acfb2d)ArcTanh[—}
a+b ,9 + S 0x \/ JT .
X X 2+va .|a+b cor




® Problem 3056: Unable to integrate problem.

a+b_ |2 4¢
X X
dx
X

Optimal (type 3, 145leaves, 8steps):

b \/d_ArcTanh[

[ d
q . 2a+b X ZWW\/‘am\
a+b |— +— +2+/a ArcTanh[ }7
X

X

Result (type 8, 28 leaves):

a+b |2 4 ¢
X X

X

dx

® Problem 3057: Unable to integrate problem.

a+b 9+E
\/ x X

X2

dx

Optimal (type 3, 155leaves, 6 steps):

bd2c | ¢
X

b

bd+2c ,E a+b/9+g 2
X X X

3/2 bdd_(4aC—b2d)ArcTanh{
d
a+b\/j+i] zﬁﬁ\}a+bﬁ+§

)

- +
4 c? 3¢ 8 c5/2

Result (type 8, 28 leaves):

a+b_[2 4 ¢
X X

x2

dx
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® Problem 3058: Unable to integrate problem.

a+b_ |2 4¢
X X
dx
X3

Optimal (type 3, 233 leaves, 7 steps):

3/2
b (12ac-7b2d) [bd+2c [¢] Ja+b ¢ +¢ |32ac-35b2d+42bc [2 | |a+b |2 +°J
X X X X X X

— + —

64 c* 120 ¢3

bds2c [
——]

2\/?\/d7\}a+bﬁ+§

3/2 b\/d_(12ac—7b2d) (4ac—b2d)ArcTanh{
2|a+b ngi_]

5cx 128 ¢c9/2
Result (type 8, 28 leaves):

a+b_[2 4 ¢
X X

x3

dx

® Problem 3059: Unable to integrate problem.

a+b_ |2 48
X X
dx
x4

Optimal (type 3, 371leaves, 9steps):
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b (80a%c?-120ab?cd+33b*d?) [bd+2c [ | [asb [2 +°
512 ¢ )
3/2 3/2
102442 ¢2 - 3276ab?cd+1155b*d? + 18 bc (148ac-77b2d) [ | lavb |2 + ¢ 11b|a+b [¢ +§] ()%
N -
6720 c5 42c?d

bds2c |2
—— ]

32 b+d (4ac-b?d) (80a?c?-120ab?cd+33b*d?) ArcTanh|
a+b /g +§]

3/2
d ¢ 2
2 a+bﬁ+x] (32ac-33b2d) N ir a+bﬁ+§
+ +
7¢x? 140 c3 x 1024 ¢13/2

Result (type 8, 28 leaves):

a+b |2 4 ¢
X X

x4

dx

® Problem 3060: Unable to integrate problem.

xm
dx
a+b 9+E
\/ x X

Optimal (type 6, 230 leaves, 4 steps):

L 2¢ ¢ 2¢ ¢
1+ 1+
(L+m) a+b +

\H(bﬁ—w/—4ac+b2d] \/di(b\/d7+\/74ac+b2d]

2cl9 20/g
l 1 X X

x1+mAppe||F1{-2 (l+m, -, =, -1-2m - -
2" 2

W(bﬁﬂ%ambzd] ﬁ(bﬁ+x/4ac+b2d)]

x|a
x |0

Result (type 8, 28 leaves):
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Xm
dx
a+b_[2 +¢
X X

® Problem 3061: Unable to integrate problem.

X2
dx
a+b g+E
\[ x X

Optimal (type 3, 386 leaves, 10 steps):

a+b |2 +%  7bd (528a%c?-680ab?cd+165b* d?)

4 (d\3/2
160at (1) 12808 [ ¢
X

(400a%c? - 1176 ab? c d + 385 b* dz)

640 a® 240 a8
2 a+b J:T }
2+/a .|a+b ﬁ+;

(320 a®cd-1680a2b?c?d+1260ab?cd?-231hbt d3) Ar cTanh [

512 al3/2
Result (type 8, 28 leaves):

X2
dx
a+b [ 4
X

® Problem 3062: Unable to integrate problem.

X
dx
a+b_ |2 4¢
X X

x |0
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Optimal (type 3, 248leaves, 8steps):

7bd? |a+b |9+ 5bd(4d4ac-21b2d) [a+b [L +°
X X X X

— + —

3/2
1207 (4 oo us |2
X
2a+b\/:T }

(48a?c?-120ab?cd +35b*d?) ArcTanh{—
2 d c d c 2
(36ac-35b d) a+b /; 50X a+b Lt X N a+bﬁ+i—

+ +

48 as 2a 64 a%/?
Result (type 8, 26 leaves) :

X
dx
a+b +

® Problem 3063: Unable to integrate problem.
J 1
dx
a+b g + 5

Optimal (type 3, 135leaves, 6 steps):
2 a+b J:T }

(4ac73b2d)ArcTanh{—
c d c
3bd _[a+b + 5 a+b /; +oX ey a+bﬁ+§

- N -
a 452

X |a
x |0

-

2 a?

-

Result (type 8, 24 leaves):

1
dx
a+b_ |2 4¢
X X
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® Problem 3064: Unable to integrate problem.

1
dx
a+b_ |2 4% x
A x T x

Optimal (type 3, 54 leaves, 4 steps):

d
2a+b \/?

————|
2+a \j a:b ﬁg
Ja
Result (type 8, 28 leaves):

1
dx
a+b [% .S x
X X

® Problem 3065: Unable to integrate problem.

1
dx
a+b |2 +& x2
X X

Optimal (type 3, 93 leaves, 5steps):

2 ArcTanh [

bd:2c | ¢
X

b+d ArcTanh[
d c |
2. Jasb [ &+ F zﬁﬁ\/a+b/;+i—

]

- +
c c3/2

Result (type 8, 28 leaves):

1
dx
a+b |2 +% x2
X X




® Problem 3066: Unable to integrate problem.

Optimal (type 3, 165Ileaves, 6 steps):

16ac-15bh2d+10bc /g

12 ¢c3 3¢cx 8c7/2

bd+2chT
b+/d (12ac-5b2d) ArcTanh| ]

a+b/9+3 2 la+b |9 ¢ \/Tc
X X X X 2+/c Vd |a+b <

Result (type 8, 28 leaves):

1
dx
a+b |2 +& x3
X X

® Problem 3067: Unable to integrate problem.

1
dx
a+b |2 48 x4
X X

Optimal (type 3, 289 leaves, 8 steps):

\/a+b /9 + < 9b\/a+b 4., (9)3/2
X X X X X

— + —

1024 a2 c2 - 2940ab?cd +945b* d? + 14bc (92ac -45b%d) [

960 c5 20c2d
derZCJ:T
b/d (240a?c? -280ab?c d + 63 b*d?) ArcTanh|
a+b |2 4% (64ac-63b%d)

2ve V@ Jab |98

+ +

5c¢ x2 120 c3 x 128 c11/2
Result (type 8, 28 leaves):
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3 (=

Result (type 8, 17 leaves):

1 1
— + — dX
X X

J

1,3/2
x)

3/2

® Problem 3069: Unable to integrate problem.

J

1
2+ | —
X

1
+ — dx
X

Optimal (type 3, 75leaves, 5steps):

7ArcTanh{

4+ t
\ x

22 “2+/T+3
\\‘ \x X

}

82
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® Problem 3074: Unable to integrate problem.

1

J (cxM)n
7ldlx
a+b (cx")n

Optimal (type 3, 38leaves, 4 steps):

x ax (cx")"Logla+b (cx")n

b b2
Result (type 8, 27 leaves) :

1

J (cx")n
7ldlx
a+b (cx")n

® Problem 3075: Unable to integrate problem.

J (cx")
—_——dx
12
(a +b (cxM F)
Optimal (type 3, 63 leaves, 4 steps):

1
ax (cxn)-m X (cx") " Log|la+b (cx")n
+

1 2
b2 (a+b(cx”)n) b

Result (type 8, 27 leaves):

1

JHd
(a+b (cx“)g)2

Test results for the 385 problems in "1.1.3.3 (a+tb x*n)*p (c+d x*n)*g.m"

® Problem 34: Result unnecessarily involves higher level functions.

(a+bx3)7/3
a-bx3 >

Optimal (type 5, 483 leaves, 22 steps):
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2213 (al/3.p1/3x)

1-— 1+

21/3 (al/3,p1/3 XJ

; 1 4 % 21/3 35/3 Ar cTan { ‘a}ﬁ‘/” } 2 21/3 g5/3 pr CTan[ (f}x%“
3 3
——ax(a+bx3)l/3——x(a+bx3)4/3— - -
5 /3 pi/3 3 pi/3
3,2/3 . 3 1/3 45/3 2/3 _ al3+b'3x
7 a2 x (1+bTX) HypergeorretncZFl[%, % g, 7%] 2x2**a LOQ[Z - (a+bx3)1/3}

5 (a+bx?)?

22/3 (a1’3+b1"3 X)2

- +

3 b1/3

2 x21/3 a5/3 Log[l+ -

21/3 (al/3+b1/3 X) }

(al/3+b1/3 x)?

22,3 (a1,3+b1/3 X)

1/3 1/3+ 1/3
4 x 21/3 35/3 Log [1 + M}

21/3 85/3 Log [2 « 21/3

(arbx3)?/® (asbx3)'® (a+hx3)*/® (asbx3)?7® (asbx3)'7®
3pl/3 - 3 pl/3 N 3 pl/3
Result (type 6, 330 leaves):
1 1 2 4 bx3 bx3
————|-4 (8a®x+9abx?+b?x’) + 208a4xAppeIIF1[—, -1, - -— — / (a-bx®)
20 (a+bx3)2/3 3 3 3 a a
1 2 4 bx® bx3 4 2 7 bx3 bx3 4 5 7 bx3 bx3
4aAppe||F1[—, S, -, - —]+bx3 3Appe||F1[—, =2, -, -, —]—ZAppeIIFl[—, o1, -, -,
3 3 3 a a 3 3 3 a a 3 3 3 a a
4 7 bx3 bx3
189a3bx4AppeIIF1{f, Zon, -, o, / (a-bx3)
3 3 a a
4 2 7 bx3 bx3 7 2 10 bx® bx3 7 5 10 bx3 bx3
7aAppe||F1[—, Zo1, -, - —]+bx3 3Appe||F1[—, o2, o2 Z2 ] _2appellFL[ -, &1, o o —]
3 3 3 a a 3 3 3 a a 3 3 3 a a

® Problem 35: Result unnecessarily involves higher level functions.

(a+bx3)4/3

dx

J

Optimal (type 5, 464 leaves, 21 steps):

a-bx3

2213 (al/3,pY/3 ) 21/3 l‘al,'3+bl,3x:‘

- Lo
1 2 %213 a2/3ArcTan[ o) } 21/3 a2/3ArcTan{ e ]
311/3 V3 V3
-—x (a+bx®)"7 - - -
2 /3 pl/3 /3 pl/3
px3\2/3 . 1 2 4 b x3 21/3 a2/3 LOg [22/3 _ w}
ax (1 + T) Hyper geonetri cZFl[g, 33 T] (asbx3) 13
- +
2(a+bx3)2/3 3 pt/3
22/3 (a1/3+b1"3x)2 21/3 <al/3+b1/3x) 21/3 (al/s+b1/3x) (al,’3+b1,’3x)2 22/3 (a1’3+b1"3x)
21/3 32/3 | og [1 + o ] 2 x21/3a2/3 Log [1 + 7(a+b IR } a?/3 Log |2 x 213 + (asbx®) 23 (asbx3)13
3pl/3 - 3pl/3 B 3 22/3 p1/3

Result (type 6, 316 leaves):
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1 1 2 4 bx3 bx3
—————x|-4 (a+bx?) + 48a3AppeIIF1[f, Zo1, o, o ] / (a-bx3)
8 (a+bx3)?? 3 3 3 a a
1 2 4 bx3 bx3 4 2 7 bx3® bx3 4 5 7 bx3 bx3
4aAppeIIF1{f, B T }+bx3 3AppeIIFl{f, Zo2, o, o, —}—ZAppeIIFl S0, ., o, .
3 3 3 a a 3 3 3 a a 3 3 3 a a
4 2 7 bx® bx3
35a%bx® Appel I FL[—, —, 1, =, -, ] / (a-bx?)
3 3 3 a a
4 2 7 bx3 bx3 7 2 10 bx3 bx3 7 5 10 bx3 bx3
7aAppeIIF1{f, B T —}+bx3 3AppeIIF1{f, T2, o ]—ZAppeIIFl - 2, = o0 —]
3 3 3 a a 3 3 3 a a 3 3 3 a a

® Problem 36: Result unnecessarily involves higher level functions.

(a +b X3> 173
a-bx3 >
Optimal (type 3, 398 leaves, 14 steps):

2213 (al/3.b1/3 x) 21/3 (al/3.61/3 x|

1 — = ) 17— 7 P
1/3 (asbx3)1/2 (asbx3)1/2 L 22/3 _ al/Sipl/3 x
2 ArcTan{iﬁ ] ArcTan{iﬁ ] 09{ 7(%“3)1,3}
/3 al/3pl/3 22/3 /3 al/3 pl/3 3 x 22/3 gl/3 p1/3
22,3 (a1,3+b1,3 X)Z 21/3 <a1/3+b1/3 X) 21’3 <a1’3+b1/3 X) (al 3+b1’3 X)z 22,3 (a1,3+b1,'3 X)
Log[1+ (@b )?°  (abx?)? ] 21/3 Log[1+7<a+bxz>ll3 } Log[2X21/3+ R ISIEE
3 x 22/3 a1/3 b1/3 N 3 a1/3 b1/3 * 6 x 22/3 al/3 bl/3
Result (type 6, 151 leaves):
1 1 4 bx3 bx8
4ax (a+bx3)1/3AppeIIF1[—, SI1, -, o — —} /
3 3 3 a a
1 1 4 bx3 bx3 4 1 7 bx® bx3 4 2 7 bx® bx3
(a-bx3) 4aAppeIIF1[f, R TR —}+bx3 3appel IFL[—, - =, 2, — - — ~“|imppellF1[—, =, 1, —, - —, ——
3 3 3 a a 3 3 3 a a 3 3 3 a a

® Problem 37: Result unnecessarily involves higher level functions.

1
dx
J(abxﬂ (a+bx3)?"?

Optimal (type 5, 452 leaves, 17 steps):
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2% 213 (al/3p1/3x) 21/3 (al/3.p1/3 x|
1-— 14—
ArcTan (ot )2 ArcTan (o) V2 bx®)2/3 i 12 4 _bx?
{ Nes ] { Nes ] x(1+ N ) I—Iypergeonetr|c2F1[3, 3 3 2 }
- _ + _
22/3,[3 a4/3 pl/3 2% 22/3.[3 a4/3 pl/3 2a (a +b x3)2/3
2/3 al/3,pl/3 x 2273 (a1’3+b1/3x)2 B 2173 (al/3.p13x) 2173 (al/3:p1/3 x) 1/3 (a1"3+b1"3x)2 2273 (al/'3+b1’3x)
Log [2 (asbx3)*/® ] Log {l * (a+bx3)%/® (asbx3)'7® ] Log {1 i (asbx3)'/® ] Log {2 X2 (a+bx3)?/® " (arbx3)'/®
+ - +
6 x 22/3 a4/3 bl/3 6 x 22/3 a4/3 bl/3 3% 22/3 a4/3 bl/3 12 % 22/3 a4/3 bl/3
Result (type 6, 153 leaves):
1 2 4 bx3 bx3 23
4 ax Appel | Fl[—, -1, - -—, —] / (a-bx®) (a+bx?)
3 3 3 a a
1 2 4 bx3® Dbx® 4 2 7 bx® bx3 4 5 7 bx® bx3
4apppel IFL[=, =, 1, -, - ——, —— ] +bx3 [3Appel IF1[—, =, 2, -, - —, — ] -2Appel IF1[—, —, 1, -, - —, —
3 3 3 a a 3 3 3 a a 3 3 3 a a
® Problem 38: Result unnecessarily involves higher level functions.
1
dx
(a-bx3) (a+bx3)*?
Optimal (type 5, 473 leaves, 21 steps):
2, 01/3 ‘:alr37bl/3x‘l N 21/3 [al,’s*bl,éxj‘
(a+bx3)1/3 ! (a+bx3)1/2 b x3 2/3 . b x3
X ArcTan{ e } ArcTan[ e } X (1+TX) HypergeonetncZFl[%, % %, —TX]
_ _ N _
4 a2 <a+bx3)2/3 24 22/3 /3 a7/3 pl/3 4 % 22/3 /3 al/3 pl/3 2 a2 (a+bx3)2/3
23 al/3,pl/3 x 22/3 (a1’3+b1"3x)2 21/3 (al"3+b1"3x) 21/3 (a1/3+b1/3x) 13 (a1/3+b1/3x)2 22/3 (a1/3+b1’3x)
Log [2 /3 _ m] Log {1 + IRIEE - PRYEE ] Log |1l + W] Log {2 x 21/3 4 [ xa) 77 ITIEE ]
12 % 22/3 a7/3 b1/3 * 12 x 22/3 a7/3 b1/3 - 6 x 22/3 a7/3 bl/3 * 24 % 22/3 a7/3 bl/3

Result (type 6, 308 leaves):
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1 1 2 4 bx® bx3
—————————x [ |48 Appel IF1[ =, — 1, —, -—, —] / (a-bx?)
16 (a+bx3)2/3 3 3 3 a a
1 4 bx® bx3 4 2 7 bx3 bx3 4 5 7 bx® bx3
4aAppe||F1{—, 1, -, - — —}+bx3 3Appe||F1{— I F— —}72AppeIIF1 T N
3 3 a a 3 3 3 a a 3 3 3 a a
4. 7abx® Appel 1FL[ % 20 T 2 0
(a-bx3) [7aAppe||F1[‘31, STt [3Appe||F (222,20 2 22 o pppeltFa |2, 80, 20,0 %m
a2
® Problem 39: Result unnecessarily involves higher level functions.
1
dx
(a-bx3) (a+bx3)8/3
Optimal (type 5, 492 leaves, 22 steps):
N 2x213fa13+b1'3x) N 213{a137b13x‘;
ArcTan (arox) 2 ArcTan (arbx) 2 bx®)|2/3 i 12 4 bx®
X 13 x { NS ] [ NS } 9 X (1 2 ) HypergeorretrchFl{g, 3 3 2
+ - - + -
10 a2 (a+bx3)5/3 40 a3 (a+bx3)2/3 4 x 22/3 /3 g10/3 p1/3 g« 22/3 /3 f10/3 p1/3 20 a8 (a+bx3)2/3

23 al/3.pl/3 x 22/3 (a1’3+b1/3x}2 B 21/3 (al/3,pl/3x) 21/3 (a1’3+b1’3x) 13 (a1’3+b1’3x)2 22/3 <a1’3+b1’3x)
LOQ[Z <a+bx3)l’3] LOg{l <a+bx3)2/3 (asbx3)'/® } L09{1+ (asbx3)'/® ] LOg{ZXZ i (a+bx3>2’3 (a+bx3>1’3 }
24 % 22/3 a10/3 bl/3 * 24 % 22/3 a10/3 bl/3 h 12 % 22/3 a10/3 bl/3 * 48 x 22/3 a10/3 b1/3
Result (type 6, 334 leaves):
1 1 2 4 bx3 bx3
16a+52 (a+bx®) + |368a? (a+bx®) Appel IF1[ =, —, 1, —, - —, ——] / (a-bx3)
160 a3 (a+bx3)5/3 3 3 3 a a
1 2 4 bx3 bx3 s 4 2 7 bx3 bx8 4 5 7 bx3 bx3
4aAppeIIF1{f . T —}+bx 3AppeIIF1{f Zo2, o, o, —} 2Appe||F1[ o1, -, o, -
3 3 3 a a 3 3 3 a a 3 3 3 a a
4 2 7 bx® bx3
91abx® (a+bx®) Appel IF1[—, =, 1, -, - ——, ——]| / (a-bx3)
3 3 3 a a
4 2 7 bx3 bx3 7 2 10 bx3 bx3 7 5 10 bx3 bx3
7aAppeIIF1{f, Zo1, -, - —%bx 3AppeIIF1{f T2, o2 2 ] _omppel L[ -, 21, o o2 —]
3 3 3 a a 3 3 3 a a 3 3 3 a a
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® Problem 86: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+bx3)8/3
—  dx
c+dx3

Optimal (type 3, 331leaves, 5steps):
1. 2bt/3x 2 (bc-ad)'/3x
¢1/? (aibx3)1/3 }

b(6bcfllad)x(a+bx3)2/3 bx(a+bx3)5/3 p2/3 (9b2c2724abcd+20a2d2)ArcTan{%w} (bcfad)8/3ArcTan[ Iy

3

- + +
18 d? 6d 9+/3 d@ 3 c2/3 g3

(bc-ad)?3 LOQ{W— (a+bx3)1/3} b2/3 (9b2c?-24abcd+20a?d?) Log|[-bY/3x + (a+bx3)l/3}

(bc-ad)83Log[c +dx?|
6 C2/3 d3 * 2 C2/3 d3 18 d3

Result (type 6, 669 leaves):

4 1 7 bx®  dx3
7abc (9b2c2-24abcd+20a?d?) x* Appel IF1[—, —, 1, —, - —, - —| /
3 3 3 a c

4 1 7 b x3 dx3
JacAppellFl[—, S T f—}
3 3 3 a c

10 b x3 d x3 7 4 10 b x3 dx3
L2, -, - ——]+bcAppel IFL[ =, —, 1, —, - -]
3 a c 3 3 3 a c

[36 d? (a+bx3)*% (c+dx3)

x3 |3 ad Appel | Fl[

W |k

7
3

1 2/3
i

-18b%c%% (bc-ad)3x (a+bx3)2/3+42ab02/3d (bc-ad)3x (a+bx?)

54¢2/3d2 (bc-ad)l/3

2 (bc-ad)/3x
c1/3 (brax3)'®

9b2c23d (bc-ad)l/3x4 (a+bx3)2/3+2\/3_a (3b2c2—7abcd+9a2d2)ArcTan{— -

V3
(bc-ad)l/3x (bc-ad)?®x2 ¢c1/3 (bc-ad)3x
2a (3b?c*-7abcd+9a’d?) Log{cl/:*—— +3ab202Log[c2/3+ + -
(b+ax3)1/3 (b+ax3)2/3 (b+ax3)l/3

(bc-ad)?3x2 c13 (bc-ad)¥/3x

(bc-ad)?/3x2 c¢c13 (bc-ad)l3x
.
(b+ax3)2/3 (b+ax3)1/3

7a2bchog[02/3+ } +9add? Log[02/3+

.
(b+ax®)?® (b+ax?)?

® Problem 87: Result unnecessarily involves higher level functions.

(a+bx3)5/3
—  dx
c+dx3

Optimal (type 3, 273 leaves, 4 steps):
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2b1/% x 2 (bc-ad)l/3x
1+ 1+ =" =

L } (bc—ad)5/3ArcTan{iwia*w"” ]

bx (a+bx3)2? Db¥?(@bc-5ad) ArcTan|

3 V3
- + +
3d 3+/3 d2 A3 c2/3 g2
_ 1/3
(bc-ad)53Log[c+dx?] (bcfad)5/3Log{(b°:1#—(a+bx3)l/3} h2/3 (Sbc75ad)Log[fbl/3x+(a+bx3)1/3]
6c2/3 g2 - 2 c2/3 g2 * 6 d2
Result (type 6, 474 leaves):
1
36
4 1 7 b x3 dx3 13 4 1 7 b x3 dx3
_|21abc (-3bc+5ad) x* Appel | F1|—, =, 1, —, -, _—} / d (a+bx®)*® (c+dx?) —7acAppeIIF1{f, . DR
3 3 3 a C 3 3 3 a C
7 1 10 b x3 d x3 7 4 10 b x3 d x3 1
x®|3adAppel IFL[—, —, 2, =, - ——, -~ |sbcAppel IF1|—, —, 1, —, - —, - —| |||+
3 3 3 a c 3 3 3 a c c23d (bc-ad)t/3

2 (bc-ad)i/3x
+ £t

cl/3 (b+ax3)1/3

V3

bc-ad)t3x
}+4a(bc—3ad) Log[cl/"‘—% -

12bc?® (bc-ad)t3x (a+bx3)2/3+4\/?a (-bc+3ad) ArcTan[
(b+ax3)'”?®

(bc-ad)?®x2 c13 (bc-ad)l’3x (bc-ad)?3x2 cv3 (bc-ad)t3x

2abcLog[cZ/3+ ]+6a2dLog[02/3+

+ +
(b+ax3)2/3 (b+ax3)l/3 (b+ax3)2/3 (b+ax3)1/3

® Problem 88: Result unnecessarily involves higher level functions.

(a +b X3> 2/3
——dXx
c+dx3
Optimal (type 3, 233 leaves, 3steps):

2bt/3 x 1 2 (bc-ad)/3x
+

cl/3 (a:bx3)1/3 ]

V3

1+
b2/3ArcTan[%} (bcfad)2/3ArcTan{
3

A3 d A3 ¢2/3d

(bc-ad)?3Log[c +dx?] (bc-ad)23 Log{%— (a+bx3)1/3} b2/ Log[-b/3x + (a+bx3)'?]
. -

6c2/3d 2c2/3d 2d
Result (type 6, 161 leaves):
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23 4 7bx3 7dx3

1 2 1 2 4
4acx (a+bx?) AppeIIFl{f, -— 1, -, ) —] / (c+dx®) |4acAppel IF1|—, -— 1, —, - —, - +
3 3 3 a c 3 3 3 a C
4 2 7 b x3 d x3 4 1 7 b x3 x3
x3 73adAppeIIF1{f, R M —— 7—]+2bcAppeIIFl{f, o1, -, - 7—]
3 3 3 a c 3 3 3 a c
® Problem 93: Result more than twice size of optimal antiderivative.
(a+bx3)4/3
- dx
c+dx3
Optimal (type 6, 60leaves, 2 steps):
1/3 1 4 4 b x3 dx3
ax (a+bx3) AppellFlb, -5 L3 - -
3
C(1+bai)1/
Result (type 6, 435 leaves):
1 1 2 4 b x3 dx3 1 2 4 b x3
X |-|16a%¢c (7bc+2ad)AppeIIFl[—, -1, - -—, 7—} / 74acAppeIIF1[—, -1, - -—
8d(a+bx3)2/3(c+dx3) 3 3 3 a c 3 3 3 a
4 2 7 b x3 dx3 4 5 7 b x3 dx3
x3 SadAppeIIFl[—, 22, -, o, ——]+2bcAppeIIF1 I 7—] .
3 3 3 a c 3 3 3 a c
4 2 7 b x3 x3
b —7ac(4ac+2bcx3+7adx3+4bdx5)AppeIIFl[—, -1, - -— - }+4x3 (a+bx3) (c+dx?)
3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 dx3 4
3adAppeIIF1{f, T2, o ——}+2bcAppeIlFl[f, o1, o, o T / —7acAppeIIF1{f,
3 3 3 a [ 3 3 3 a c 3
7 b x3 d x3 7 2 10 b x3 d x3 7 5 10 b x3 d x3
1, - -——, -—|+x®|3adAppel IF1[~, =, 2, — - —— =" |i2bcAppel IFL|—, =, 1, —, -~ -]
3 a c 3 3 3 a c 3 3 3 a c

® Problem 94: Result more than twice size of optimal antiderivative.

(a +b X3> 13
———dx
c+dx3
Optimal (type 6, 59 leaves, 2 steps):

)1/3

3 4 bx* dx®
x (a+bx 1 3 ,

Appel | FlE, -4
c (l+ ﬁ)l/s
a

Result (type 6, 160 leaves):

W N



1 1 4 bx® dx®
Appel IFL[ =, ==, 1, —, -, - —]
3 3 3 a c

1/3

4acx (a+bx3)

(C+dx3)

7 b x3 dx3

4 2
-~ -—]+bcAppelIFL]—, =
3" 3

x3 -z
3 a c

4 1
—SadAppeIIFl{f, —
3" 3

® Problem 95: Result more than twice size of optimal antiderivative.

J
X
(E:\+bX3>2/3 (C +dx3)

Optimal (type 6, 59 leaves, 2 steps):

2/3
() el a2 2 8 e e
c(a+bx3>2/3
Result (type 6, 161 leaves):
1 2 4 b x3 dx3
- 4achppeIIF1{—, -1, -, -— ——} / (a+bx3)2/3 (c+dx3)
3 3 3 a c
4 2 7 b x3 d x3 4 5
x3 3adAppeIIF1{—, - 2, = -—, 7—}+2bcAppeIIF1[—, —, 1,
3 3 3 a c 3 3

® Problem 96: Result more than twice size of optimal antiderivative.

J
dx
(a+bx3)5/3 (C +dX3)

Optimal (type 6, 62leaves, 2 steps):

X (1+¥)2”3Appe||F1[§, T

ac (a+bx3)2/3

Result (type 6, 342 leaves):

=

1
4 ac Appel | Fl[f, -
3

2

1 2
—4acAppeIIF1{f, N
3" 3

b x3 d x3
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1

8 (-bc+ad) (a+bx3)2/3

4b 1 2 4 b x3 d x3 1 2 4 b x3 d x3
X |-—+ 16c(bc—2ad)AppeIIF1[—, -1, - -— _7} / (c+dx?) —4acAppeIIF1{—, S T
a 3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 4 5 7 b x3 dx3
x3 3adAppe||F1{—, o2, -, -, ——}+2bcAppeIIFl{—, =1, -, - 7—} +
3 3 3 a C 3 3 3 a C
4 2 7 b x3 d x3 4 2 7 b x3 dx3
7bcdx3AppeIIF1[—, -1, - -—, ——} / (c+dx3) —7acAppeIIF1[—, -1, - -—, ——]+
3 3 3 a c 3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 dx3
x3 3adAppeIIF1{—, B N ——]+2bcAppeIIF1{—, o1, o0 7—}
3 3 3 a c 3 3 3 a C
® Problem 97: Result more than twice size of optimal antiderivative.
1
dx
(a+bx3)8/3 (c+dx?)
Optimal (type 6, 62leaves, 2 steps):
bx3)2/3 1 8 4 b x3 dx3
X (l+T) Appe||Fl[§, g, 1, g, P - c
a’c (a+bx3)??®
Result (type 6, 407 leaves) :
4b (-11a?d+4b?cx®+ab (6c-9dx3))
X +
a+bx3
1 2 4 b x3 dx3 1 2 4 b x3 d x3
16ac(4b2c279abcd+10a2d2)AppeIIFl{f, -1, - -— 7—] / (c+dx?) 4acAppeIIF1[—, -1, -, - R
3 3 3 a c 3 3 3 a c
4 2 7 b x3 x3 4 5 7 b x3 dx3
x3 3adAppeIIF1[f, B M +2bcAppeIIF1[f, 1, -, - 7—} ,
3 3 3 a c 3 3 3 a c
4 2 7 b x3 d x3 4 2 7 b x3 d x3
7abcd (-4bc+9ad) x3Appel I F1|—, —, 1, —, - —, 7—] / (c+dx?) 77acAppeIIF1{—, -1, - -— 7—}+x3
3 3 3 a c 3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 dx3 23
3adAppel IF1|—, —, 2, —, - —, - — +2bcAppeIIF1[—, -1, — -— 7—} /(40a2 (bc-ad)? (a+bx3)""7)
3 3 3 a c 3 3 3 a c

® Problem 98: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
(a +b X3> 8/3
- dx
(C +d X3) 2

Optimal (type 3, 351 leaves, 5steps):



1+
b (2bc-ad)x (a+bx3)2/3 (bc-ad) x (a+bx3)5/3 253 (3bC—4ad)ArcTan{

2b1/%x

(a+bx3)1/3 ]
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2 (bc-ad)l/3x
1+ —mM——

¢/ (asbx3)1/3 }

2 (bc-ad)®3 3bc+ad) ArcTan{

V3
- - + +
3cd? 3cd (c+dx3) 3+/3 d? 3+/3 ¢5/3 g3
_ 1/3
(bc-ad)5® 3bc+ad) Log[c+dx3] (bc-ad)®® (3bc+ad) Log{%* (a+bx3)l/3} b5/ (3bc-4ad) Log[-b 3 x + (a+bx3)°]
9c5/3 g3 B 3¢5/3 g3 " 3 d3
Result (type 6, 914 leaves):
1
18 ¢c®3d? (c +dx3)
4 1 7 b x3 dx3 13 4 1 7 b x3 dx3
-[21ab?c®? (-3bc+4ad) x Appel IFL[—, =, 1, =, - ——\ -] / (a+bx®)Y* | -7acAppel IF1[-, =, 1, - -—, - —]+
3 3 3 a c 3 3 3 a c
7 1 10 b x3 dx3 7 4 10 bx3 dx3®
x3 [3adAppel IF1[—, =, 2, — -~ ——}+bcAppeIIF1[f, R _—] .
3 3 3 a c 3 3 3 a c

(bc-ad)l/3

3b2c53 (bc-ad)l3x (a+bx3)2/3 (c+dx®) -2+/3 ab?c? (c+dx3)ArcTan{

2 (bc-ad)/3x

ct’? (b+a ><3)1/3

V3

(bc-ad)l/3x

Z\Eazbcd(c+dx3)ArcTan{ ]+2\Ea3d2(c+dx3)ArcTan{

2ab’c? (c+dx?) Log[cl/3— }—Zazbcd (c+dx3) Log[cl/3—

(b+ax3)??

(bc-ad)l/3x

(b+axd)

(bc-ad)?/3x2

2 (3b%2c®2 (bc-ad)'®x (a+bx3)2/376abc5/3d (bc-ad)l3x (a+bx3)2/3+3a2c2/3d2 (bc-ad)l3x (a+bx3)2/3+

2 (bc-ad)l/3x

c1/3 (brax3)'?

V3

2 (bc-ad)i/3x

c/3 (brax3)'?

V3

+

+

(bc-ad)l/3x

1/3

¢t (bc-ad)l3x

2a%d? (c +dx?) Log[cl/3, ~ab?c? (c+dx?) Log[02/3+

(b +ax3)1/3

(bc-ad)?/3x2

(b+ax3)??

cl/ (bC —ad)1/3x

(b+ax®)t?

a’?bcd (c+dx?) Log[c2/3+

(b +ax3)2/3

} +add? (c+dx?) Log[c2/3+

(b +ax3)1/3

(bc-ad)?/3x2

(b+ax?)??

cl/3 (bc—ad)1/3x

(b+ax3)??




318 | 1.1.3 General.nb

® Problem 99: Result unnecessarily involves higher level functions.

(a+bx3)5/3
—  dx
(C +dX3)2

Optimal (type 3, 301leaves, 4 steps):

2b1/3x 2 (bc-ad)¥/3x
1+ 1a.bx3‘1’3 2 3 1+C1\3 \a<b>;3‘13
7} (bc-ad)? (3bc+2ad)ArcTan{7‘}

(bc-ad)x (a+bx3)?? bS/SArCTa“{

3 V3
_ N _ _
3cd (c+dx3) V3 d? 3+/3 c5/3 g2
_ 1/3
(bc-ad)?3 (3bc+2ad)Log[c+dx®] (bc-ad)?? <3bC+23d)LOQ{%—(a+bX3)l/3} b5/3 Log[-b/3 x + (a+bx3)"?]
18 ¢5/3 g2 i 6 c5/3 g2 - 2 42
Result (type 6, 554 leaves):
(bc-ad)x (a+bx3)2/3
) 3cd (c+dx3) )
4 1 7 b x3 dx3 13 4 1 7 b x3 dx3
7ab2cx4AppeIIFl{—, -1, - -—, 7—} / 4d (a+bx®)™" (c+dx?) 77acAppeIIF1{—, -1, - - —— |+
3 3 3 a c 3 3 3 a c
7 1 10 b x3 dx3 7 4 10 b x3 dx3 1
x*|3adAppel IFL[~, —, 2, —, -——, -~——]sbcAppel IF1[-, — 1, —, -—, - —]||]+
3 3 3 a c 3 3 3 a c 9c53 (bc-ad)l/3

2 (bc-ad)/3x

13 (brax3)'3 bc-ad)3x bc-ad)?28x2 c¢3 (bc-ad)3x
Ly }—ZLog[cl/?’—( ) +Log{02/3+( ) + ( ) +

A3 (b+ax3)1/3 (b+ax3)2/3 (b+ax3)1/3

a? |2+/3 ArcTan[

2 (bc-ad)t3x

1 c1/2 (brax?)? (bc-ad)t3x (bc-ad)?3x2 cl3 (bc-ad)t’3x

ab Z\EArcTan{ ] 72Log{c1/3 - +Log[c2/3+

+
18 c2/3 d (bciad>l/3 (b+ax3)2/3 (b+ax3)l/3

V3

(b+ax3>l/3

® Problem 104: Result more than twice size of optimal antiderivative.

J(a+bx3>4/3
—  dX
(C+dx3)2

Optimal (type 6, 60leaves, 2 steps):

3)1/3 {i _4 4 _bx® dx®
ax (a+bx3)""” Appel | F1 5 3 2 5 . c
3,1/3
¢ (1402

Result (type 6, 440 leaves):
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1 2 4 b x3 dx3 1 2 4 b x3 dx3
-|[16a% (bc+2ad) AppeIIFl[f -1, = -, 7—} / 4acAppeIIF1[f I —— 77]+
3 3 3 a c 3 3 3 a
4 2 7 b x3 d x3 4 5 7 b x3 d x3
sadappel IFL[—, = 2, — - — ——|.2bcAppel IFL|—, — 1, — - — —— |||+
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3
7ac (4a2d72bzcx3+ab(74c+5dx3))AppeIIF1{f, -1, - -—, -—— | +4 (bc-ad)x® (a+bx?)
3 3 3 a c
7 2 10 b x3 d x3 7 5 10 b x3 d x3
3adAppel IF1[—, =, 2, — - —, - ——]+2bcAppel IFL[—, =, 1, —, - — ——| /
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 7 2 10 b x3 dx3
c|7achAppel IF1[=, =, 1, = ———, ——| x3|3adAppel IF1[—, =, 2, —, —— —— ]
3 3 3 a c 3 3 3 a c
7 5 10 b x3 dx3
2bcAppel IFL[—, =, 1, —, - —— -] J /(12d (a+bx%)2 (c+dx?))
3 3 3 a c

® Problem 105: Result more than twice size of optimal antiderivative.

(a+bx3)1/3
—  dx
<C+dx3>2

Optimal (type 6, 59 leaves, 2 steps):

3,1/3 1 1 4 b x® dx®
X<a+bx> AppeIIFl{g, *E 2, g *T *T
c? (l+bai)1/3
Result (type 6, 322 leaves):
1 4 (a+bx3) 1 2 4 bx3® dx®
X 32a2AppeIIFl{f, S _—} / 4acAppe||F1{
12 (a+bx3)%? (c+dx3) c 3 3 3 a c
4 2 7 b x3 dx3 4 5 7 b x3 dx3
3adAppellF1{f - 2, - -—, ——}+2bcAppeIIF1{— -1, -, -, _7} _
3 3 3 a c 3 3 3 a c
4 2 7 b x3 d x3 4 2 7 b x3 d x3
7abx3 AppellFl[— o1, -, - 7—} / 7acAppe||F1[— Y T 7—%
3 3 3 a c 3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 d x3
3adAppe||F1{— T2, &, o ——]+2bcAppeI|Fl[— 1, =, o 7—}
3 3 3 a c 3 3 3 a c

® Problem 106: Result more than twice size of optimal antiderivative.

\J\
dx
(a+bx3)2/3 <C+dX3)2

Optimal (type 6, 59 leaves, 2 steps):
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L) ppet 2 22 8 o e

c2 (a+bx3)2/

Result (type 6, 341 leaves):

4d (a+bx3) 1 2 4 bx® dx8 1 2 4  bx® dx3
X|-———m+ 16a(73bc+2ad)AppeIIF1[—, -1, - -—, 7—} / 74acAppeIIF1[—, -1, - -— -— |+
c 3 3 3 a c 3 3 3 a c
4 2 7 bx® dx3 4 5 7 bx3® dx®
x3 3adAppeIIF1{f, T2, o, o ——}+2bcAppeIIFl{f, . DR, _—} .
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 4 2 7 b x3 dx3
7abdx3AppeIIF1[—, -1, - -— 7—} / 77acAppeIIF1[—, -1, - -— 7—]+x3 3ad
3 3 3 a c 3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 dx3 23
AppeIIFl{—, - 2, —, -—, 7—]+2bcAppeI|Fl[—, -1, — -—, 7—} /(12 (bc-ad) (a+bx3)"" (c+dx?))
3 3 3 a c 3 3 3 a c
® Problem 107: Result more than twice size of optimal antiderivative.
1
dx
(a+bx3)%° (c+dx3)?
Optimal (type 6, 62leaves, 2steps):
bx3)2/3 1 5 4 b x3 dx3
X (1+T) Appe||Fl[§, g, 2, g, 77’ *T
ac? (a+bx3)??
Result (type 6, 485 leaves):
1 2 4 b x3 dx3 1 2 4 b x3 dx3
- |16 (3b?c?-12abcd+4a2d?) Appel IF1| -, =, 1, —, - ——, 7—] / —4acAppe|IF1{—, S DR
3 3 3 a c 3 3 3 a c
4 2 7 b x3 d x3 4 5 7 b x3 d x3
x3 3adAppeIIF1{f, Zo2, -, -, ——]+2bcAppeIIF1{f, o1, -, - _—] +
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3
7ac (8a®d*+10abd*x®+3b%c (4c+5dx3))AppeIIF1{—, -1, - -—, 7—}74x3 (2a®d*+2abd?>x®*+3b%c (c+dx?))
3 3 3 a c
7 2 10 b x3 d x3 7 5 10 b x3 dx3
3adAppel IF1[—, =, 2, — - —, - ——]+2bcAppel IFL[—, =, 1, —, - —, - —| /
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 7 2 10 b x3 dx3
ac 7acAppeIIFl[—, -1, - -—, 7—]7x3 SadAppeIIFl{—, - 2, —, -—, 7—]+
3 3 3 a c 3 3 3 a c
7 5 10 b x3 d x3
2bcAppel IFL[—, =, 1, —, - —— -] ]m/ (24 (bc-ad)? (a+bx?)*? (c+dx?))
3 3 3 a C




1.1.3 General.nb |321

® Problem 108: Result more than twice size of optimal antiderivative.

J
dx
(a+bx3)8/3 <C+dX3)2

Optimal (type 6, 62leaves, 2 steps):

X (1+:ﬁ)2/3Appe||F1[§, 8,2, 4 02 0¥

a?c? (a+b x3)2"3

Result (type 6, 637 leaves):
1

60a? (bc-ad)? (a+bx3)2/3 (c+dx?)
1

X —
3

2
-4 ac Appel | F1 —
3 a c 3 3 a c
7 b x3 dx3 4 5 7 b x3 dx3
V2, = - — 7—]+2bcAppeIIFl[—, -1, = - 7—]
3 a c 3 3 3 a c

1 2 4  bx3 dx®
16a(—6b303+21ab202d—45a2bcd2+10a3d3)AppeIIFl[—, -1, = -—, -”/
3 3

x3 |3 ad Appel | Fl[

w| A
W N

-7ac (20a*d*+45a°bd®*x®>-6b*c?x® (4c+5dx3) +a’h”d (96¢”+117cdx®+25d°x®) +3abdc (-12¢?+14cdx®+35d*x°))

4 2 7 bx® dx3
Appel IFL[—, =, 1, = - ——, - —|
3 3 3 a c
4x3 (5a*d*+10a*bd®x®>-6b*c?x® (c+dx®) +a?b®d (24c?+24cdx®+5d*x®) +3ab’c (-3c?+4cdx®+7d*x°%))
7 2 10 b x3 d x3 7 5 10 b x3 dx3 4
3adAppeIIF1{f, Zoo, 2, o ——]+2bcAppeIIF1{f, . P _—} / c (a+bx®) 7acAppeIIF1[f,
3 3 3 a c 3 3 3 a c 3
2 7 b x3 dx3 7 2 10 b x3 dx3 7 5 10 b x3 d x3
— 1, - -—, -—|-x*|3adAppel IF1[~, —, 2, —, -—, -—|+2bcAppel IF1[~, — 1, —, -—, - —]|
3 3 a c 3 3 3 a c 3 3 3 a c

® Problem 109: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+bx3)l4/3
—  dX
(c+dx3>3

Optimal (type 3, 541 leaves, 7 steps):
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22 p(18b?c2-10abcd-5a%d?) x (a+bx3)

b(2bc-ad) (18b?c?-18abcd-5a2d?) x (a+bx3)
- +
18 c2 d* 18 c2 d®
1. 2b1/3x
(asbx3)1/3
(bc-ad) (a+bx3)1l/3 (bc-ad) (12bc+5ad) (a+bx3>8/3 bS/3 (54 b? c? 126abcd+77a2d2)ArcTan{ NS ]
_ N _
6cd (c+dx3)? 18.¢?d? (c+dx?) 93 d®
1+2\'bcad,\1’3x
8/3 2 A2 2 A2 c1/3 (a:bx3)1/3
(bc-ad)®? (54b2c?+18abcd+5a?d )ArcTan{ s } (bc-ad)®? (54b2c2+18abcd+5a?d?) Log|[c +d x3]
- +
9+/3 c8/3d5 54 ¢8/3 d°
(bc-ad)®s3 (54b202+18abcd+5a2d2)Log[%-(aafbxﬂl/s} p8/3 (54b202—126abcd+77a2d2)Log[-b1/3X+(a+bx3)l/3}
18 c8/3 d° ) 18 d5
Result (type 6, 1509 leaves) :
23| B3 (9bc-13ad)x b*x* (bc-ad)* (bc-ad)® (21bc+5ad) x
(a+bx3) + + - -
9d* 6d® gcd4 (c+dx3)2 18¢c2d* (c +dx3)
4 1 7 b x3 dx3 1/3 1 7 b x3 dx3
21 abscdx AppeIIFl[f o1, -, - 7—] / 2d* (a+bx®)"? (c+dx®) 7acAppe||F1[ S PR
3 3 3 a c 3 3 a c
7 10 b x3 dx3 7 10 bx3 dx3
3adAppe||F1[— i J— 7—]+bcAppeIIF1[—, BN T
3 3 3 a c 3 3 3 a
4 1 7 b x3 dx3 4 1 7 b x3 dx3
49.a2b* c?x* Appel I F1[ =, =, 1, —, - ——, - —] /[Zd?’ (a+bx3)*® (c+dx®) |-7acAppel IF1|—, PR
3 3 3 a c 33 a c
7 1 10 b x3 dx3 7 10 bx3 dx3
3adAppeIIF1{—, I A — 7—]+bcAppeIIF1[—, -1, —, -
3 3 3 a c 3 3 3
4 1 7 b x3 dx3 4 1 7 b x3 dx3
539 a° b c x* Appel I FL| —, —, 1, —, - ——, - —| / 36d? (a+bx®)"? (c+dx®) 7acAppeIIF1[f Ui B
3 3 3 a c 33 a c
7 1 10 b x3 dx3 7 10 bx3 dx3
3adAppe||F1{—, T2, —, o ——]+bcAppeIIF1[—, -1, -
3 3 3 a c 3 3 3 a 54c8/3 (bc-ad)t/?
2 (bc-ad)3x
(bc-ad)l/3x (bc-ad)?3x2 cl3 (bc-ad)t3x
+Log{c2/3+ + +
1/3 <b+aX3>2/3 <b+aX3)1/3

c1/3 (brax3)'?
} -2 Log[cl/3 -

5a° ZV?NcTan[
V3

(b+ax?)

1

3d*4 (bc-ad)l/3
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2 (bc-ad)l/8x
4 ccad)n X

/3 (brax®) 3 +Log[c2/3+ (bc-ad)?/3x? . cl’3 (bc-ad)t/3x )

(b+ax3)?? (b+ax3)??

(bc-ad)l3x

} -2 Log[cl/3f

ab?c43 Z\EArcTan[
V3 (b+ax3)1/3

1
3d3® (bc-ad)/3

2 (bc-ad)i/3x
i3 (brax3)?s (bc-ad)?3x2 c13 (bc-ad)3x

+Log {02/3 + + +
1/3

(bc-ad)l/3x

} -2 Log[cl/3 -

2 a2 p3cl/3 2\/?ArcTan[ R —
3 (b+ax3)1/3 (b+ax3)2/3 (b+ax3)

1

18 ¢c2/3d2 (bc-ad)l/®

2 (bc-ad)3x
i3 (brax3)?? (bc-ad)?3x2 c13 (bc-ad)t3x

2/3
+Log{c + + +

(b+ax3)2/3 (b+ax3)1/3

(bc-ad)l/3x

} -2 Log[cl/3 -

5 a3 b2 Z\HArcTan[ R —
V3 (b+ax3)1/3

1
18c¢5/3d (bc-ad)l/3

2 (bc-ad)l/8x

c? (brax3)*’? (bc-ad)?3x2 cl3 (bc-ad)t3x

(bc-ad)l3x

} 72Log[cl/3f } +Log{c2/3+

a‘b 2\/3_ArcTan[ - +
vz (b+axd)™? (b+ax?)?? (b+ax)

1/3

® Problem 110: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+bx3)1l/3
— dX
(C -v—dX3>3

Optimal (type 3, 458 leaves, 6 steps):
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2/3 8/3

b (18b?c?2-7abcd-5a?d?) x (a+bx3) (bc-ad) x (a+bx?)

18 c? d? GCd(c+dx3)2

1. 2b1/3x
8/3 (asbx3)1/3
(bc-ad) (9bc+5ad)x ([arbx3)®® bY <9b°*11ad>NCTa”{4ﬁ ]
- +

18 ¢? d? <C+dx3) 3+/3 d*

1+21bc—ad‘yl’3x
(bc-ad)®® (27b2c2+12abcd+5a?d?) ArcTan{w} (bc-ad)5? (27b%¢2+12abcd+5a® d?) Log|[c + d x3]

+ —

9+/3 c8/3 g4 54 c8/3 d4

(bc-ad)®3 (27b?c2+12abcd+5a?d?) Log[wf (a+bx3)1/3} b3 (9bc -11ad) Log[-b /3 x + (a+bx3)™?]

Cl,’3

+

18 c8/3 d* 6 d*
Result (type 6, 1114 leaves):



108

2/3 (bc-ad)3 5 (bc-ad)2 (3bc+ad)
6 X (a+bx3) (6 b3 - c(c+dx3) o? (crdx?) ]
+
d3
4 1 7 b x3 d x3
[567ab402x4AppeIIF1[ -1, - -— —}]/{d3 (a+bx3)1/3 (c+dx?) 7acAppeIIF1[
3" 3 3 a c
7 1 10 b x3 d x3 7 10 b x3 dx3
3adAppe||Fl{§ g, 2, ?, *T, *T]erCAppellFl{g, - l, ?, *T, -
4 1 7 b x3 d x3
[693a2b3cx4AppeIIF1[, S P —— —}]/ [d2 (a+bx3)1/3 (c+dx3) 7acAppeIIF1[
3 3 3 a c
7 1 10 b x3 d x3 7 10 b x3 dx3
3adAppe||F1{§, g, 2, ?, -, *T]erCAppellFl{g, - l, ?, T, -

10a* |2+/3 ArcTan

1

d3 (bc-ad)l/3

1

2 (bc-ad)/3x
c1/3 (brax3)'?

V3

{l

18 ab3cl/3 2\/?ArcTan{

16a2h? |2+/3 ArcTan{

CZ/B d2 (bC —ad)1/3

1

c>3d (bc-ad)t/3

4a%b (23 ArcTan[

] -2Log [01/3 -

(bc

2 (bc-ad)3x
ct/3 (brax3)"’®

V3

7ad)1/3x

(b+ax3)l/3

] -2 Log[cl/3 -

2 (bc-ad)/3x

3 (brax?)

V3

2 (bc-ad)l/3x

ct/® (brax3)'’®

V3

} -2 Log{cl/e' -

1/3

] -2 Log[cl/3 -

® Problem 111: Result unnecessarily involves higher level functions.

J

(a+bx3)®?
— dX

(c+dx3)°

Optimal (type 3, 391 leaves, 5steps):

} +Log [c2/3 +

(bc-ad)?/3x2

4

3

-

4

3’

2l
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1 7 b x3 d x3
-1, = - -— |+
3 3 a c

1 7 b x3 d x3
-1, = - -— |+
3 3 a c
] 1

c83 (bc-ad)l/3

cl’3 (bc-ad)3x

(b+ax3>2/3

(b+ax3)l/3

(bc-ad)l/3x (bc-ad)?®x2 ¢c13 (bc-ad)l’3x
2/3
+Log{c + + +
(b+ax3)l/3 (b+ax3>2/3 (b+ax3)l/3
(bcfad)1/3x} Log[cZ/e' (bc-ad)?23x2 cl3 (bc-ad)l’3x
_ |+ +
(b+ax3)1/3 (b+ax3)2/3 (b+ax3)l/3
(bc-ad)l/3x Log{c2/3 (bc-ad)?3x2 cv3 (bc-ad)t3x
_ |+ +
(b+ax3)? (b+ax3)?? (b+ax3)?
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2bY/8x

(a+bx3)1/3
(bcfad)x(a+bx3)5/3 (bc-ad) (6bc+5ad)x(a+bx3)2/3 b8/3ArcTan[ oS }
_ _ N -

6cd (c+dx?)? 18c2d? (c +dx3) NEWE

1+

2 (bc-ad)l/3x
1.2

C’fij:’ } (bc-ad)?3 (9b?c?+6abcd+5a2d?) Log|c +dx3|
- +

9+/3 833 54 ¢8/3 g3

(bc-ad)??® (9b2c2+6abcd+5a®d?) Log[wf (a+bx3)l/3} b8/3 Log[-b1/3 x + (a+bx3)l/3}

(bc-ad)?/3 (9b202+6abcd+5a2d2)ArcTan{

18 c8/3 d3 2d3
Result (type 6, 753 leaves):
1 6c2/3 (—bc+ad) x (a+bx3>2/3 (3bc (2c+3dx®) +ad (8c+5dx?))
108 ¢8/3 d? (c+dx3)? 7
4 1 7 b x3 dx3 4 1 7 b x3 dx3
[189ab3c11/3x4AppellF1{—, -1, - -—, 7—] /[d2 (a+bx3)1/3 (c+dx?) JacAppeIIFl[—, -1, = - - — |
3 3 3 a c 3 3 3 a c

1

10 b x3 dx3 7 4 10 b x3 dx3 J
-
(bc-ad)/3

—, - - —|+bcappellF1[=, = 1, —, - —, -]
3 a c 3 3 3 a c

7 1
x3 3adAppe||F1[—, Z, 2
3" 3

. 2 (bc-ad)l/3x
ct/® (brax3)'’® (bc-ad)l’3x

] oL [ 1/3 (bc-ad)?3x2 c¢3 (bc-ad)t3x
-2Llog|ct/? -
\/? (b+ax3)l/3

+Log[cz/3+ + +
(b ax?)?? (bax?)'?

10 a8 2ﬁArcTan{

2 (bc-ad)l/3x

1/ / _ 1/3 B 2/3 2 1/3 B 1/3
1 6o c? 2\/3_ArcTan[ c 3<b+ax3)”}_2Log{cl/3— (bc-ad) X]+LOg[C2/3+ (bc-ad)“3x +c (bc-ad) X
d2 (bc-ad)t3 V3 (b+ax3)? (b+ax3)?? (b+ax3)?
2 (bc-ad)i/3x
"y 7 B 1/3 B 2/3 2 1/3 B 1/3
1 p b zﬁArcTan[ ¢l (brax?)™? } 72Log{c1/3* (bc-ad) X +Log[02/3+ (bc-ad) X +c (bc-ad) X
d(bc-ad)?? A3 (b+ax3)1/3 (b+ax3)2/3 (b+ax3)l/3

® Problem 117: Result more than twice size of optimal antiderivative.

(a+bx3)4/3
— dx
(C+dx3)3

Optimal (type 6, 60leaves, 2 steps):
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ax (a+bx3)l/3AppeIIF1E, 7%, 3

3,1/3
cd (l+ bi)

Result (type 6, 520 leaves):
1

72¢c2d (a+bx3)2/3 (c+dx3)2

1 2 4 b x3 dx3 1 2 4 b x3 d x3
x |[16a%c (bc+10ad) (c+dx®) Appel IFL[=, = 1, = - — ) -] / 4achppel IF1[-, ~ 1, - —— - — -
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 4 5 7 b x3 dx3
x3 3adAppeIIF1[f, Zo2, o, -, ——]+2bcAppeIIFl[f, 1, -, - _—] +
3 3 3 a [ 3 3 3 a [

7 b x3 dx3}

4 2
7ac (-2b%cx? (C—5dx3)+4a2d(8c+5dx3)+ab(74c2+450dx3+25d2x6))AppeIIFl{g, " 1, 3 :
a c

7 2
4x3 (-b?cx® (c-2dx3) +a’d (8c+5dx%) +ab (-c?+10cdx®+5d2x®)) SadAppeIIFl[g, ;2

7 5 10 b x3 dx3 4 2 7 b x3 dx3
2bcAppel IFL[—, =, 1, —, - ——, - —| / 7acAppel IF1[~, —, 1, - - ——, - —] -
3 3 3 a c 3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 dx3
x* |3adAppel IFL[=, =, 2, =, ——— ———].2bcAppel IF1[, ~ 1, — —— ]
3 3 a c 3 3 3 a c

® Problem 118: Result more than twice size of optimal antiderivative.

(a+bx3)l/3
— dx
<C+dx3)3

Optimal (type 6, 59 leaves, 2 steps):

X (a+bx3)l/3AppeIIF1[§, -5 3

3,1/3
cs (l+ —b: )

Result (type 6, 725 leaves):
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1

72 (a+bx3)2/3 (c +dx3)2

4 (a+bx?®) (bc (7c+4dx3) -ad (8c+5dx?)) 1 2 4 b x3 dx3
X . {160a3d (c+dx®) Appel IFL[=, =, 1, —, - —, - —]
c2 (bc-ad) 3 3 3 a c
1 2 4 b x3 dx3 4 2 7 b x3 d x3 4
- = 1, - -— 7—}+x3 SadAppeIIFl[—, - 2, = -—, 7—}+2bcAppeIIFl[—,
3 3 3 a c 3 3 3 a c 3
1 2 4 b x3 dx3 1 2 4
176 a2 b (c +dx3)AppeIIFl[—, -1, - - — ——] / (-bc+ad) —4acAppeIIF1[7, -1, —, -
3 3 3 a c 3 3 3
4 2 7 b x3 d x3 4 5 7 b x3 d x3
x3 3adAppeIIF1{—, - 2, = -— 7—]+2bcAppeIIF1{—, -1, - -—, ——] +
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 4 2
35a%bdx® (C+dx3)AppeIIFl{—, -1, - -— ——} / c (bc-ad) —7acAppeIIF1[—, —, 1,
3 3 3 a c 3 3 3
7 2 10 x3 d x3 7 5 10 b x3 dx3
x3 3adAppeIIF1{—, - 2, —, -—, 7—}+2bcAppeIIFl[—, -1, — -— ——] +
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3 4 2
28 ab? x3 (C+dx3)AppeIIFl{—, -1, -, - — ——} / (-bc+ad) —7acAppeIIF1{—, -1, —,
3 3 3 a c 3 3 3
7 2 10 b x3 d x3 7 5 10 b x3 dx3
x3 3adAppeIIF1{f, S0 2, o T +2bcAppeIIF1[f, o, o0 -—]
3 3 3 a c 3 3 3 a c

® Problem 119: Result more than twice size of optimal antiderivative.

J
dx
(a+bx3)2/3 (C -*—an)3

Optimal (type 6, 59 leaves, 2 steps):

X (1+¥)2/3Appe||F1[§, 2,3 & b2 _d¢

cd(a+b x3)2”3

Result (type 6, 545 leaves):

/(C (bc-ad)

b x3

7
L, - -—
3

a
dx3

—4acAppeIIF1[

d x3

Cc

}

1)
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1

72¢? (bc-ad)? (a+bx3)2/3 (c+dx3>2

1 2 4 b x3 dx3 4 b x3 dx3
x||16ac (18b?c2-23abcd+10a2d?) (c+dx®) Appel IFL[ =, =, 1, —, - —, - —| / 4achppel IFL[=, =, 1, -, -—, - —| -
3 3 3 a c 3 3 a c
4 2 7 b x3 dx3 4 5 7 b x3 dx3
x3 3adAppe||F1[—, 22, -, o, ——]+2bcAppeIIF1[—, 1, -, - 7—] .
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3
[d 7ac (4a*d (8c+5dx3) -2b%cx® (310+25dx3)+ab(—5202—30dx3+25d2X6))AppeIIFl{f, -1, = -—, _—}-
3 3 3 a c
7 2 10 bx® dx3
4x (a?d (8c+5dx®) -b?cx® (13¢+10dx®) +ab (-13¢?-2cdx®+5dx®)) [3adAppel IF1|—, =, 2, —, - —, - —| +
3 3 3 a c
7 5 10 b x3 dx3 4 2 7 b x3 dx3
2bcAppeIIFl{f, S, o 7—] / 7acAppeIIFl{f, S T, 7—}7
3 3 3 a c 3 3 3 a c
7 2 10 b x3 dx3 7 5 10 x3 dx3
x3 3adAppeIIF1[f, R J ——}+2bcAppeIIF1{f, A 7—]
3 3 3 a c 3 3 3 a c

® Problem 120: Result more than twice size of optimal antiderivative.

J
dx
(a+bx3)5/3 (C +dX3)3

Optimal (type 6, 62leaves, 2 steps):

2/3
x(1+baﬁ) AppellFl[%, 5 g, 4 _bx _dx

3 3’ a '’ c

acs (a+bx3)2/3

Result (type 6, 627 leaves):
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1

72¢? (bc-ad)? (a+bx3)2/3 (c+dx3>2

1 2 1 2
x||16c (-9b%c®+54ab2c?d-35a’bcd? +10a%d®) (c+dx®) Appel IFL[=, =, 1, —, - —, - ——| / ~4acAppel IFL] =, —, 1,
33 73 a c 3' 3
4  bx® dx3 4 2 7 bx3 dx3 4 5 7 bx® dx3
— - —— ] +x* [3adAppel IFL|~, —, 2, -, - ——, -——|+2bcAppel IFL|~, =, 1, - - —, - — ||| +
3 a c 3 3 3 a c 3 3 3 a c

-7ac (4a%d® (8c+5dx3) -4ab?cd’x® (23¢c+20dx®) -9b3c? (4c?+9cdx®+5d*x®) +a’bd? (-76c2-27cdx3+25d2x6))AppellFl{

4 2 7 b x3 d x3 )
- =1 - -—, ——]—4x3 (9b%c? (c+dx®)"-a%d® (8c+5dx?) +ab®cd®x® (19¢+16dx3) +a®bd® (19c?+8cdx®-5d*x°))
3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 d x3 4 2
3adAppeIIF1{f, Zo2, o ——]+2bcAppeIIF1{f, o, o _—} / a 7acAppeIIF1{f, -,
3 3 3 a c 3 3 3 a c 3 3
7 b x3 dx3 7 2 10 b x3 dx3 7 5 10 b x3 dx3
1, — - —, 7—}7x3 SadAppeIIFl[—, -2, = e - +2bcAppe||F1{—, -1, = - 7—]
3 a C 3 3 3 a C 3 3 3 a c

® Problem 121: Result more than twice size of optimal antiderivative.

J
dx
(a+bx3)8/3 (C -v—dXS)3

Optimal (type 6, 62leaves, 2steps):

2/3
x (142507 Appel IFL| S, 3,3, 5, -2, -9F

a?c3 (a+bx3)2/3

Result (type 6, 615 leaves):
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1

360a%c2 (bc-ad)* (a+bx3)?® (c+dx?)?

X

- 4 (36b°c®x® (c+dx®)*+9abtc? (6c-19dx?) (c+dx®)®+5a°d" (8Bc+5dx®) +5a*b?d®x° (-50¢? -36cdx®+5d*x°) +
a+bX
5a*bd® (-25¢?-6cdx®+10d*x®) -a®bcd (189¢®+378c%dx®+314cd?x®+110d%x?)) +

1 2 4 b x3 dx3
16ac (36b*c*-171ab’c®d+540a°b®c?d®-235a%bcd® +50a* d*) (c+dx3)AppeIIF1{f, -1, = - -—] /
3 3 3 a c
1 2 4 b x3 dx3
4acAppe||F1[—, Zo1, -, - 7—}7
3 3 3 a c
4 2 7 b x3 dx3 4 5 7 b x3 dx3
x3 3adAppeIIF1[f, Zoo, o, -1 ——]+2bcAppeIIF1[f, B T, _—] -
3 3 3 a c 3 3 3 a c
4 2 7 b x3 dx3
7abcd (36b%c®-171ab?c?d-110a*bcd®*+25a°d®) x* (c+dx®) Appel IFL| -, —, 1, —, - —, 7—] /
3 3 3 a c
4 2 7 b x3 dx3
jacAppeIIFl{f, S D — _7}+
3 3 3 a c
7 2 10 b x3 dx3 7 5 10 b x3 dx3
x3 SadAppeIIFl[—, - 2, —, -—, 7—}+2bcAppeIIF1 - -1, — -— ——]
3 3 3 a c 3 3 3 a c

® Problem 122: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+bx3)7/4
—d
(C +d X3>37/12 X

Optimal (type 5, 155Ileaves, 3steps):

2 ¢ (a+bx3) 1/4 . 1 1 4 (bc-ad) x3
Ax (arbxd) ™ saax (asbxd)t 1898 ([N WypergeometricFL [, I L - 2L
+ +
25¢ (c+dx3)®*  325¢2 (c+d X3 325¢3 (a+bx3)"* (c+dx3)"*

Result (type 6, 479 leaves):
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1 1
4 X

325¢3 (a+bx®)"* (c+dx3)H (bc-ad) (c+dx3)?
(13b%c3x®+ab?c?x3 (47c+8dx3) -a®d (223¢%+399cdx?+189d?x®) +a’b (34c®-215¢c?dx®-399cd?x®-189d3x?)) -

1 1 1 4 b x3 dx3 1 1 1 4 b x3 d x3
756 a® ¢ (bC+3ad)AppellFl[—, - = = -—, f—} / (bc-ad) —16acAppe|IF1{—, — — = -, 7_%
3 4 12 3 a c 3 4 12 3 a c
4 1 13 7 b x3 dx3 4 5 1 7 b x3 dx3
x3 adAppeIIFl{f, - — = —— ——}+3bcAppeIIFl{—, - — = -—, ——] +
3 4 12 3 a c 3 4 12 3 a c
4 1 1 7 b x3 d x3 4 1 1 7 b x3 dx3
3969a3bcdx3AppeIIFl[—, - — = - ——] / (-bc+ad) 728acAppeIIFl[—, T a T *
3 4 12 3 a c 3 4 12 3 a c
7 1 13 10 b x3 dx3 7 5 1 10 b x3 dx3
x3 adAppeIIFl{—, - — —, - —, 7—]+3bcAppeIIFl{—, - — —, - —, 7—]
3 4 12 3 a c 3 4 12 3 a c

® Problem 124: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+bx3) ¥
(C +d X3>25/12 ax

Optimal (type 5, 122 leaves, 2steps):

) c (a+bx?) 1/4 . 1 4 (bc-ad) x3
4 x (a+bx3)3’4 9ax (m) |—|ypergeonetr|c2F1h, 3 alean
+
13c (c+dx3)¥* 13¢c? (a+bx3)"* (c +dx3)M*
Result (type 6, 431 leaves):
b2¢c?x®-a?d (10c+9dx®) +ab (c?-10cdx?-9d?x")
4 X -
(bc-ad) (c+dx3)
1 1 1 4 b x3 d x3 1 1 1 4 b x3 d x3
36a’c (bc+3ad) Appel IFL[=, =, —, =~ | / (bc-ad) [-16acAppel IFL[-, =, —, — ——— |-
3 4 12 3 a c 3 4 12 3 a c
4 1 13 7 x3 dx3 4 5 1 7 b x3 dx3
x3 adAppeIIFl[f, I ——]+3bcAppeIIF1{f, R 7—} +
3 4 12 3 a c 3 4 12 3 a C
4 1 1 7 b x3 d x3
189a’bcdx® Appel I F1[—, —, —, — - — | / (-bc+ad)
3 4 12 3 a c
4 1 1 7 b x3 d x3 7 1 13 10 b x3 d x3
—28acAppeIIF1[f, S ]+x3 adAppeIIFl[—, S }+
3 4 12 3 a c 3 4 12 3 a C
7 5 1 10 b x3 dx3
3bcAppeIIF1[7, - - =, -—, ——] /(13(;2 (a+bx3)l/4 (c+dx3)1/12)
3 4 12 3 a c
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® Problem 126: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
dx
J (a +b X3>1/4 (C +d X3)13/12
Optimal (type 5, 87 leaves, 1step):

(bc-ad) x3
a (c+dx3)

(c (a+b x?)

a (c+dx?)

1/4
. 1 1 4
) I—typergeorretrchFl[Z, 33

c (a+bx3)l/4 (c+dx3>l/12

Result (type 6, 374 leaves):

1
(a+bx3)Y* (c+dx3)¥*?
d (a+bx3) 1 1 1 4 bx* dx3 1 1 1 4 bx* dx8
4X |-—— - |4a (bc+3ad) Appel IFL| —, —, —, — - —, ——} / (bc-ad) —16acAppeIIF1{—, - — = m—y - —— |+
bcZ-acd 3 4 12 3 a c 3 4 12 3 a c
4 1 13 7 b x3 dx3 4 5 1 7 b x3 dx3
x3 adAppeIIFl{—, - —, = - —, 7—]+3bcAppeI|F1[—, - — = - —, 7—} +
3 4 12 3 a c 3 4 12 3 a C
4 1 1 7 b x3 d x3 4 1 1 7 b x3 d x3
21abdx3AppeIIF1{f, - =, - ——} / (-bc+ad) |-28ac Appel | F1| —, —, —, —, - —, ——} +
3 4 12 3 a C 3 4 12 3 a C
7 13 10 b x3 d x3 7 5 1 10 b x3 d x3
x3 adAppeIIFl{f, o= =L ——}+3bcAppeIIFl[f, -, = i _—}
3 4 12 3 a c 3 4 12 3 a c

® Problem 128: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
dx
J\(a+bx3)5/4 (c +dx3)1/12

Optimal (type 5, 87 leaves, 1step):

c (asbx3) | 5/4 11/12 . 1 5 4 (bc-ad) x®
r ri 2F1[— 25, -t
( ) Hypergeonetric 3 4 3 2 (crdxd)

a (c+dx3) <C+dX3>

c (a+bx3)5’/4

Result (type 6, 356 leaves):
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b (c+dx3) 1 1 1 4 bx3 dx3 1 1 1 4 bx3 dx3
4x |-—————-|4c (bc+3ad) Appel IFL| =, —, —, — —— -] / ~16acAppel IF1[=, =, =, — - =]
a 3 4 12 3 a c 3 4 12 3 a c
4 1 13 7 b x3 dx3 4 5 1 7 b x3 dx3
x3 adAppeIIFl{—, - —, = - —, 7—]+3bcAppeI|F1[—, - = = - —, 7—} -
3 4 12 3 a c 3 4 12 3 a c
4 1 1 7 b x3 dx3 4 1 1 7 b x3 d x3
21bcdx3AppeIIF1{f, - L o0 _—} / —28acAppeIIFl{f, A
3 4 12 3 a c 3 4 12 3 a c
7 1 13 10 b x3 d x3 7 5 1 10 b x3 d x3
x3 adAppeIIFl{—, -, —, - —, ——}+3bcAppeIIFl{—, -, —, - —, ——} /(3 (-bc+ad) (a+b
3 4 12 3 a c 3 4 12 3 a c

X3>1/4 (C +d Xg)l/lZ)

® Problem 130: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(C +d X3>ll/12
- dx
J (a +b X3) /4
Optimal (type 5, 121 leaves, 2 steps):

(c+dx3)ll/12Hypergeorretric2F1[%, % 4 (bcead)x®

c (a+bx3) 5/4
'3 a (c+dx3)

4x (c +dx3)ll/12 11x (a<c+d_xe~)

N
15a(a+bx3)5/4 15a(a+bx3>5/4

Result (type 6, 391 leaves):
(—14abc+3a2d—11b2cx3) (c+dx3)

4 x +
a+bxs
1 1 1 4 b x3 dx3 1 1 1 4 b x3 dx3
44 ac? (bc+3ad)AppeI|F1[—, - — = - —, 7—} / 16acAppellF1|—, —, —, — - —, ———| -
3 4 12 3 a c 3 4 12 3 a c
4 1 13 7 b x3 dx3 4 5 1 7 b x3 d x3
x3 adAppeIIFl{—, - = =, -, ——]+3bcAppeIIF1[—, - = =, - ——} -
3 4 12 3 a c 3 4 12 3 a c
4 1 1 7 b x3 dx3 4 1 1 7 b x3 dx3
231abczdx3AppeIIFl[—, - — = - —, 7—] / 728acAppeIIFl[—, - = = - —, 7—]+
3 4 12 3 a c 3 4 12 3 a c
7 1 13 10 b x3 d x3 7 5 1 10 b x3 dx3
x3 adAppeIIFl{f, S ——}+3bcAppeIIF1{f, A 7—} /
3 4 12 3 a C 3 4 12 3 a c

(45a% (-bc+ad) (a+bx3)"* (c+dx3)?)

® Problem 132: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(C+dx3>23/12
—d
J(a+bx3)13/4 "
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Optimal (type 5, 153 leaves, 3steps):

11/12 . _ 3
'*? Hyper geonet ri c2F1 é %, 4 _(bead)x?

3’ a (c+dx?)

c {:a—bx3) )5/4 <C . d X3)

92 ¢ x (c+dx3)ll/12 4x (c+dx3)23/12 253 ¢ x (a(c—dx3)
+

N
27a<a+b><3)9/4 405 a2 (a+bx3)5/4

405 a2 (a+bx3)5/4

Result (type 6, 426 leaves):
(c+dx3) (-575ab?c?x®-253b3%c?x®+3a%d (380+15dx3) +a’bc (—367c+24dx3))

+

(a+bx)?

1 1 1 4 b x3 d x3
16aCAppeIIF1[—, e A
3

1 4 b x3 dx3}
4" 12" 3 a c

1 1
[1012ac3 (bc+3ad)AppeIIF1[f, - — = - - —
3 4 12 3 a c

/

4 13 7 b x3 dx3 4 5 1 7 b x3 dx3
x* ladAppel IF1[—, =, —, —, - ——, ———|+3bcAppel IFL[—, -, —, - ——, ——]] -
3 4 12 3 a c 3 4 12 3 a c
4 1 1 7 b x3 d x3 4 1 1 7 b x3 d x3
5313abc3dx® Appel I F1[ =, =, —, —, - — -] / ~28acAppel IF1[—, =, =, — = ]
3 4 12 3 a c 3 4 12 3 a c
7 1 13 10 b x3 d x3 7 5 1 10 b x3 d x3
x3 adAppeIIFl{f, D B ——} +3bcAppeI|F1{7, - —, —, - —, _7} /
3 4 12 3 a c 3 4 12 3 a c

(12158 (-bc+ad) (a+bx®)'* (c+dx3)'*?)

® Problem 133: Result more than twice size of optimal antiderivative.
J<a+bx3)m (c+dx3)Pax

Optimal (type 6, 79leaves, 3steps):

m bx3) ™ dx3)\P 1 4 b x3 dx3
x (a+bx3) [1+ (c+dx3)p 1+ Appel | F1|—, -m -p, —, - —, ——}
a c 3 a C
Result (type 6, 172 leaves):
m 1 4 b x3 dx3 4 b x3 dx3
4acx (a+bx?) (c+dx3)pAppeIIF1[f, -m -p, — - —, ——] / 4acAppeIIF1[f -m -p, — - ——, - —— | +
3 3 a c 3 a c
4 7 b x3 d x3 4 7 b x3 x3
3x8 bcmAppeIIFl[—, 1-m -p, - -—, - —— +adpAppeIIF1{—, -m1l-p, — -—, 7—}
3 3 a c 3 3 a c

® Problem 136: Result more than twice size of optimal antiderivative.

J(c+dx3)q "

a+bx3

Optimal (type 6, 57 leaves, 2 steps):
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3\ -q 3 3
X (c+dx®)®(1+2%) Tappel IFL[ L, 1, -q, 5, -2, -0
a
Result (type 6, 162 leaves):
a 1 4 dx3 b x3 1 4 d x3 b x3
4acx (c+dx3) AppeIIFl{—, -q, 1, —, - —, ——} / (a+bx3) 4achppel | F1|—, -q, 1, —, - —, - — | +
3 3 c a 3 3 c a
4 7 d x3 b x3 4 7 dx3 b x3
3x3 aquppeIIFl[—, 1-q, 1, —, - —, 7—}7bcAppeIIFl[—, -q, 2, —, -—, 7—} ]]
3 3 c a 3 3 c a

Problem 137: Result more than twice size of optimal antiderivative.

J(c+dx3): o
(a+bx?)

Optimal (type 6, 57 leaves, 2 steps):

q dx3\ 9 1 4 b x3 dx3
X <C +dX3> (1+T) AppellFl g, 2, —q, 5, —T, —T}
a2
Result (type 6, 162 leaves):
1 4 b x3 dx3 ) 1 4 b x3 dx3
4acx (c+dx3)qupeIIF1{—, 2, -9, — - —, 7—} / (a+bx®)” [4acAppel IF1|—, 2, -q, —, - —, - — | +
3 3 a c 3 3 a c
4 7 b x3 d x3 4 7 b x3 x3
3x® |adqAppel IFL[—, 2, 1-q, —, ——, - —| -2bcAppel IF1[-, 3, -q, -, ~—, ——|
3 3 a c 3 3 a c

Problem 141: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(a +bx®)Max
Optimal (type 5, 44 leaves, 2 steps):

b x3

-m 1 4 b x3
3

X (a+bx3)m[1+ HypergeometricZFl[g, -m

Result (type 6, 196 leaves):

. b1/3 -m
1 al/’3 . (—1)2/3b1/3x Ml (1+ al,3x)
2—m((_1)2/3 a1/3 +bl/3x)
b1/3 <1+m> (l+ (71)1/3> a1/3 3I'L+\/3_

. . 21ibl3x
i ((71)2/3 a1/3+b1/3x) i++3 - ’lam

l+m -m -m 2+m - ' }

\/?31/3 3]'1+\/?

(a+bx®)"Appel | F1




® Problem 142: Result more than twice size of optimal antiderivative.

J(a+bx3)mdlx

c+dx3
Optimal (type 6, 57 leaves, 2 steps):

m px3)\-M 1 4 b x3 dx3

X <a+bX3) (1+T) Appe||Fl 5, *m 1, 5, 7?’ 7T}
c

Result (type 6, 162 leaves):

m 1 4 b x3 dx3 1 4 b x3 dx3

-|4acx (a+bx?) AppeIIFl[f, -m 1, -, -—, 7—} / (c+dx®) |-4acAppel IF1|—, -m 1, —, - ——, - —|+
3 3 a C 3 3 a c
4 7 b x3 d x3 4 7 b x3 d x3

3x8 7bcmAppeIIF1{—, 1-m1, —, -—, 7—}+adAppeIIFl[—, -m 2, —, -—, 7—}

3 3 a c 3 3 a c

® Problem 143: Result more than twice size of optimal antiderivative.

Jwa+bxﬂjdx
(c+dx3)

Optimal (type 6, 57 leaves, 2 steps):

m bx3\ M 1 4 b x3 dx3

X <a+bx3) (l+T) AppellFl E, -m 2, 5, *T, 7?}

c2
Result (type 6, 162 leaves):

m 1 4 b x3 dx3 ) 1 4 b x3 d x3

~|l4acx (a+bx3) AppeIIFl[—, “m 2, -, -—, ——} / (c+dx3) -4acAppellF1|—, -m 2, —, - —, - —| -

3 3 a [ 3 3 a c

7

b x3 d x3 4 7 b x3 dx3
, - — 7—]72adAppeIIF1{—, -m 3, -, -—, 7—]
3 a c 3 3 a c

4
3x8 bcmAppeIIFl{—, 1-m 2,
3

® Problem 144: Result more than twice size of optimal antiderivative.

J(a+bx3)jdx
(c+dx?)

Optimal (type 6, 57 leaves, 2 steps):

[FIES
o
x
A
o
x
A

x (a+bx3)m(1+¥)’mAppe||F1 L -ms,

c3

Result (type 6, 162 leaves):

1.1.3 General.nb |337
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m 1 4 b x3 dx3 3 1 4 b x3 dx3
-|4acx (a+bx?) AppeIIFl[—, -m 3, -, -—, ——} / (c+dx®)”|-4acAppel IFl|—, -m 3, —, - —, - — | -
3 3 a c 3 3 a c
4 7 b x3 d x3 4 7 b x3 dx3
3x3 |bcmappel IF1[—, 1-m 3, -, -—, - —| -3adAppel IF1[—, -m 4, —, —— —|
3 3 a c 3 3 a c

® Problem 145: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

ad

J(mbﬁ)*lmfﬁ (c +dx®) amin ax

Optimal (type 3, 53 leaves, 1step):

X (a+bx3)’3b:ﬁ <c+dx3)ﬁ

ac
Result (type 6, 594 leaves) :

be ad 1 bc ad 4 b x3 dx3
4acx (a+bx3) sresad (c+dx3)svesas dAppeIIFl{—, ;14 , = —, 7—] /
3 3bc-3ad -3bc+3ad 3 a c
1 bc ad 4 b x3 dx3 4 bc
(c+dx®) |4ac (—bc+ad)AppeIIF1[f, , 1+ . = - —, ——}+x3 ad (3bc-4ad)AppeIIF1{f, -
3 3bc-3ad -3bc+3ad 3 a c 3 3bc-3ad
ad 7 b x3 d x3 4 bc ad 7 b x3 d x3
24— —,7—,7—}+b202AppeIIF1[—,1+ , 1+ , —,7—,7—} N
-3bc+3ad 3 a c 3 3bc-3ad -3bc+3ad 3 a c
1 bc ad 4 b x3 dx3 1 bc
bAppeIIFl[f, 1+ , , —y o —— ——] / (a+bx?) |4ac (bc-ad)AppeIIFl{f, 1+ ——M
3 3bc-3ad -3bc+3ad 3 a c 3 3bc-3ad
ad 4 b x3 d x3 4 bc ad 7 b x3 dx3
- —,7—,7—]+x3 aZdZAppeIIFl[—,l+ , 1+ , —,7—,7—]+
-3bc+3ad 3 a c 3 3bc-3ad -3bc+3ad 3 a [
4 bc ad 7 b x3 d x3
bc (-4bc+3ad) Appel IFL[—, 2+ , Do — - —]
3 3bc-3ad -3bc+3ad 3 a c

® Problem 173: Result unnecessarily involves higher level functions.

(a-bx4)°?
c-dx* o

Optimal (type 4, 321leaves, 10 steps):
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1/4 p3/4 2 02 2 42 b x* Cat [ b4 x
b (7bc- 13ad) x+fa_bxd bx (a-bxt|¥2 @'Y (21b2c2-56abcd.47al o) [1-2 BlipticF|arcsin[ 22X ], -1

— + + —

2
21d 7d 21d%+/a bxt

alt (bc-ad)® [1- 2% Eliptich [J?“T, aresin[2oX], 1] a4 (bo-ad)® [1- X Elliptich

2bl4cd3+/a-bx* 2bl4cd3+/a-bx*

Result (type 6, 385 leaves):
1

105d2+/a-bx*

fﬁ Ar cSi n{b:f}, 71]

C

=
4

1 1 5 bx* dx*
X 5b(—a+bx4) (7bc—16ad+3bdx4)+ 25azc(7b202—16abcd+21a2d2)AppeIIFl{f, -1, - — —} / (c—dx“)
4 2 4 a c
1 1 5 bx* dx* 5 1 9 bx* dx* 5 3 9 bx% dx*
5acAppe||F1[—, S T —]+2x4 2adAppe||F1[—, o2, o, —]+bcAppe||F1[—, -1, — -
4 2 4 a c 4 2 4 a c 4 2 4 a c
5 1 9 bx* dx*
9abc (21b2c2—56abcd+47a2d2)x4AppeIIF1{—, -1, -, —, —] / (c—dx“)
4" 2 4 a c
5 1 9 bx* dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
9acAppel IFL[ =, = 1, =, —]+2x4 2adAppe||F1[—, T2, &S —}+bcAppeIIF1 -1, =,
4 2 4 a c 4 2 4 a c 4 2 4 a c

® Problem 174: Result unnecessarily involves higher level functions.

(a-bx*)%?
c-dx* >

Optimal (type 4, 277 leaves, 9steps):

L

1/4 43/4 b x* Ft o[ b
bx\/m at/*b¥* (3bc-5ad)  [1-— EII|pt|cF{ArcS|n[aly,4 ] 71}

- +

3d 3d2+/a-bx*

a4 (bc-ad)? [1- 2% ElipticPi {_ Va_ ArcSin{b;f}}, _1] al (bc-ad)? [1- 2% ElipticPi

N
2bl4cd?+/a-bx? 2bl4cd?+/a-bx*

Result (type 6, 419 leaves):

Va Vd

C

5

, Arcsin|[ 22X, 1]

5
4
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1 1 1 5 bx* dx*
X |-|25a%c (-bc+3ad) AppeIIFl[f -1, -, —, —] /
15d+/a-bx* (-c+dx4) 42 4 Ao
1 1 5 bx* dx* 5 1 9 bx* dx* 9 bx* dx*
5acAppeIIFl[—, U T—— —}+2x4 ZadAppeIIFl[— Y F— —}ercAppeIIFl[ Y T )
4 2 4 a C 4 2 4 a c 4 a c
5 9 bx* dx*
b —9ac(—2bcx4+5bdx8+5a(c—2dx4))AppeIIFl{—, -1, -, —, —]—
4 2 4 a c
9 1 13 bx* dx* 9 3 13 bx* dx*
10x* (a-bx?*) (c-dx*) 2adAppeIIF1{—, - 2, — — — +bcAppe||Fl{— -1, - —, — /
4 2 4 a c 4 2 4 a c
5 1 9 bx* dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
9aCAppeIIF1{f, S —]+2x4 2adAppeIIF1{f, o2, 2, —}+bcAppeIIFl{f, R —}
4 2 4 a c 4 2 4 a c 4 2 4 a c

® Problem 175: Result unnecessarily involves higher level functions.
\a-bx*
————— dx
c-dx*

Optimal (type 4, 240leaves, 8steps):

al/4 p3/4 llf% EIIipticF[ArcSm{ } 71]

da-bx*
vV d . b1/4x 1/4 b x4 . . .
C,Ar(:Sln{—al_A}, 71] a’* (bc-ad) /1*7 EllipticPi

alt’/4 ( [ 1 EllipticPi |-

2bY4cd+/a-bx* 2b4cd~/a-bx*

Result (type 6, 155 leaves):

5

ﬁ:g aresin| 20X, 1]

a

1 1 5 bx* dx*
~|5acx~a-bx* AppeIIFl{f, =1, =, — —} / (c—dx“)
4 2 4 a c
1 1 5 bx* dx* 5 1 9 bx* dx* 5 1 9 bx* dx*
—5acAppeI|Fl[—, R TR —]+2x4 —2adAppeIIF1{—, R SN —}+bcAppeIIFl -, o,
4 2 4 a c 4 2 4 a c 4 2 4 a c

® Problem 176: Result unnecessarily involves higher level functions.

dx

1
J\\/a—bx“ (c-dx*)

Optimal (type 4, 162 leaves, 5 steps):
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Va4 aresin|2iX], 1]
\/7

4
c a

atd [1- 2% Eiptichi [J;ﬁ, aresin[ x|, -1 av4 [1-° Eliptich
Cc
.
2bl4c+/a-bx* 2bl4c+/a-bx*

Result (type 6, 156 leaves):

=

1 1 5 bx* dx*
- 5achppeI|Fl[—, -1, -, —, —] / Ja-bx* (-c+dx*)
4 2 4 a c
1 1 5 bx* dx* . 5 1 9 bx* dx* 5 3 9 bx* dx*
5aCAppeIIF1{7, B —]+2x 2adAppeIIF1{f, Z 2, o, , +bcappel lFL[ =, = 1, 2, ,
4 2 4 a c 4 2 4 a c 4 2 4 a c
® Problem 177: Result unnecessarily involves higher level functions.
1
J dx
(a-bx4)%? (c-dx4)
Optimal (type 4, 281 leaves, 9steps):
3/4 b x4 . . . b1/4 x
b x be4 1~ =~ ElllptlcF{ArcSm[aM], —1}
N
2a (bc-ad)+a-bx* 2a%4 (bc-ad)+a-bx?
alrag |15 EllipticPi [—Hﬁ, ArcSin[blfdx}, 71} al’dd [1-5°2¢ EllipticPi [ﬁﬁ ArcSin{bllx], 71}
Ve Vb e at Ve Vb o a
2bl4¢c (bc-ad)+a-bx* 2b¥4¢c (bc-ad)+a-bx*
Result (type 6, 329 leaves):
1 5b 1 1 5 bx* dx*
X |- — - 250(b072ad)Appe||Fl{—, -1, -, —, —] / (c-dx?)
10 (-bc +ad) Ja-bx* 4 2 4 a ¢
1 1 5 bx4 dx* 5 1 9 bx* dx* 5 3 9 bx4 dx*
5acAppe||F1{—, U T —]+2x4 2adAppeIIF1[—, W — —]+bcAppe||F1[—, =1, -, , N
4 2 4 a c 4 2 4 a c 4 2 4 a c
5 1 9 bx* dx* 5 1 9 bx* dx*
9bcdx4AppeIIF1[—, Zo1, oo, —} / (c-dx*) 9acAppeIIF1[f, ~1, o, , .
4 2 4 a c 4 2 4 a c
9 1 13 bx* dx* 9 3 13 bx* dx*
2 x4 2adAppeIIF1[—, - 2, — —, —}+bcAppeIIF1[—, -1, —, , ]
4 2 4 a c 4 2 4 a c

® Problem 178: Result unnecessarily involves higher level functions.

J
dx
(a—bX4>5/2 (C —dX4)




342 | 1.1.3 General.nb

Optimal (type 4, 334 leaves, 10 steps):

3/4 S11 [1-° ElipticF|ArcSi
b x b (5bc_11ad) x b (5bc ad) " |pt|c[ csln{

b

1

v,

a

+

.
6a (bc-ad) (afbx4)3/2 12a2 (bc-ad)2+/a-bx*

12a’/% (bc-ad)?+/a-bx*

at4d? [1- 2 Elipticki [-2Y9 aesin[2X], 1] at4d? [1- 2 Elipticri [V aresin| 2] 1]
a VB e a a /o Vo at

+

2bY4c (bc-ad)?~/a-bx*

Result (type 6, 396 leaves):

2b4c (bc-ad)?~/a-bx*

5b(13a2d+5bzcx4—ab(7c+11dx4)) 1 1 5 bx* dx*
x - |25ac (5b2c?-1labed-12a%d?) Appel L[, —, 1, ~ —, — || / |(c-dx
—a+bx*4 4 2 4 a c
1 1 5 bx* dx* 5 1 9 bx* dx* 5 3 9 bx* dx*
5acAppeIIF1[—, . T —]+2x4 2adAppeIIF1[—, o2, o, —}ercAppeIIFl{—, 1, o, —]
4 2 4 a c 4 2 4 a c 4 2 4 a c
5 1 9 bx* dx* 5 1 9 bx* dx*
9abcd (-5bc+llad) x*Appel IFL[~, —, 1, —, —, —| / (c-dx*) [9acAppel IFL[~, — 1, — — — ]«
4" 2 4 a c 4" 2 4 a c
9 1 13 bx* dx*4 9 3 13 bx* dx*
2x% [2adAppel IFL[~, =, 2, = -, —|bcAppel IF1[, ~, 1, —, —, ] J] /[60a2 (bcfad)zx/afbx“)
4 2 4 a c 4 2 4 a c

® Problem 179: Result unnecessarily involves higher level functions.

(a+bx4)3/2
—  dx
c+dx*

Optimal (type 4, 926 leaves, 10 steps):
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Vbc-ad x 3/2 V-bc+ad x
(bcfad)?’/ZArcTan S — (7bc+ad) ArcTan| ——MM
bx+a-+ b x4 { (-c)V4dl/4+/a+b x4 } { (-c)1/4dl/4 ] a+b x4 ]
3d 4 (—C)3/4d7/4 4 (_C)S/4d7/4

p3/4 (3bc-5ad) (\/;4_\/[)_)(2)malipticF{ZNCTan[m], %]

6al/4d?+/a+bx?

pl/4 (\/F\/T—\/;\/d_) (bc-ad)? (\/?+\/Fx2) thz EIIipticF[ZArcTan{%},
(ﬁ»fﬁxz) a

4al’4+/-c d? (bc+ad)/a+bx?

b4 (Vb V¢ +va Vd | (be-ad)? (Va «vb x2] | " ElipticF|2AcTan| % X,
(Va Vb x?) é

4al4+/-c d? (bc+ad)/a+bx?

N
[

NP
R

NI, NraVrak 2 2 a+bx* T ( b v-c -va “d)z bl/4x . 1
b -c ++vVa vVd (bc-ad)c [v/a +Vb x —— HIliptichi |- , 2 ArcTan , —
e ) va VB e o
a +vb x2 4+/a /b +-c +/d at’t
(8.511/"'b1/4cd2 (bc+ad)\/a+bx4)+
+b x4 Vb +-c ++va vd ? 1/4
(\/b Vv-c -+/a x/d)z(bc—ad)z(x/a +/b x2) & EIIipticPi[( ‘ ° ) ,2Arc'|'an[b X , E] /
(x/a +vb x2)2 4+a Vb +/-c /d alt/4 = 2

(8a1/4b1/4cd2 (bc+ad) \/a+bx4)

Result (type 6, 435leaves):
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1 1 1 5
X ||25a%¢ (7bc+3ad)AppeIIF1{f, R
15d+/a+bx? (c+dx?) 42 4
5 1 9 b x* d x4 5
2 x4 2adAppeIIF1{—, - 2, - -—, 7—}+bcAppeIIF1 —
4 2 4 a c 4
5 1 9
b|-9ac (5a(c+2dx*)+bx* (2c+5dx4>)AppeIIFl[—, — 1, —,
4
9 1 13 b x4 dx* 9
2adAppeIIF1[—, -, 2, , ——— - }+bcAppeIIFl[—
4 2 4 a c 4

9 b x4 d x4
,—7,—7]+2X4
4 a c

’ 1

4 a
® Problem 180: Result unnecessarily involves higher level functions.

J\/a+bx4 g
— dX

c+dx*

Optimal (type 4, 881 leaves, 9steps):

9 1 13 b x4 d x4
2adAppeIIF1[f, —, 2, —, - -
4

c

9
]+bcAppeIIF1{—,
4

R
2 4 a (o]

b x4 d x4

a c

3 13 b x4 d x4
o, & o ,_]
2 4 a (o]

4

5
-9 ac Appel | Fl[—,
4

a

13 b x4 d x4

C

b x4

)



Vbead ArcTan| PSR | Thoiag actan| Bemex ) bV (Vaevbe?) | R TECs ELiptick |2 arcTan | T,

(—c)1/4 dl4 [ ash x4 (-c)/4d4 [ asb x4
- +
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;|

_~\3/4 43/4 _~\3/4 43/4
4 (-c)%4d 4 (-c)**d 2a1/4d\/m

pl/4 (W\/j—\/?ﬁ) (bc-ad) (\/§+Wx2) L"z E||ipticF[2ArcTan{blﬁf}, 3}
(\/?+\/FX2) a 2

4al’+/-c d(bc+ad)Ja+bx*

Ja vJd a+bx* S bt/ x 1
b4 (VB + L] b oad) (Va +vb x?) T EllipticF[2ArcTan 2], L]

4al’4d (bc+ad)Ja+bx?*

bt Vb V¢ vavd) 14
(vac +ﬁﬁ)2(bcfad) (\/§+Wx2) $EllipticPi [( i ) ,2ArcTan[b X
(Va b x2)° 4/a /b V¢ Vd al’t
(8a1/4b1/4cd(bc+ad)\/a+bx4)—
2 a+bx* (\/F\/—C +\/;\/d_)2 bl/4 x
-Cc -+va (bc-ad) a + X —— EllipticPki , 2ArcTan
(Vb v-c -vVa Vd | (bc-ad) (Va +b x?) i pticPi | 2 {al/“

(Va « VB )’ 4+a b = d

(8a1/4b1/4cd (bc+ad) \/a+bx4)

Result (type 6, 161 leaves):

1 1 5 b x4 dx* 1 1 5 b x4 d x4
5acx~a+bx? AppeIIFl{—,——, 1, —,——,——] / (c+dx4) 5acAppel IF1|—, - — 1, — - —, - — |+
4 2 4 a c 4 2 4 a c
5 1 9 b x4 d x4 5 1 9 b x4 d x4
2x*|-2adAppel IFL[>, -=, 2, =, - =, - =] bcAppel IFL[>, =, 1, -, -~ - —|
4 2 4 a c 4 2 4 a c

® Problem 181: Result unnecessarily involves higher level functions.

Jw 4 4
dx
a+bX (C+dX)

Optimal (type 4, 742 leaves, 7 steps):

L 211/

1211/



346 | 1.1.3 General.nb

dl/“ArcTan{ Vbead x } d”“ArcTan[M]

(7C)1/4d1/4‘ a+b><“ (7C)1/4d1/4‘ a+bx4

- +

4 (-c)®¥*+/bc-ad 4 (-c)%4+/-bc+ad

pl/4 (W+7ﬁﬁcﬁ) (\/§+\/sz) ﬁ EIIipticF{2ArcTan{b;:4X}, ﬂ

4al’* (bc+ad)Ja+bx?

b4 (Vb c+va Voo Vd | (Va «b x?) | 22X @lipticF[2ArcTan| 22X ], L]
(Voo ) T

4al’c (bc+ad)Ja+bx*

. A b (Vb V¢ -va Vd ) by 1
(\/F\/—c +\/§\/d_) (\EJr\/b_xz) ——— EHlipticPi [7 ,2ArcTan[ , —]/
(Va « Vb x2)* 4va b V¢ Vd att ! 2
(8a1/4b1/4c(bc+ad)\/a+bx4]+
, @bt (Vb Ve +va Vd )’ bl 1
(\/F\/— —\/?\H) (ﬁ+ﬁx2) —EIIipticPi{ ,2ArcTan[ } —] /
(Va Vb x2)’ 4/a Vb ¢ Vd at/t 1 2
(8a1/4b1/4c(bc+ad)\/a+bx4)
Result (type 6, 161 leaves):
1 1 5 b x4 dx* 1 1 5 b x4 d x4
-|5acxAppel |l F1|—, — 1, — - — - — / Ja+bx* (c+dx*) |-5acAppel IF1|—, — 1, —, - —, - —
[4 2 4 a c} ' (+ ) {4 2 4 a c :
5 1 9 b x* d x4 5 3 9 b x* d x4
2 x4 2adAppeIIF1{—, - 2, - -—, 7—}+bcAppeIIF1{—, -1, - -— 7—} ]J
4 2 4 a c 4 2 4 a c

® Problem 182: Result unnecessarily involves higher level functions.

J
dx
(a+bx4)3/2 (C +dX4)

Optimal (type 4, 913 leaves, 10 steps):




Vbc-ad x

(—c)1/4 d1/4 Jarh x4

+ —

2a (bc-ad)a+bx* 4 (-c)¥* (bc-ad)®?

+b x4 . . 1/4
d5/4ArcTan{— W/Tadx} b3/4 (\/;+\/Fx2) 7(ﬁa+brt):x2)2 Elli ptlcF[ZArcTan{bamx}, ﬂ
(-c)1/4d1/4 <] a+b x*

.
_ 3/4 ,_ 3/2
4 (-c) (-bc+ad) 4a%% (bc-ad)+/a+bx*

Va vd 2 ash x4 . . b1/4 x 1
pl/4 (\/F+ N )d (\/?+\/Fx ) mElllptlcF[ZArcTan{M}, 5}

4al’% (bc-ad) (bc+ad)Ja+bx?

bU4 (Vb c+/a Ve Vd | d (Va « Vb x2) | 22X ElipticF[2arcTan[ 22 ], 1]
(& A

4al4c (bzcz—azdz) \Ja+bx?

d5/4ArcTan[
b x

2 ) a+bx* S (Wﬁfﬁﬁ)z b1/4 x 1
(Wﬁ+ﬁﬁ) d(ﬁ+\mx) ——————— BEllipticPi {7 N ,2ArcTan{ 14], E]/
(Va +Vb x?) 4~/a Vb /¢ Vd at/
(Sal/“bl/“c(b(:—ad) (bc+ad>x/a+bx4)—
b Vb V-c +va Va )’
(W\/jfx/?\/di)zd(\/;Jrﬁxz) $EllipticPi[( c o ) ,2ArcTan[b X E]/
(Va « /b x2)° 44 b Ve Vd ave 2

(8a1/4b1/4c (bc-ad) (bc+ad) x/a+bx4)

Result (type 6, 342 leaves):

1.1.3 General.nb |347
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1
10 (-bc +ad) \Ja+bx*
5b 1 5 b x4 dx* 1 1
X |-+ 250(bc-2ad)AppeIIF1[f, T, o, o }]/ (c+dx?) -SacAppeIIFl{f, -1,
a 4 2 4 a c 4 2
5 1 9 b x4 dx* 5 3 9 b x4 dx*
2 x4 2adAppeIIF1{—, - 2, - -—, 7—}+bcAppeIIF1{—, -1 - -—, 7—} +
4 2 4 a c 4 2 4 a c
5 1 9 b x4 d x4 5 1 9 b x4
9bcdx4AppeIIF1[—, T, o, o _—} / (c+dx*) —9acAppeIIF1[—, S AR
4 2 4 a c 4 2 4 a
9 1 13 b x4 d x4 9 3 13 b x4 dx*
2 x4 2adAppeIIF1{—, - 2, —, -—, 7—]+bcAppeIIFl{—, - 1, — -—, 7—}
4 2 4 a c 4 2 4 a c

® Problem 183: Result unnecessarily involves higher level functions.

J
dx
(a+bx4)5/2 (C +d X4)

Optimal (type 4, 976 leaves, 11 steps):

I

d x4

C
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d9/4ArcTan[— VbcadX]
(—c)1’4d1/4—/a+bx4

.
6a(bc-ad) (a+bx4)3/2 12a% (bc-ad)2+/a+bx? 4 (-c)¥* (bc-ad)®?

b x b(5bc-11ad) x

d9/4ArcTan{— W/Tadx} b34 (5bc-11ad) (\/;+\/Fx2) 7(Ha:3§x2)2 EIIipticF{ZArcTan[—b;xx}, ﬂ
(-c)1/4d1/4 <] a+b x*
+ +
3/4 5/2
4 (-c)¥* (-berad)™ 24a%% (bc-ad)2+/a+bx?
b1/4 (\/FC—\/;\/—C \/d_) d? (\/§+\/Fx2) _ahxt EIIipticF{ZArcTan[&], 3}
(\/;+\/b7>(2)2 al/4 2
N
4alc (bc-ad)? (bc+ad)a+bx?
bl/4 (\/FC+\/?V—C \H) d2 (\/?+\mx2) _ahxt EIIipticF{ZArcTan[&], 1}
(\/;M/sz)z al’* 2
N
4al4c (bc-ad)?2 (bc+ad)a+bx?
, 2 bxt (Wx/__c_ﬁx/d_)z bldy 1
(Wx/—c +\/?\/d_) d2 (\/§+\/b_x2) - EllipticPi {— ,2ArcTan{ , f] /
(Va Vb x2)’ 4/a Vb ¢ Vd ave 1" 2
(Bal“‘bl/“c(bcfad)z(bc+ad)x/a+bx4)+
, 4 byt (Vb Ve «va Vd )’ bldy 1
(\/F\/—c —\/?\/d_) d? (\/;+\/Fx2) —EIIipticPi{ ,2ArcTan[ , —] /
(Va « Vb x2|° 4+a b e Vd att 1 2

(8a1/4b1/4c (bc-ad)? (bc+ad) x/a+bx4)

Result (type 6, 406 leaves) :
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5b (713a2d+5b20x4+ab (7c711dx4))
X

+

a+bx?
1 1 5 b x4 dx* 1 1 5 b x4 d x4
25ac (5b2c2711abcd+12a2d2)AppeIIFl[— -1, - -—, 7—} / (c+dx?) 5acAppeIIF1{—, e
4 2 4 a c 4 2 4 a c
5 1 9 b x4 d x4 5 3 9 b x4 d x4
2 x* 2adAppeIIF1[f, T2, o, o +bcAppeIIF1[f, B T, _—} .
4 2 4 a c 4 2 4 a c
5 1 9 b x4 dx* 5 1 9 b x4 dx*
9abcd (-5bc+11ad) x*Appel | F1|—, —, 1, —,7—,7—} / (c+dx?) 9acAppeI|F1[ - 1, —,7—,7—]+
4 2 4 a c 4 2 4 a c
9 1 13 b x4 d x4 9 3 13 b x4 dx4
2x*|2adAppelIF1|—, — 2, —, - —, - —— +bcAppeIIF1[—, -1, — - - — /(60&12 (bcfad)Z\/a+bx4)
4 2 4 a c 4 2 4 a

® Problem 184: Result unnecessarily involves higher level functions.
(a b X4> 7/2
————dx
(c-dx*) 2
Optimal (type 4, 426 leaves, 11 steps):

b (77b%c2-122abcd+21a2d?) x~/a-bx* b (llbc-7ad)x (a-bx*)** (bc-ad)x (a-bx*)*?
- + - +

84 cdd 28 c d? 4cd (c-dx*)

al/4b¥/4 (231b%c?-553ab?c2d+349a2bcd? +21a%d?) [1- 2 Ell.ptlcF[Arcsun[
84cd*~/a-bx*

b x4

al’4 (bc-ad)® (11bc+3ad)

EllipticPi [_

8bl/4c2d4~/a-bx*

al’4 (bc-ad)3 (11bc+3ad) 2X HlipticPi Hﬁ, ArcSin[bl"fx], 71}
b atrt

8bl/4c2d*+/a-bx*

Va Vd
b

Result (type 6, 580 leaves):
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1 5 bx* dx*
x 25a2U7b3§7155awc2d+63a2bc¥+63a3&)mmalFlja -1 - — — /
420d3+/a-bx* (c-dx*) 42 4 a ¢
1 1 5 bx* dx* 5 1 9 bx* dx* 5 3 9 bx* dx*
5acAppeIIF1[—, U T—— —}+2x4 2adAppe||F1[—, Y F— —}ercAppeIIFl[—, Y T )
4 2 4 a c 4 2 4 a c 4 2 4 a c
9ac (105a*d®+a’b’cd (775¢c -494dx*) -63a’bd? (5c+2dx*) +2b*cx* (77¢?-110cdx*-30d*x®) +
9 bx* dx*
abSC(—385c2—20dx4+520d2xﬂ)/mpalFl[f,—1 1, 7’447'447}7
4 2 4 a c
10x* (-a+bx*) (-63a’bcd*+21a’d*+ab®cd (155¢c-92dx*) +b%c (-77c?+44cdx*+12d*x?))
9 1 13 bx* dx* 9 3 13 bx* dx*
2adedIF1La 7,2,47,4—7,4—7}+chmHIF1Ln o1, = 20 4—7] //c 9ac
4 2 4 a c 4 2 4 a c
5 1 9 bx* dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
AppellFl{—, U T — —]+2x4 2adAppe||F1[— S — —}ercAppeIIFl[—, A T
4 2 4 a c 4 2 4 a c 4 2 4 a c

® Problem 185: Result unnecessarily involves higher level functions.

J(a_bx4>5/2
(C—dx“')2

Optimal (type 4, 365 leaves, 10 steps):

dx

). 1]

. . . pl/4
E||IptICF[AI’CSI n{al—A

[En

|
o
» |3
S

+

al/4b3/4 (21b%c?-26abcd-3a?d?)

b(7bc-3ad)x~Ja-bx? (bc-ad) x (a-bx*)>?
12 ¢ d? 4cd (c-dx*) 12cd®/a-bx?
al’4 (bc-ad)2 (7Tbc+3ad) FEHIptICPI {—H\/‘T, AI’CSIFI{ “X], —1}
Vb Ve !
.
8bl/4c2d3+/a-bx*
al’4 (bc-ad)?2 (7Tbhc+3ad) |1 EllipticPi ﬁﬁ, Arcsln{b“"}, —1]
c

8bl/4c2dd+/a-bx*

Result (type 6, 491 leaves):
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1 1 5 bx* dx
-|25a% (-7b?c?+6abcd+9a’d?) Appel IFL[ =, —, 1, =, —— —— /
4" 2

4 a c
1 1 5 bx* dx* 5 1 9 bx4 dx* 5 3 9 bx* dx*4
5acAppeIIF1[f, -1, S, —}+2x4 2adAppeIIFl{f o2, o, —}+bcAppeIlFl =51, o,
4 2 4 a c 4 2 4 a c 4 2 4 a c
5 1 9 bx* dx*
-9ac (15a%d*+ab’c (35c-16dx*) -6a’bd (5¢c+3dx*) +2b%cx* (—7c+10dx4))AppeIIF1{f, -1 - — — |-
4 2 4 a c
9 1 13 bx* dx*
10x* (a-bx*) (-6abcd+3a*d?+b%c (7c-4dx*)) 2adAppeIIF1{—, -2, —, — — |
4 2 4 a c
9 3 13 bx* dx* 5 1 9 bx* dx*
bcAppeIIFl[— Z1, = 2= —] / c 9acAppeIIF1{f, S TR
4 2 4 a c 4 2 4 a c
9 1 13 bx* dx* 9 3 13 bx* dx*
2 x4 2adAppeIIF1[—, - 2, — —, —]+bcAppeIIF1[— -1, — — — /(GOd2 a-bx* (7c+dx4))
4 2 4 a c 4 2 4 a c

® Problem 186: Result unnecessarily involves higher level functions.

J (a-bx*) 32

————dx

(c-dx*) 2

Optimal (type 4, 309 leaves, 9steps):

1/4 13/4 _ bx! PR . [ bY4x B
bec_ad) x [a _bx? @ b%* 3bc+ad) [1-= EII|pt|cF[ArcS|n{aM}, 1]

- +

4cd (c-dx) sodfa bxt
2 EllipticPi Pﬁﬁ, ArcSin[b;rAX], 71}
gbmczdzm

— EllipticPki

8bl/4c2d2+/a-bx*

3al’% (bc-ad) (bc+ad)

T

3al’4 (bc-ad) (bc+ad)

T

Result (type 6, 423 leaves):
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1 1 1 5 bx* dx*
X |-|25a% (bc+3ad) Appel IFL[—, =, 1, =, —, —] /
20d+/a-bx* (-c+dx?) 4 2 4 a ¢
1 1 5 bx* dx*4 5 1 9 bx* dx* 5 3 9 bx* dx*
5acAppeIIFl[—, U T—— —}+2x4 2adAppel IF1| =, =, 2, =, —, —}ercAppeIIFl[—, Y T )
4 2 4 a c 4 2 4 a c 4 2 4 a c
5 1 9 bx* dx*
“9ac (5a2d+2bzcx4—ab(50+6dx4)>AppeIIF1[—, -1, -, —, — |-
4 2 4 a c
9 1 13 bx* dx* 9 3 13 bx* dx*
0 (-bc+ad)x* (a-bx*) 2adAppeIIFl[—, - 2, — —, —]+bcAppe|IF1[—, -1, — —, —] /
4 2 4 a c 4 2 4 a c
5 1 9 bx* dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
9acAppeIIF1[f, S T —}+2x4 2adAppeIIFl[f, o2, 2 —]+bcAppeIIF1{f Zo1, =, 0 —]
4 2 4 a c 4 2 4 a c 4 2 4 a c
® Problem 187: Result unnecessarily involves higher level functions.
x/a b x4
dx4
Optimal (type 4, 276 leaves, 9steps):
1/4 1W3/4 b”x B
a bx“ at’*b ElllptlcF[ArcSm{ } 1]
N _
4
4C(C dx?) 4cd+a-bx*
Ja A d Va Vd

=
4

C

a4 (bc-3ad) [1- " EllipticPi {_ a ,ArcSun{b;ﬂ, _1] al’ (bc-3ad) [1- 2% EllipticPi

8bl/4c2d+/a-bx? 8bl/4c2d+/a-bx*

Result (type 6, 310 leaves):

. blAX
= Arcsin|®2

1 5(a—bx4) 1 1 5 bx* dx*
X | - 75 a2 AppellFl[— S T, —] /
20+/a-bx* (-c+dx*) ¢ 4 2 4 2 ¢
1 1 5 bx* dx* 5 1 9 bx* dx* 5 3 9 bx* dx*
5aCAppeIIF1{—, T, —]+2x4 2adAppel IFL[ =, =, 2, = —]+bcAppeIIF1 B T el N N N
4 2 4 a c 4 2 4 a c 4 2 4 a c
5 1 9 bx* dx*
9abx4Appe||F1[— S T, —} /
4 2 4 a c
5 1 9 bx4 dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
9acAppeIIF1{—, -1, - —, —]+2x4 2adAppel |l F1|—, —, 2, —, —, —}+bcAppeI|Fl - =1 - — —
4 2 4 a c ) 4 a C 4’ 2 4 a c
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® Problem 188: Result unnecessarily involves higher level functions.

dx

J 1
\Ja-bx* (cfdx“)2
Optimal (type 4, 310leaves, 9steps):

1/4 W3/4 _ bx* P -
dxJa_bx* at’*b [1-— EII|pt|cF{ArcS|n[
o
4c(bc-ad) (c-dxf) 4c (bc-ad)+a-bx*

b1/4 x
al/4

-

al4 (5pbc-3ad) [1- 2 Elipticki [- 20 aresin[%X], -1] a4 (5bc-3ad) [1- 2 Eliptichi [Y200 aresin]BX], 1]
a Vb e a’ a b ¢ a’
+
8bl/4c2 (bc-ad)a-bx* 8bl/4c2 (bc-ad)a-bx*
Result (type 6, 349 leaves):
1 5d (a-bx*) 11 5 bx* dx*
X + 25a(74bc+3ad)AppeIIF1[—, -1, -, — —]/ (bc-ad)
20 /a—bx“ (—c+dx4) c (bc-ad) 4 2 4 a c
1 1 5 bx4 dx* 5 1 9 bx* dx* 5 9 bx4 dx*
5acAppeIIFl[f, S P —]+2x4 2adAppeIIF1[f, T2, o —]+bCAppeIIF1{7, o1, o, 5 .
4 2 4 a c 4 2 4 a c 4 4 a c
5 1 9 bx* dx*
9abdx4AppeIIFl[—, T, o, —] / (-bc+ad)
4 2 4 a c
5 1 9 bx* dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
9acAppeIIF1{f, . T —]+2x4 2adAppel IFL[ =, = 2, == = " |.pcAppelIFL] =, = - = =
4 2 4 a c 4 2 4 a c 4 2 4 a c
® Problem 189: Result unnecessarily involves higher level functions.
1
dx
(a-bx4)>? (c-dx4)?
Optimal (type 4, 362 leaves, 10 steps):
3/4 _bx“ . . . bl/4 x _
b (2bc+ad) x dx b** (2bc+ad)  [1-— ElllptlcF{ArcSm[—aM], 1}
_ N _
4ac (bc-ad)?~Ja-bx* 4c (bc-ad)+a-bx* (c-dx*) 4a%%c (bc-ad)?+/a-bx?
3al4d 3bc-ad) [1- "% Eliptichi - Y200 aresin[%7X], 1] 3al4d 3bc-ad) [1- 2 Elipticki [V acsin[ %X ] 1]
a Vb Ve a a Vb Ve a

8bl/4c2 (bc-ad)?2+/a-bx?

8bl4c2 (bc-ad)?

\Ja-bx*



Result (type 6, 465 leaves) :
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11 5 bx* dx*
25 (2b202—8abcd+3a2d2)AppeIIFl[—, Zo1, o, —} /
4 2 4 a c
1 5 bx* dx* 5 1 9 bx* dx* 5 9 bx* dx*
5acAppel IF1[ =, = 1, =, ——, —]+2x4 2adAppeIIF1[f, Y W —]+bcAppe||F1 =S = — =1+
4 4 a c 4" 2 4 a c 4 4 a c
5 1 b x4 dx*
9ac(5a2d2—6abd2x4+2b2c(50—6dx4>)AppeIIFl[f S TR
2 4 a C
9 1 13 bx* dx* 9 3 13 bx* dx*
10x* (-a?d? +abd?x*~2b%c (c-dx*)) [2adAppel IF1[~, ~, 2, =, —— ——].bcAppel IF1[~, —, 1, —, , /
4 2 4 a c 4 2 4 a c
5 1 9 bx* dx* 9 13 bx* dx*
9acAppeIIF1[f B —}+2x4 2adAppeIIF1{f 2, —, —]+
4 4 a c 4 4’ a c
9 3 13 bx* dx*
bcAppeIIFl[—, -1, — — /(20 (bc-ad)? -bx* (c-dx ))
4 2 4 a c

Problem 190: Result unnecessarily involves higher level functions.

J 1
(a-bx*)*? (c

Optimal (type 4, 439 leaves, 11 steps):
b(2bc+3ad)x

dx
—dx“)2

b (5b2c?2-17abcd-3a?d?) x

12a2c (bc-ad)3+/a-bx*

b®/* (5b2c?-17abcd-3a2d?) [1- 2% EllipticF|Arcsin| L
a a
.

+

12ac (bc-ad)? (a-bx*)*?

d x

|

c (bc-ad) (a—bx“)s’/2 (c-dx?)

[1 EII|pt|cP| _ya

8bl/4c2 (bc-ad)®~a-bx?

12a’/%c (bc-ad)®+a-bx*

, ArcSi n[b:“x], 71}

ﬁ
g

al’4d? (13bc -3ad)

a
3

a
g

al’4d? (13bc-3ad) EII|pt|cP|

8bl/4¢c2 (bc-ad)®+a-bx*

Result (type 6, 617 leaves):

T

. Arcsin|[ 22X, 1]

5%
3
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1 1 1 5 bx* dx*
X 25a(—5b3c3+17ab202d—36a2bcd2+9a3d3)AppeIIFl{f, . T /
60a? (-bc+ad)®+/a-bx* (c-dx*) 42 4 a ¢
1 1 5 bx* dx* 5 1 9 bx* dx* 5 3 9 bx* dx*
5acAppeIIFl[—, U T—— —}+2x4 ZadAppeIIFl[—, Y F— —}ercAppeIIFl[—, Y T )
4 2 4 a c 4 2 4 a c 4 2 4 a c

9ac (15a%*d®*-33a°bd®x*+5b*c?x* (5c-6dx*) +a®b?d (95¢c?-112¢cdx*+18d*x®) +ab®c (-35¢c?-45cdx* +102d* x%))

5 1 9 bx* dx*
AppeIIFl{f, —o1, =, — .
4 2 4 a Cc
10x* (3a*d®-6a’bd®x*+5b%c?x? (c-dx?) +a®b?d (19¢*-19cdx*+3d*x®) +ab®c (-7¢c*-10cdx*+17d*x%))
9 1 13 bx* dx* 9 3 13 bx* dx*
2adAppeIIF1{f, Y N —}ercAppellFl[f, T, &= 0, / c(a-bx*) |9ac
4 2 4 a c 4 2 4 a c
5 1 9 bx% dx* 9 1 13 bx* dx* 9 3 13 bx* dx*
AppellFl{—, U T — —]+2x4 2adAppe||F1{—, S — —}ercAppeIIFl{—, A T
4 2 4 a c 4 2 4 a c 4 2 4 a c
® Problem 191: Result unnecessarily involves higher level functions.
\Ja+bx?
—_—dx
ac-bcx*
Optimal (type 3, 103 leaves, 4 steps):
ArcTan[iﬁal/‘tbl’AX} ArcTanh{iﬁaMbmx}
a+b x4 a+b x4
+
2ﬁal/4 bl/4 ¢ 2\/7a1/4 bl/4 ¢
Result (type 6, 155 leaves):
1 1 5 bx* bx*
S5ax+a+bx? AppeIIFl[—, -1, - - —} / c (a-bx*)
4 2 4 a a
1 1 5 bx* bx* 5 1 9 bx* bx* 5 1 9 bx* bx*
5aAppe||F1[—, R TR —}+2bx4 2Appe|||:1{—, 2, o o T | iappel lFL[ S, S, o, o2 —}
4 2 4 a a 4 2 4 a a 4 2 4 a a

® Problem 192: Result unnecessarily involves higher level functions.

\Ja-bx*

—————dx
ac+bcx?*

Optimal (type 3, 116 leaves, 1step):

b1/4 x (H+Wx2) } bl/4 x (\/;*\/bi XZ) ]
al/4+/a-bx* al"‘\/afbix4

2 a1/4 b1/4 c 2 al/4 bl/4 c

ArcTan[ ArcTanh{
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Result (type 6, 155 leaves):

11 5 bx* bx?
5ax+/a-bx* AppeIIFl{f, -— 1, - —, 7—} / c (a+bx?)
4 2 4 a a
1 1 5 bx* b x4 5 1 9 bx* b x4 5 1 9 bx* b x4
5aAppeIIF1[f, SRS T A }72bx4 2AppeIIFl{f, S 2, o, o | aappel L[S, o1, o, 7—}
4 2 4 a a 4 2 4 a a 4" 2 4 a a

® Problem 193: Result unnecessarily involves higher level functions.

(a +b X4) T4
————dx
c+dx*
Optimal (type 3, 211 leaves, 10 steps):

3/4 b3/4 (4bcf7ad)ArcTan[&} (bcfad)”“ArcTan[M

b x (a+bx4) (a+b><4)1’4 cl/4 (aubx“)l’4
_ N _
4d 8 d2 2 ¢c3/4d?
b3/4 (4bcf7ad)ArcTanh{L3”] (bcfad)7/4ArcTanh[Ld>l’4fJ
(a+b x4) cl/4 (asbx*) ™
8d2 * 203/4d2
Result (type 6, 396 leaves):
1
80
5 1 9 b x4 dx* 14 5 1 9 b x4 d x4
-|36abc (-4bc+7ad)x>Appel IF1|—, —, 1, —, - —, ——} / d(a+bx*) ™" (c+dx?) —9acAppeIIF1{f, -1, - - - — |+
4 4 4 a c 4 4 4 a c
9 1 13 b x4 d x* 9 5 13 b x4 dx*
x4 4adAppeIIF1{f, I N ——}+bcAppeIlF1[—, o1, &0 _—] .
4 4 4 a c 4" 4 4 a c
1 3/ (bc-ad)4x
5[4bc¥* (bc-ad)¥*x (a+bx*) +2a(7bc+4ad)ArcTan[ +

c3/4d (bc-ad)l/4

¢4 (b + ax4)t

(bc-ad)/*x (bc-ad)l/4x (bc-ad)l/*x

a(bc—4ad)Log[cl/4— —abcLog{cl/‘H }+4a2dLog[cl/4+

(b+ax4)1/4 (b+ax4)1/4 (b+ax4)1/4

® Problem 194: Result unnecessarily involves higher level functions.

(a+bx4)3/4
— dxXx
c+dx*

Optimal (type 3, 173 leaves, 9steps):
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b”“ArcTan[—bl/Ax : } (bc-ad)34ArcTan | Bead)x ] b”“ArcTanh{;bl’4X ] (bc -ad)3/4ArcTanh| Bead®x
(asbx4) 14 c/4 (asbx4) ! (asbx4)* c/4 (arbx4) !

— + —

2d 2c3/4d 2d 2c¢%/4d
Result (type 6, 161 leaves):

3/ 1 3 5 b x4 d x4 1 3 5 b x4 dx*
5acx (a+bx*) AppeIIFl[—, -1, = -, 7—] / (c+dx*) |5BacAppel IF1|—, - — 1, —, - —, - — |+
4 4 4 a c 4 4 a c
5 3 9 b x4 d x4 5 1 9 b x4 d x4
x*|-4adAppel IF1[>, - =, 2, =, -——, -~ |+3bcAppel IFL| >, —, 1, =, - —, - ——|
4 4 4 a c 4" 4 4 a c

® Problem 199: Result unnecessarily involves higher level functions.

J (a+bx4)®* o
c+dx*
Optimal (type 4, 316 leaves, 11 steps):
g

a 3/4 . . 1
b (6bc-1lad) x (a-bx*|¥* bx (a-bx) Vab¥2 (Gbc-1lad) (1+.%) x* Bl i pticF| ; ArcCot [ 2], 2]
- + + +
12 g2 6d 12d? (a+bx#)%*
B 2 a 4 . . . [ Vbc-ad : b1/4 x B
(bc-ad) la+bx4 \a+bx* EllipticPi [ = ArcSin 7(%“4)1’4}, 1}
2bl/40d2 i
B 2 a 4 . . . [Vbc-ad . b1/4 x B
(bc-ad) la+bx4 Ja+bx* EllipticPi {4ﬁﬁ ArcSnn{g(mbXA)l,A], 1}
2bl/4cd2

Result (type 6, 396 leaves):
1

X

5b (a+bx4) (—6bc+13ad+2bdx4) -
60d2 (a+bx4)%*

1 3 5 b x4 dx* 1 3 5
25a%c (6b2c2713abcd+12a2d2)AppeIIFl{—, -1, - -— 7—} / (c+dx?) 75acAppeIIF1[—, — 1, —
4" 4 4 a c 4" 4 4
5 3 9 b x4 dx* 5 9 b x4 dx*
x*|4adAppel IF1[>, =, 2, =, - —— -~ | 3bcAppel IF1[>, — 1, —, - — - —|/||-
4" 4 4 a c 4" 4 4 a c
5 3 9 b x* d x4 5 3
9abc (12b2c2730abcd+23a2d2)x“AppeIIFl{—, -1, - -— 7—} / (c+dx?) 79acAppeIIF1[—, — 1,
4 4 4 a c 4 4
9 3 13 b x4 dx* 9 7 13 b x4 dx*
x4 |4adAppel IFL|—, =, 2, — -, ——]+3bcAppeIIF1{f, -1, =T _—}
4 4 4 a c 4 4 4 a c
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® Problem 200: Result unnecessarily involves higher level functions.

(a+bx4)5/4
—  dx
c+dx?

Optimal (type 4, 274 leaves, 10 steps):

174 ~/a b32 (1+L>3/4X3E||ipticF[%ArcC0t {@2}’ 2}

b x (a+bx4) b x4 a
2d 2d (a+bx4)®*
_ a 4 ; f . [ Vbc-ad . bl/4 x ~
(bc-ad) /a+bx4 \a+bx E||IptICPI{ NNk ArcSin 7(&“4)1,4}, 1}
2bl/4cd )
a 4 . . . [+/bc-ad . pl/4 x ~
(bc-ad) /a+bx4 \Ja+bx® EllipticPi {—WW’ ArcS|n[—(a+bx4>l,4], 1}
2bt4cd
Result (type 6, 435 leaves):
1 3 5 b x4 d x4 1 3 5 bx* dx*
X |-|25a%¢ (7bc+2ad)AppeIIF1{—, -1, - -— 7—} / -5acAppell F1|—, —, 1, —, - —, 7—}+
4 4 4 a c 4 4 4 a c
5 3 9 b x4 d x4 5 7 9 b x4 d x4
x*|aadAppel IF1[=, =, 2, =, -—— - ——|.3bcAppel IF1[>, — 1, —, - — - —|||+
4 4 4 a c 4 4 4 a c

5 3 9 bx* dx*
b|-9ac (5ac+3bcx+8adx®+5bdx®) Appel IF1[=, —, 1, —, -——, - —]+5x* (a+bx*) (c+dx?)
4 4 4" a c
9 3 13 b x4 dx* 9 7 13 b x* d x4
4adpppel IFL|~, =, 2, = == =~ ].:3bcAppel IF1|—, —, 1, — -~ - —| /
4" 4 4 a c 4 4 4 a c
5 3 9 b x4 dx* 9 13 b x4 dx*
~9acAppel IFL[~, =, 1, =, - ——, - ——|+x*|4adAppel IFL| =, —, 2, —, -~ =]
4 4 4 a c 4 4 4 a c

9 7 13 b x4 d x4
3bcAppeIIF1[—, -1, — -—, f—}
4 4

" " - /(1Od(a+bx4)3/4 (c+dx*))

|

® Problem 201: Result unnecessarily involves higher level functions.

(a+bx4)1/4
—  dx
c+dx*

Optimal (type 4, 166 leaves, 4 steps):




360 | 1.1.3 General.nb

4 _ Vbc-ad 4 Vbc-ad _ btAx B
/a+bx4 Ja+bx* EllipticPi NNk ArcSm[(abXA /a+bx4 Ja+bx* EllipticPi v ArcSin b xt % } 1}
2bl/4c 2b1/4c
Result (type 6, 160 leaves):
14 1 1 5 b x4 d x4 1 1 5 b x4 dx*
5acx (a+bx*) AppeIIFl[—, e 7—] / (c+dx?) 5acAppeIIF1[—, =1, = e - — |+
4 4 4 a c 4 4 4 a c
5 1 9 b x4 d x* 5 3 9 b x4 x4
~4adAppel IFL| >, -=, 2, = -~ -~ |ibcAppel IFL| >, ~, 1, =, - ——, - ——|

4 4 4 a c 4 4 4 a c

® Problem 202: Result unnecessarily involves higher level functions.

\J\
X
(<’:l+bX4>3/4 (C +dX4)

Optimal (type 4, 259 leaves, 9 steps):

b2 (1+ ) x3 Bl lipticF[ L Arcoot |

4

Ja (bc-ad) (a+bx“)3/4

labxd a+bx* EllipticPi {7 be-ad ArcSm{

Vb Ve

/ . WEHID'[ICPI M,Arc&n[ },71]
a+b x Vb Ve (a+bx4)

(abx)

2bY4¢c (bc-ad) 2b4c (bc-ad)
Result (type 6, 161 leaves):

1 3 5 b x4 dx* 34 1 3 5 b x4 dx*
-[sacxAppel IFL[=, =, 1, >, - —, - ——| / (a+bx*)* (c+dx*) |-5acAppel IFL[=, =, 1, > - — - —]|.
4 4 4 a c 4 4 4 a c
5 3 9 b x4 d x4 5 7 9 b x* d x*
‘|4adAppel IF1[=, =, 2, —, -——, -——|+3bcAppel IF1[~, — 1, — - — - —]
4" 4 4 a c 4" 4 4 a c

® Problem 203: Result unnecessarily involves higher level functions.

\J\
dx
(a+bx4)7/4 (C +dX4)

Optimal (type 4, 304 leaves, 10 steps):
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3/2 a \3/4 3 R 1 Vb x2
bx b2 (2bc-5ad) (1+-2)%"x E|||pt|cF[5ArcCOt[ﬁ 2]
- +
a(bc-ad) (a+bx4)* 3a¥? (bc-ad)? (a+bx*)%*
4 _ Vbc-ad 4 Vbc-ad B
,a+bx“ \Ja+bx* EllipticPi NN Arcsln{(abxd) ,a+bx“ NVa+bx* HlipticPi NNl Arcsln[(abxa) 4} 1]
2bl4¢c (bc-ad)? 2bt4c (bc-ad)?

Result (type 6, 343 leaves):

5b 1 3 5 b x* d x* 1 3 5 b x4 dx*
X |-—+|25¢C (2b073ad>AppeIIF1[—, -1, - - —, 7—] / (c+dx?) 75acAppeIIFl[—, -1, - - - — |+
a 4 4 4 a c 4 4 4 a c
5 3 9 b x4 dx* 5 7 9 b x4 dx*
4adAppel IF1[=, =, 2, -, -—, -—|+3bcAppel IF1|=, — 1, -, - —, - ——[|||+
4 4 4 a c 4 4 4 a c
5 3 9 b x* d x* 5 3 9 b x4 dx*
18bcdx4Appe||F1[—, R TR 7—] / (c+dx*) —9acAppeIIFl[—, B T 7—%
4 4 4 a c 4 4 4 a ¢
9 3 13 b x4 dx* 9 7 13 b x4 dx* 34
4adAppeIIF1[f, 2, &, o ——]+3bcAppeIIF1{f -1, =, - _—} /(15< bc+ad) (a+bx*)®*)
4" 4 4 a c 4" 4 4 a c

® Problem 204: Result unnecessarily involves higher level functions.

1
dx
J(a+bx“)ll/4 (c+dx*)

Optimal (type 4, 357 leaves, 11 steps):

3/2 2 ~2 _ 2 42 ~a \3/4 3 . . 1 Vb x2
b x b (6bc-13ad) x bi/2 (12b2c2 -38abcd 4787 d?) (14 57) ¥ x* B i pticF|} ArcCot [ 2, 2]
N - -
a(bc-ad) (a+bx4)7/4 21 a? (bc—ad)2(a+bx4)3/4 21 a5/2 (bc—ad)?’(aAfbx“)s/4
3 a 4 : . . [ Vbc-ad b1/4 x B 4 Vbc-ad : b1/4 x B
d porw NVa+bx* HlipticPi Ny ArcSnn[g( bx4)14], 1} a+bx4 NVa+bx* HlipticPi [—Wﬁ ArcSm[—(amxa)M}, 1]
2bt4¢c (bc-ad)? ) 2bt4¢c (bc-ad)?

Result (type 6, 407 leaves) :
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5b (716a2d+6b20x4+ab (9c713dx4))

X +
a+bx?
1 3 5 b x4 d x4 1 5 b x4 dx*
25ac(12b202726abcd+21a2d2)AppeIIFl{—, -1, - -— 7—] / (c+dx?) 5acAppeIIFl[—, -1, - - — - — -
4 4 4 a c 4 4 a c
5 3 9 b x4 dx* 5 7 9 b x4 dx*
x* |4adAppel I1FL[ =, =, 2, =, - = -7 +3bcAppeIIF1[f, R T } .
4" 4 4 a c 4" 4 4 a c
5 3 9 b x4 d x4 5 3 9 b x4 dx*
18abcd (-6bc+13ad) x*Appel | F1|—, —, 1, —, - — 7—] / (c+dx?) 79acAppe|IFl{—, -1, - -— 7—}+x
4 4 4 a c 4 4 4 a c
9 3 13 bx* dx* 9 7 13 bx* dx* o
4adAppel | F1|—, — 2, —, - —, - — +3bcAppeIIF1[—, -1, — -—, 7—} /(105&12 (bc-ad)? (a+bx*)™"")
4 4 4 a c 4 4 4 a c

® Problem 205: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+bx4)t
—  dx

J

Optimal (type 3, 280 leaves, 11 steps):

(c+dx4)2

7/4 b1/4 x
b(2bc—ad)x(a+bx4)3/4 (b(:—ad>x(a+bx4)7/4 b (8bc711ad)ArcTan[(amxA)l/J
- - +
4cd? 4cd (c+dx*) 8d3
(bc-ad)”4 (8bc+3ad)ArcTan[ _bMix bc-ad)l*x

(bc-ad)/4x }

cl/4 (a+b x")l"'

b’/4 (8bc-11ad) ArcTanh[

(a+b ><“>1"4

] (bc-ad)”% (8bc+3ad) ArcTanh| -

cl/4 (a+b x“)l/"

8 C7/4 d3

Result (type 6, 735 leaves):

8d3

+
8 c7/4 d3
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1
80c’/*d? (c+dx*)
5 1 9 b x4 dx* 14 5 1 9 b x4 dx*
-|36ab?c''* (-8bc+11ad) x> Appel IF1|—, — 1, —, - —, 7—} / (a+bx?) 79acAppeIIFl[—, -1, - - - — |+
4 4 4 a c 4 4 4 a c
9 1 13 b x4 dx* 9 5 13 b x4 d x4
x*|4adAppel IFL[=, =, 2, =, - ——, -~ |ibcAppel IF1[>, >, 1, —, - — - —||||+
4 4 4 a c 4 4 4 a c
1
71/45 8b%ctt/4 (bc-ad)t*x (a+bx4)3/4—8abc7/4d(bc—ad)l/“x (a+bx“)3/4+4a\203/4d2 (bc-ad)*x (a+bx4)3/4+
(bc-ad)

3/4 (bc-ad)l4x
4b?c’*d (bc-ad)t*x® (a+bx*)*""+2a (-2b’c*+2abcd+3a®d?) (c+dx4)ArcTan{ -
cl/4 (b+ax4)1/4

bc-ad)/
}—2ab203Log{cl/4+¥ +
(b+ax4)1/4

bc-ad)l/4
a (—2b2c2+2abcd+3a2d2) (c+dx4) Log[cl/“_#
(b+ax4)1/4

(bc-ad)l/*x

(bc-ad)l/4x (bc-ad)l/“x]

2a2bczdLog[cl/4+ ] +3adcd? Log{cl/4+ -2ab?c?dx* Log[c1/4+
(b+ax4)1/4 (b+ax4)1/4 (b+ax4)l/4

(bc-ad)l/*x (bc-ad)l/4x

] +3a%d®x* Log [cl/“ +
1/4

2a’bcd?x*Log [cl/“ +

(b+ax4)

(b +(:1X4)1/4

® Problem 206: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(a+bx4>7/4
—  dx
<C+dx4)2

Optimal (type 3, 230leaves, 10 steps):

7/4 _bYix _ 3/4 _(bc-ad)t*x
(bc-ad)x (a+bx4)3/4 b Al’CTan{(amx“)M] (bc-ad) (4bc+3ad) ArcTan s (ao
_ . ) )
4cd (c+dx*) 2 d2 8 c7/4 (2
b7/4ArCTa”h[Lxm} (bc-ad)¥4 (4bc+3ad) ArcTanh|-(Read™ix
(a+b x4) G4 (ash x4) Y
2d? B 8 c7/4 g2

Result (type 6, 462 leaves):



364 | 1.1.3 General.nb

(bc-ad)x (a+bx*)®*

4cd (c+dx*)

5 1 9 bx* dx* 14 5 1 9
9ab2cx5AppeIIF1{—, . T, _—} / 5d (a+bx*)™* (c+dx*) —9acAppeIIF1{f, .
4" 4 4 a c 4" 4 4
9 1 13 b x4 d x4 9 5 13 b x* d x4
x4 4adAppeIIF1[—, A 7—]+bcAppeIIF1[—, -1, =, 7—} N
4 4 4 a c 4 4 4 a c
2 (bc-ad)/4x B 1/4 (bc-ad)/4x 1/4 (bc-ad)4x
3a (ZArcTan[—Cl/4 (b+ax4)1’4] Log{c oeaxt ]+Log[c +7(b+ax4)1/,4 U

16c’/4 (bc-ad)l/*

B 1/4 B 1/4 B 1/4
ab |2 ArcTan[i“’c ad) 1"4] - Log {01/4 - bead)7x ] + Log [cl/“ , be-ad) Px MX}
ct/4 (brax4)™ (b+ax*)™ (b+ax*)

+

|

16c3/4d (bc -ad)l/*

® Problem 211: Result unnecessarily involves higher level functions.
(a +b X4> 94
——dXx
(C +d X4> 2
Optimal (type 4, 353 leaves, 11 steps):

b(3bc-ad)x (a+bx*)"* (bc-ad)x (a+bx*)®* Va b32 (3pbc-ad

) (l+i

b x

4

)*“x3EllipticF| L ArcCot |

Vb x?

a

2]

4 ¢ d? 4cd(c+dx4)

a 4 . . . _w/bc_ad .
3(bc-ad) (2bc+ad) b \Ja+bx EII|pt|cP|[ ch_,Arcsln[

4 ¢ d? (a+bx4)?’/4

bl/4 x

(asb x4)**

|

8 b1/4 02 d2

a 4 . . . “bc-ad .
3(bc-ad) (2bc+ad) b \Ja+bx EII|pt|cP|[¢b_vc_, ArcSin

b4 x }
(arbx?)t4 ]’

_1]

8 bl/4 C2 d2
Result (type 6, 506 leaves):



1 3 5 bx* dx* 1 3 5 bx*
X |-|25a? (-3b2c?+2abcd+3a?d?) Appel IFL[ =, —, 1, —, - ——\ - —] / ~SacAppel IFL[~, ~, 1, =, - —,
4 4 4 a c 4 4 4 a
5 3 9 bx* dx* 5 7 9 bx* dx*
x4 4adAppeIIF1{f, B J— 7—]+3bcAppeIIFl{f, R 7—] N
4" 4 4" a c 4" 4 4 a c
5 3 9 bx
-9ac (5a®d*+3ab’c (5c+2dx*) +a’bd (-10c +7dx*) +b3cx* (90+10dx4))AppeIIF1{f, -1, - -
4" 4 4" a
9 3 13 bx* dx4 9 7
(-2abcd+a’d?+b?c (3c+2dx*)) [4adAppel IFL[~, =, 2, =, - —— - ——].3bcAppel IF1[—, —, 1,
4 4 4 a c 4 4
5 3 9 bx* dx* 9 3 13 bx* dx*
c —9acAppeIIF1[f, . T ——}+x4 4adAppeIIF1{f, N W _—}
44 4 a c 4’ 4 4 a c

9 7 13 bx* dx* 34
3boAppel IFL[ . 1, 5 - ] / (2007 (a+bxt)* (e e dxt))

4 a c

|

® Problem 212: Result unnecessarily involves higher level functions.

(a+bx“)5/4
—  dx
(c+dx4)2

Optimal (type 4, 298 leaves, 10 steps):

3/2 a \3/4 3 S 1 Vb x?
(bcfad)x(a+bx4)1/4 Va b3 (1+m) X EII|pt|chArcOot[ - ]2]
- + +
4cd (c+dx?) 4cd (a+bx4)3/4
a 4 . . : Vbc-ad : b1/ x B
(2bc+3ad) v Ja+bx* EllipticPi {— NNl ArcSin 7(%[”4)1,4}, 1}
8 bl/4c?d :
a 4 . . . [Vbc-ad . bl/4 x B
(2bc+3ad) la+bx4 \va+bx® EllipticPi {WW Arcsln{i(a+bx4>l,4], 1}
8 bl/4c?d

Result (type 6, 440 leaves):
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d x4

+
c
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1 3 5 b x4 dx* 1 3 5 b x* d x*
x |- |25 a2 (bc+3ad)AppeIIFl[f, o1, o, o 7—} / —5acAppeIIF1[f, B 7—]+
4 4 4 a c 4 4 4 a C
5 3 9 b x4 d x4 5 7 9 b x4 d x4
x4 4adAppeIIF1{f, B J— 7—]+3bcAppeIIFl{f, R 7—] N
4" 4 4 a c 4" 4 4 a c

5 3 9 b x4 d x4
9ac (5a2d73b20x4+ab(75c+7dx4))AppeIIF1{f, -1, - -—, -—— | +5 (bc-ad) x* (a+bx*)
4 4

4 a c
9 3 13 b x4 dx* 9 7 13 b x4 d x4
4adAppel IFL[=, =, 2, —, - —— - =—|.3bcAppel IFL|~, — 1, —, - — - —] /
4 4 4 a c 4 4 4 a c
5 3 9 b x* d x* 9 13 b x* d x*
c 9acAppeI|F1[—, -1, = - ——]—x"’ 4adAppeIIF1{—, -2, —, -—, _7]+
4 4 4 a c 4" 4 4 a c
7 13 b x4 dx4}

/ (20d (a+bx*)** (c+dx*))

|

® Problem 213: Result unnecessarily involves higher level functions.

(a+bx“)1/4
—  dx
(c+dx4)2

Optimal (type 4, 308 leaves, 10 steps):

3bcAppe||F1[—, -1, =, =,
4 4 4 a c

Vb x?

X (asbxt] s Va b3 (14 2% x3El i pti cF[ L Arccot | , 2]
a
- +
4c (c+dx?) 4c (bc-ad) (a+bx4)®*
a . . : Vbc-ad : b1/4 x
(2bc-3ad) P \Ja+bx* EllipticPi {7 WW,AFCSIH{W}, *1}

8bl4c2 (bc-ad)

(2bc-3ad) 2 Jaibx* BllipticPi {%bjj_“ mcsin{%], -1}
a+b x ’

a+b x* b e

8bl/4¢c2 (bc-ad)

Result (type 6, 322 leaves):



1 5 (a+bx*) 1 5 bx* dx*
X 75a2AppeIIF1{f, B —} / 5acAppe||F1{
20 (a+bx*)** (c+dx?) c 4 4 a c
5 9 b x* d x* 5 7 9 b x* d x*
4adAppeIIF1{f T2, o, o ——}+3bcAppeIIF1{f S _—} -
4 4 a c 4 4 4 a c
5 3 9 b x4 d x4 5 3 9 b x* d x4
18 a b x* AppellFl{— R T 7—] / gacAppellFl[— R T 7—%
4 4 4 a c 4 4 4 a c
9 3 13 b x* d x4 9 7 13 b x4 d x4
4adAppeIIF1[— A 7—]+3bcAppeIIFl[— -1, =, - 7—}
4 4 4 a c 4 4 4 a c
® Problem 214: Result unnecessarily involves higher level functions.
1
dx
(a+bx4)¥* (c+dx*)?
Optimal (type 4, 330leaves, 10steps):
. . 2
d x (a+bx4)1/4 b3/2 (4bc-ad) (1+i)3/4x3 E||IptICF[%AI’CCDt wbzx } 2}
c (bc-ad) (c+dx*) 4va c(bc-ad)? (a+bx*)**
4 f : . Vbc-ad . 174 x B
3d (2bc-ad) | ——7 +Ja+bx® ElipticPi {7 NNk ArcSm{i(amXA)l,A}, 1}
8bl/4c2 (bc-ad)? )
4 bc-ad B
3d (2bc-ad) la+bx4 \Ja+bx* EllipticPi {4ﬁ : ,Ar(:Snn[(abX4> ] 1}
8bl4c?2 (bc-ad)?
Result (type 6, 341 leaves):
5d (a+bx*) 1 5 b x4 dx* 1
X|-—o L 25a(—4bc+3ad)AppeIIFl[— o1, o, o 7—}/ —SaCAppeIIFl[—
c 4 4 a c 4
5 3 9 b x4 dx* 5 9 b x4 dx*
4adAppeIIF1[f, T2, oo ——}+3bcAppeIIF1[f, -1, =, - _—}
4 4 4 a c 4 4 a c
5 9 b x4 d x* 3 9 b x* dx*
18abdx4Appe||F1{— R T 7—}/ 9acAppe||F1{— R 7—}
4 4 a c 4 4 a c
9 13 b x* d x* 9 7 13 b x4 d x4
Appel I F1[ =, =, 2, =, - =~ - ——|.3bcAppel IFl|~, — 1, —, - —, - —|
4 4 4 a c 4 4 4 a c

+

NS

b x4

a

b x4

a

dx*
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dx*

L

C

C
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® Problem 215: Result unnecessarily involves higher level functions.

J
dx
(a+bx4)7/4 (C+dX4)2

Optimal (type 4, 390 leaves, 11 steps):
b (4bc+3ad)x d x

12ac (bc-ad)? (a+bx*)** 4c (bc-ad) (a+bx*)¥* (c+dx*)

p3/2 (8b2c2_32ade+3azd2> <1+i>3/4

b x*

x? El1ipticF[ L Arcot [Wrﬂ 2]

a

N
12a%/2¢c (bc-ad)? <a+bx4)3/4

d2 (10bc-3ad) | 2. ~Jarbxt Eliptichi[- 220 aresin[ U] ]

Vb Ve (arbx#) C
.
8bl4c? (bc-ad)®
2 a 4 . . . [+bc-ad . pl/4 x ~
d> (10bc-3ad) [—2_ Ja+bx EIIIptlcPl[W : ,ArcSun[i(de)l_A}, 1]

8bl4c2 (bc-ad)d
Result (type 6, 485 leaves):

1 3 5 b x* d x*
- |25 (8b*c?-24abcd+9a”*d?) Appel IF1|—, —, 1, —, - , - ] /
4 4

1 3
-5ac Appel | Fl[—, - 1,
4 4

5
— +
4 |
5 3 9 b x* d x*
9ac (15a*d*+2labd*x*+4b’c (Sc+7dx4>)AppeIIF1[—, — 1, PO 7—}75x4 (3a%d?+3abd?x*+4b%c (c+dx*))

a Cc
9 3 13 b x4 dx*
4adAppeIIF1{—, N ,_]+
4 4 4 a c
] / (60 (bc-ad)? (a+bx“)3/4 (c+dx*))
® Problem 218: Result more than twice size of optimal antiderivative.

J(a+bx4)p (c+dx*)% dx

9 b x4 d x4

- _—]+3bcAppe||F1[ ,
4 a C

9 b x4 d x4
X4

5 3 7
4adAppel IFL[=, =, 2, A
4" 4 4 4 a c

9 3 13 b x4 dx*
4adAppeIIFl{f, T, &, T8
4" 4

a Cc

13 b x4 dx“]
4 a ¢

9 7
+3bcAppeIIF1[f, -1,
4" 4

ac

b x4 d x*

4
9
4

9acAppeIIF1[; ; 1, ]7x4

a Cc

9 7 13 b x4 d x4
3bcAppeIIF1[f, o1, = 7—}
4" 4

4 a C

Optimal (type 6, 79leaves, 3steps):
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bX4 -P

x (a+bx*)P [1+

(C +dX4)q [1+
a

Result (type 6, 172 leaves):

1 5 b x4 d x* 5 b x4 d x4
5acx (a+bx4)p (c+dx4)qupeIIF1{f, -p, -q, —, - —, ——} / SacAppeIIFl{f -p, -, — ———, ——— | +
4 4 a c 4 a c
5 9 b x* dx* 5 9 b x4 x4
4x* bcpAppellFl[—, 1-p, -G — - — - —— +aquppeIIF1{—, -p, 1-q, —, - —, ,_}
4 4 a c 4 4 a [

® Problem 221: Result more than twice size of optimal antiderivative.

J-(c+dx4)q »

a+bx*

Optimal (type 6, 57 leaves, 2 steps):

X (c+dx4) (1+"cﬁ)’qupe||F1 L1, -q 2, X 0X]

4’ a c
a
Result (type 6, 162 leaves):
a 1 5 d x4 b x4 1 5 d x4 b x4
5acx (c+dx*) AppeIIFl{—, -q, 1, —, - —, 7—} / (a+bx*) |5acAppel IF1|—, -q, 1, —, -—, - — | +
4 4 c a 4 4 c a
5 9 dx* b x4 5 9 d x* b x*
4 x4 aquppeIIFl[f, 1-q, 1, —, - —, ——}—bcAppeIIFl[—, —q, 2, -, -, _—} ]]
4 4 c a 4 4 c a
® Problem 222: Result more than twice size of optimal antiderivative.
(c+dx4)q
——dx
(a+bx4)2
Optimal (type 6, 57 leaves, 2 steps):
q dx4\ 9 1 5 b x4 d x4
X<C+dx4> (1+T) Appel I F1| 2, 2, -q, 7, -~ -~ }
a2
Result (type 6, 162 leaves):
1 b x4 d x* ) 5 b x4 dx*
5acx (c+dx4)qupe||Fl{—, 2, -q, - / (a+bx*)” |5acAppel IF1|—, 2, -q, —, - —, - — | +
4 4 a c

bx4 dx4 5 9 bx* x4
-~ ~—| -2bcAppel IFL|=, 3, —q,
4

4 x4 ,_7,_7}
a c 4 a c

RO MO
|
m’
O’

5
aquppeIIFl[f, 2,1-q,
4




370 | 1.1.3 General.nb
® Problem 229: Result unnecessarily involves imaginary or complex numbers.
a+ b

[patas
(C+S)

Optimal (type 3, 147 leaves, 8steps):

2d b b W a+g a+l:—
a+ 2 a+ 2 x _ N7 _
+ o vd (3bc 4ad)ArcTan[ —— } (bc 4ad)ArcTanh{ = ]
+ + +
c? (C+g) C(C+g) c3+/bc-ad Vva c?

Result (type 3, 197 leaves) :

2ic* [—bd+bcx—2adx—2jm/d Vbc-ad a+:— X

1 2c la+;x(2d+cx) (bc—4ad)Log[b+2ax+2\E a+gx] jl\/d_(sbc_4ad>|_og[_

d32 (3bc-4ad) Vbc-ad (d+cx)
_— + +

2c3 d+cx ﬁ Vbc-ad

® Problem 230: Result unnecessarily involves imaginary or complex numbers.

a+9

[
(C+g)

Optimal (type 3, 213 leaves, 9steps):

o

a+—
X

Vd a2
3d a+g d(llbc-lZad)\/a+: \/a+:x \d (15b202740abcd+24a2d2>ArcTan{—x] (bc-6ad) ArcTanh
Vbc-ad
N

Va

+ + +

2c? <C+9)2 4¢3 (bc-ad) (c+5) c(0+9)2 4c* (bc-ad)3? Ja ¢t
X X X

Result (type 3, 275 leaves):
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2c [a+2 x (-2ad (6d2+9cdx+2c2x?) +bc (11d2+17cdx +4c2x?))
1 X

8c* (bc-ad) (d+cx)?

+

8icSVbcad |-bdibcx-2adx-2:vVd vbcad ,[a:) x

4 (bc-6ad) Log

b
b+2ax+2+a a+ x} i+d (15b2c2_40abcd+24a2d2>Log[— 7 (1507 7 -40ab e d2d 22 &) (d-ox)

+

Va (bc-ad)3?

® Problem 236: Result unnecessarily involves imaginary or complex numbers.

b\3/2
)

J(an
————dx
<C+g)

Optimal (type 3, 156 leaves, 8steps):

| o

\W a+5 a+
bc-2ad a+2 a ja+?2x - Vbec - S - X
( )\/ * \/ + 5 (bc-4ad)Vbc-ad ArcTan[ —— } Va (3bc 4ad)ArcTanh[ = }

- + - +

c? (c+9) c(c+9) c3/d c?

X

Result (type 3, 231 leaves):

1 2¢c /a+gx(—bc+2ad+acx)

- - +
2¢8 d+cx

2c*

-2iadx+2+d vbc-ad a+:i X-ib (d-cx)

i (b2c275abcd+4a2d2)Log[ }
\d vbc-ad (bzczfsabcd+4a2d2) (d+c x)

\d Vbc-ad

va (-3bc+4ad)Lloglb+2ax+2+a
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® Problem 237: Result unnecessarily involves imaginary or complex numbers.

b)3/2

(a+;
[,
<C+;)
Optimal (type 3, 209 leaves, 9steps):
(bc—3ad)4,a+g 3(bc4ad)Ja+: a\/a+: X 3(b202—8abcd+8a2d2)ArcTan{Lm;] 3\/;(bc—2ad)ArcTanh[ aﬂ;]
- - ) - Vbc-ad . Va
ac (c+ ) ¢ (c+9)? 4ct+d Vbc-ad ot

2
2c¢? (c+g)

Result (type 3, 256 leaves):

2¢c a+2 x (-bc (3d+5cx) +2a (6d?+9cdx+2c?x?))
1 X

8c* (d+cx)?

8¢S [2iadx:2+d Vbead |ar. x+ib (d-cx)

3i (b?c?-8abcd+8a?d?) Log[
3v/d Vbc-ad (b2c?-8abcd+8a?d?) (d+cx)

b
Jd Vbc-ad

12+/a (-bc+2ad)Log|lb+2ax+2+a a+—x}+
X

)

® Problem 243: Result unnecessarily involves imaginary or complex numbers.

(a+g)5/2
IO

<C+;)
Optimal (type 3, 166 leaves, 8steps):

bc-2ad) (b d b 372 Ve 32 3

c-2a c-a a+ - 3/2 _ / N x / _

( ) ( ) + a(a+g) x (bc-ad) (bc+4ad)ArcTan{ — } a®’2 (5bc 4ad>ArcTanh[ H}

+ - +
c?d (c+ 2) clc+9) c3d¥2 c?
X X

Result (type 3, 219 leaves):
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. 2c /a+gx(bzczfzabcd+a2d(2d+cx))

— - +

2c3 d (d+cx)
2c4|-2iad¥2x+2dVbc-ad a+:i x-ib+d (d-cx)
- 3/2
b i(bc-ad) (bc+4ad)Log{ PSPPI ey P, ]
a%’?2 (-5bc+4ad)Lloglb+2ax+2+va |a+— x|+ " Gerad?” (berdad @rex)
X a3/

® Problem 244: Result unnecessarily involves imaginary or complex numbers.

\J\(aJr 5)5/2
73d1x
(e+)

Optimal (type 3, 237 leaves, 9steps):

b 2 A2 2 12 b
(bc-3ad) (bc-ad) |ja+ - (b?2c?+7abcd-12a2d?) a+ a(a+g)3/2x

— + —

202d(c+g)2 4c3d(c+g) c(c+g)2
2 ~2 2 H2 Ja a+g 3/2 a+;
_ _ v - / _
Vbc-ad (b?c?+8abcd-24a%d )ArcTan{ — ] a2 (5bc-6ad) ArcTanh T }
4C4d3/2 * C4

Result (type 3, 304 leaves):
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1 2¢c la+; x (b?c? (-d+cx)-abcd (7d+11cx) +2a%d (6d?+9cdx+2c?x?))

8c* d (d+cx)?

b
-4a%? (-5bc+6ad)Loglb+2ax+2+a [a+— x| -

X

8c®

2iad¥2x:2dVbc-ad [a+ x-ibVd (dcx)

1‘1(b3c3+7ab202d—32a2bcd2+24a3d3)Log{ ]
Vbc-ad (b®c3+7ab?c?d-32a%bcd?+24a%d?) (d+cx)

d¥2+/bc-ad

® Problem 250: Result unnecessarily involves imaginary or complex numbers.

J/ :
dx
2
a+> (c+ )

Optimal (type 3, 172leaves, 8steps):

b b \/CT a+:i a+;

d(bc-2ad) ja+ a+ - x (32 (Sbc74ad)ArcTan{7] (bc+4ad)ArcTanh{
Vbc-ad Va
. _ _

ac? (bc-ad) (c+%) ac(c+?) c® (bc-ad)¥? a%/?c?

X X
Result (type 3, 224 leaves):

1 2c /a+g X (bc (d+cx) -ad (2d+cx))
-— +
2¢8 a(-bc+ad) (d+cx)
2c*+bc-ad

-2iadx+2+d vbc-ad a+; x-ib (d-cx)

(bc+4ad)Loglb+2ax+2+a a+gx] id3¥2 (5bc-4ad) Log

d%2 (5bc-4ad) (d+cx) ]
(bc-ad)3?

as’2



1.1.3 General.nb |375

® Problem 251: Result unnecessarily involves imaginary or complex numbers.

J 1
dx
/a+g (C+g)3

Optimal (type 3, 250 leaves, 9steps):

d(2bc-3ad) /a+g d((bc-4ad) (4bc-3ad)\/a+: \/a+:x

+ + -

2ac? (bc-ad) (C+g)2 4acd (bc—ad)z(c+g> ac(c+g)2
\/? a+:— \a+E
d3/2 (35 b?2c?-56abcd+24a?d?) ArcTan{—] (bc +6ad) ArcTanh
Vbc-ad JVa

4c* (bc-ad)%? a3/2 ¢4

Result (type 3, 301 leaves):

1 2¢c la+; X (4b%2c? (d+cx)?+2a?d? (6d?+9cdx+2c¢?x?) ~abcd (19d?+29cdx +8¢2x?))

8c* a(bc-ad)2(d+cx)?

8c® (bc-ad)3/2

-2iadx+2+vd +vbc-ad a+g X-ib (d-c x)

4 (bc+6ad)loglb+2ax+2va [a+> x} i d32 (3502 c2-56abcd 24 a2 d?) Log[

d%/2 (35 b2 c?-56 abc d+24 a2 d?) (d+c x) ]

as’? (bc—ad)5/2

® Problem 257: Result unnecessarily involves imaginary or complex numbers.

1
b\3/2 d,2 ax
(a+ ;) <C+;)

Optimal (type 3, 224 leaves, 9steps):
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b (3b2c?-2abcd+2a?d?) d(bc-2ad)
+ +

a2c? (bc-ad)? |a+?2 ac? (bc-ad) [a+> (c+9)
X X X

Nd a+; a*;

ds/2 (7bc—4ad)ArcTan{7} (3bc+4ad>ArcTanh[ }

X Vbc-ad Va

N _
c3 (bcfad)5/2 ad/2 ¢3

ac a+g (c+g)

Result (type 3, 290 leaves):

b
a+— x (3b3¢c? (d+cx) +a’d®’x (2d+cx) +a’bd (2d°-cdx-2c?x?) +ab?c (-2d?-cdx+c®x?)) /
X

(3bc+4ad)Log|b+2ax+2+a a+; x}

2 2
(a? (bc-ad)? (brax) (drcx)) - 252 '

2ic* (be-ad)®? | -bdibcx-2adx-2iVd Vbcad ,[as’ x]

i 45/2 _ _
id (7bC 4ad) LOg{ d’/2 (7Tbc-4ad) (d+cx) ]

(bc-ad)5?

® Problem 258: Result unnecessarily involves imaginary or complex numbers.

1
(a+9)3/2 <c+9)3 ax
X X

Optimal (type 3, 320leaves, 10 steps):
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3b (2bc-ad) (2b*c?-abcd+4a?d?) d(2bc-3ad) d (4b?2c?2-21abcd+12a%d?)

+ + +

4a2¢3 (bc-ad)® |a+?2 2ac?2 (bc-ad) |a+?> (c+9)2 4acd® (bc-ad)?2 |a+?2 (c+9)
X X X X X

\/ET a+; a+;
3d°%/2 (21b2c2—24abcd+8a2d2)ArcTan[i} 3(bc+2ad)ArcTanh{ ]
Vbc-ad Va
. _
4 c? (bc—ad)7/2 ad/2 ¢4

ac |a+?2 (c+§)2
X X

Result (type 3, 385 leaves):
1

8c*

b
2c |a+— x (-12b*c® (d+cx)?-4ab®c? (-3d+cx) (d+cx)?+2a%d®x (6d*+9cdx+2c?x?) +a’bd® (12d®-9cd®x-37c?dx*-12c¢3x3) +

X

a’b?cd (-27d*-29cd?x+12¢?dx?+12¢3x3)) /(a2 (-bc+ad)® (b+ax) (d+cx)?) -

8ic5 (bc-ad)®2|-bd+bcx-2adx-21i+d Vbc-ad a+|:i X

12 (bc+2ad)Log[b+2ax+2va [a+2 x| 3id52 (21b%c? 24abcd-8a’d? Log -

+
aS/Z (bc—ad)7/2

3d7/? (21b?c2-24abc d+8a?d?) (d+cx) }

® Problem 264: Result unnecessarily involves imaginary or complex numbers.

1
b\5/2 d,2 ax
(a+—) <C+—)
X X

Optimal (type 3, 287 leaves, 10 steps):
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b (5b?c?-6abcd+6a?d?) b (bc-2ad) (5b?c?-abcd+a?d?) d(bc-2ad)

+ + +

2 2 2 b\ 3/2 ) b\3/2 d
3a2c? (bc-ad) (a+;) 262 (be_ad)? ,a+9 ac?2 (bc-ad) (a+;) (C+;)
X

ﬁﬂ a+§ a+:i
d7/2 (9bc74ad)ArcTan[—} (5bc+4ad)ArcTanh{ ]

Vbc-ad Va

ac(a+9)3/2 (C+g) c® (bc-ad)’’? a’/2 ¢3

X

Result (type 3, 364 leaves):

b
a+— (3a%’d® (b+ax)?+2b5%c® (bc-ad) (d+cx)-4b*c?® (4bc-7ad) (b+ax) (d+cx)+14b*c? (b+ax)? (d+cx) -

26ab3c®d (b+ax)? (d+cx)-3a*d* (b+ax)? (d+cx)+3ac (bc-ad)®x (b+ax)? (d+cx)) / (a* (bc-ad)® (b+ax)? (d+cx)) -

2¢c* (bc-ad)5/2

-2iadx+2+d vbc-ad a+:— x-ib (d-cx)

b
3(5bc+4ad)Log|lb+2ax+2+a a+ - x} 3id7”/2 (-9bc+4ad) Log T }

+
a7/2 (bciad>7/2

® Problem 265: Result unnecessarily involves imaginary or complex numbers.

1
(a+9)5/2 (c+9)3 ax
X X

Optimal (type 3, 409 leaves, 11 steps):
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b (20b3c3736ab202d+87a2bcd2736a3d3) b (20b*c*-56ab3c3d+24a?b?2c2d?-35a%bcd?®+12a%d?)

+ +

12a2¢3 (bc-ad)® (a+2)%?
( ) (ax ) 4a%c® (bc-ad)? a+g

d((@2bc-3ad) d (4b?c?-23abcd+12a?d?) X

+ + -
2ac?2 (bc-ad) (a+:—)3/2(c+§)2 4ac3<bcfad)2(a+g)3/2(c+:—) ac(a+g)3/2(c+g)2

X

(5bc+6ad) ArcTanh

d7/2 (99b2c? -88abcd+24a% d?) ArcTan|

4c* (bc-ad)?? al/2 ¢4

Result (type 3, 465 leaves):

1 1

C24ct | at (bc-ad)* (b+ax)2 (d+cx)?

b
2 la+— (6a%d® (bc-ad) (b+ax)?+3a*d® (-28bc+12ad) (b+ax)? (d+cx)-8b°c* (bc-ad) (d+cx)?+
X

8b%°c* (8bc-17ad) (b+ax) (d+cx)?2-56b°c® (b+ax)?2 (d+cx)?2+128ab*c*d (b+ax)? (d+cx)2+63a*bcd* (b+ax)? (d+cx)?-

12 (5bc+6ad) Log{b+2ax+2\/? a+§ x}

30a°d® (b+ax)? (d+cx)?-12ac (bc-ad)*x (b+ax)? (d+cx)?) + — +
a

8c® (bc-ad)?/?

-2iadx+2+d +bc-ad a+g Xx-ib (d-c x)

31id7/? (99b%c? -88abcd+24a2d?) Log| 7 (@O R ab e A ] (@ ]

(bc-ad)??

® Problem 269: Result more than twice size of optimal antiderivative.

Japr[md

X X
Optimal (type 6, 96 leaves, 3steps):

q
dx
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by 1 aya (Bleg) )™ dlay] a}
b(a+;) (c+;) (bcad] Appel I F1|1+p, -0, 2, 2+P, - T]
_ Z(1+p)
Result (type 6, 206 leaves):
b\P d\d ax c X
[bd (-2+p+0Q) |a+— [c+f xAppeIIFl[l—p—q, -p, -9, 2-p-q, - —, ——} /
X X b d
ax C X
[(—1+p+q> [-bd(-2:prq)Appel IFL[1-p-q, -p, -q 2-p-a. - e
ax C X ax C X
X [adpAppeIIFl[prfq, 1-p, -q, 3-p-q, 7?, 77 +bchppeIIF1{27pfq, -p, 1-q, 3-p-q, 7?, 77”])

® Problem 271: Result unnecessarily involves imaginary or complex numbers.

J\/ : \/ :
a+ — c+— dx
x2 x2

Optimal (type 4, 233 leaves, 6 steps):

b b P Ve x bc
2d la+x—2 \/ ) \/ g 2+c Vd a+ ; ElllptlcE[ArcOot[ﬁ},l—ﬁ]
o ¢ la+— o+ — x4+
d d

Ve (becrad) la+— EII|pt|cF ArcOot[
avd e

Result (type 4, 205 leaves):

1 b d a a x? c x2 a bc
- a+ — [C+— X — (b+ax?) (d+cx?)+2iadx |1+ 1+ EIIipticEjArcSinh[ fx}, —}+
. ( o) | . x2 x2 b b d b ad
= (b+ax d+cx
[ b

a x?2 c x2 a bc
i(bc-ad)x [1+ 1+ EIIipticF[jArcSinh[ —x}, —}
b d b ad




® Problem 273: Result unnecessarily involves imaginary or complex numbers.

d\3/2
xz)

Optimal (type 4, 262 leaves, 7 steps):

o

o

2Vd |a ElllptlcEArcOOt{ “1-2] b |a ElllptlcFArcCot[rx},l—ac]

CFF arrrF

Result (type 4, 191 leaves):

b a ax? c x? o ) a bc
- a+ — —cx(b+ax2)+2]iad 1+ 1+ ElllptlcE[jArcSmh[ —x}, —}Jr
x2 b b d b ad

ax? c x? a bc a d
i(bc-2ad) |1+ 1+ EIIipticF[jArcSinh[ — x}, —} / —c? |c+— (b+ax?)
b d b ad b x2

® Problem 274: Result more than twice size of optimal antiderivative.

Jaﬁ)” ‘

C+ —
x2 x2
Optimal (type 6, 79leaves, 4 steps):
b b d ¢ d
a+ — C+ — [1 +
x2 x2 c x?

q
dx

p -P -q

1
1+ X Appel | F1|-—, -p, -9, — - ——, - ——
2’

a x?

Result (type 6, 252 leaves):
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b \P d\d 1 3 ax? c x?
bd (-3+2p+2q) a+—) C+— xAppeIIFl{ffpfq, -p, -¢, —-p-09q, -—, 7—] /
x2 x2 2 2 b d
1 3 ax? c x?
(-1+2p+2q) [bd (3-2p-20) Appel IFL[=-p-d, -p, -G, —-p-0, - —, ~——| +
2 2 b d
) 3 5 ax? ¢ x? 3 5 a x? c x?2
2x adpAppeIIFl[ffpfq, i1-p, -, —-p-¢, ~——, - —— +bchppeIIF1[ffpfq, -p, -9, —-p-0, -—, 7—]
2 2 b d 2 2 b d
® Problem 312: Result more than twice size of optimal antiderivative.
J(a+bx”)p(c+dx”)qd1x
Optimal (type 6, 81leaves, 3steps):
bxny-P dxny-a 1 1 b x" dx"
X (a+bxMP [1+ (c+dxM)d [1+ ) Appel IF1|—, -p, -, 1+ —, - —, ——]
a c n n a c
Result (type 6, 190 leaves):
1 1 b x" dx" 1 1 b x" dx"
ac (l+n)x (a+bxMmP (c+dx”)qupeIIF1[f, -p, -¢q, 1+ —, - —, ——] / bcnpx"Appel |l F1|1+—, 1-p, -, 2+ —, ———, - —— | +
n n a c n n a c

1 1 b x" dx"
adngx"Appel IF1{1+—, -p, 1-q¢, 2+ —, - ,
n n a c

1 1 b x" dx"
+ac(1+n)AppeIIFl[—, -p, -q, 1+ —, - , ”
n n a Cc
® Problem 317: Result more than twice size of optimal antiderivative.
(a+bx")P
Ji ax
c+dx"

Optimal (type 6, 59 leaves, 2 steps):

X (a+bx")P (1+5Txn)prppellF1[%, -p, 1, 1+%, LR —dxn}

a C

Cc
Result (type 6, 180 leaves):

1 1 b x" d xn
ac (1+n)x (a+bx”)pAppeIIF1[—, -p, 1, 1+ —, -——, —7”/

n n a (o3
1 1 b xn dx" 1 1 b x" dx"
(c+dx") bcnpx”AppeIIF1[1+f, 1-p, 1, 2+, -——, _—}_adnx“AppellFl 1+°, -p, 2,2+, - 2|4
n n a (o3 n n a (o3
1 1 bx"  dx"
ac (1+n)AppeIIF1[f, -p, 1, 1+ -—, —7} ]
n n a C

® Problem 318: Result more than twice size of optimal antiderivative.

(a+bx")P
Jidlx
(c+dx")2
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Optimal (type 6, 59 leaves, 2 steps):

b x"
a

X (a+bx™"P (1+ )’pAppeIIFl[E, -p, 2, l+%, _bxt —dxn}

a C

c2

Result (type 6, 180 leaves):

1 1 b x" dx"
ac (1+n)x (a+bx”)pAppeIIF1{—, -p, 2, 1+—, - , - } /
n n a c
1 1 b x" dxn 1 1 b x" dx"
(c+dxM? bcnpx”AppeIIFl[1+—,lfp, 2, 2+ —, - , - }72adnx”AppeIIFl 1+—, -p, 3, 2+—, - , - +
n n a c n n a c

1 1 b x" dxn
ac (1+n)AppeI|F1[—, -p, 2, 1+—, - , }
n n a c

|

® Problem 319: Result more than twice size of optimal antiderivative.
(a+bx")P
J ST ax
(c+dxM)3

Optimal (type 6, 59 leaves, 2 steps):

bx"\-p 1 1 b x" dx"
x(a+bx“)p(1+TX) AppeIIFl[;, -p, 3, 1+, - :—:}
C3
Result (type 6, 180 leaves):
1 1 b x" dxn
ac (1+n)x (a+bx”)pAppeIIF1{—, -p, 3, 1+—, - , - } /
n n a c
1 1 b x" dx" 1 1 b x" dx"
(c+dxm3 bcnpx”AppeIIFl[1+—,lfp, 3, 2+ —, - , - }73adnx”AppeIIFl 1+—, -p, 4, 2+—, - , - +
n n a c n n a c
1 1 b x" dx"
ac (1+n)AppeIIF1[—, -p, 3, 1+—, - y - } ]
n n a c

® Problem 321: Result unnecessarily involves higher level functions.
J(a+bx“)3 (c +dx”)’4’%d]x

Optimal (type 3, 178leaves, 4 steps):

1 1 1
X (a+bxM3 (c+dx" 3" 3anx(@+bxM2 (c+dx") 2 n 6a2n2x (a+bx") (c+dx") 1 a 6a3n3x (c+dxn)-1/n

+ + +

c(1+3n) c? (1+5n+6n?) cd(1+n) (1+2n) (1+3n) c* (L+n) (L+2n) (1+3n)

Result (type 5, 198 leaves):
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1

2 dx?yy i L ES 1 _ax
im(c+dxmfhn b3 ¢3 30 +3a bx" (1+ %) Hypergeometri c2FL[1+ -, 4+ -, 2+, - ]+
ct (1+3n) (c+dx")3 1+n
dxn "
3ab?x2" (1+ CX)"HypergeometriCZFl[2+%,4+%,3+%,7d:] dxny - 1 1 1 d x"
+ad |1+ Hypergeonetric2Fl|(4+ —, —, 1+ —, - —
1+2n n n n c
® Problem 322: Result unnecessarily involves higher level functions.
1
J(a+bx“)2 (c+dx" 3w dx
Optimal (type 3, 116 leaves, 3steps):
1 1
X (a+bx™2 (c+dx") 2" 2anx (@a+bx") (c+dx") s 2a2n2x (c+dxn)-L/m
+ +
c(1+2n) c2(1+n) (1+2n) cd(1+n) (1+2n)
Result (type 5, 139 leaves):
1 b2 CZ X2n
—X (c+dxny-t/m +
cd (1+2n) (c+dxM)?
2at)x”(1-+d:")?kypergeonetri02F1[1+-%, 3+ %,2-+%1 —d:n] dxn - . 1 1 1 dxn
+a? |1+ Hypergeonetric2F1(3+ —, —, 1+ —, -
1+n n n n c
® Problem 323: Result unnecessarily involves higher level functions.
1
J(a+bx”) (c+dx") "2 n dx
Optimal (type 3, 58leaves, 2 steps):
X (@a+bx") (c+dxM % anx (c+dxm)-i/m
+
c (l+n) c? (1+n)
Result (type 5, 82 leaves):
1+n n i n
X (c+dx") " |becx"+a (1+n) (c+dxM) (1+d%)" I—|ypergeomatric2F1[2+%, % 1+%, 7d; ])

c2 (1+n)

® Problem 327: Attempted integration timed out after 120 seconds.

(c+dxM2n
- ax
(a+bx")3
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Optimal (type 5, 56 leaves, 1step):

2 ny-1/n : 1 1 (bc-ad)x"
cx (c+dxM Hyper geomet ri c2F1 |3, o 1+n, PYOTTO

a3
Result (type 1, 1lleaves):

277
Problem 328: Result more than twice size of optimal antiderivative.
J(a+bx”)p (c +dx”)’2’%’p dx

Optimal (type 5, 193 leaves, 2steps):

bx (a+bx™P (c erxr‘)'l'é'p 1
- +
a(bc-ad)n (1+p) ac (bc-ad)n (1+p)
c (a+bxmy 1P 1 1 (bc-ad) x"
(bc+ (bc-ad)yn@+p))x (a+bxMP | —— — (c+dx" pI—IypergeomatncZFl - -1-p, 14— -—
a (c+dxM n n a (c+dxM

Result (type 5, 1414 leaves):

1 dx" 1
c* (1+n) (1+2n) (L+3n)x (a+bx")3P (c+dx") 2P [1+ Gamm[2+ f} Gama|[-p]
c n
1 (bc-ad)x 1 cHypergeorretricZFl[l, -p, 2+%, %
HypergeomatricZFl{l, -p, 1+ —, 7] + —dnx" +
n ¢ (a+bx" c? 1+n
(bc-ad) ”Garrrra[l+;]Gamra [1-p] I—lypergeomatrchFl[Z 1-p, 3+%, %} /
(1+2n) (a+bx“)Gamm[2+;]Garma[ p]
1 1 (bc-ad)x"
—cd (1+3n) (L+n+np)x" (a+bx")? (CZ (L+n) (1+2n) (a+bx”)Gamm[2+—]Ganma HypergeomatncZFl{l -p, 1+ - — | +
n n c (a+bxM

1 1 (bc-ad)x"
c(1+2n) (a+bx™ Gamm{2+—} Ganma [ - I—lypergeomatrchFl{l -p, 2+ —,

dnx" 7}+
n n c (a+bxM

1
(bc-ad) (1 +n)x" Gan’ma{1+ f} Gamma [l -p] HypergeomstrchFl[Z 1-p, 3+ —,
n n c (a+hbxn

+

1 (bcad)x””
)

1 ] 1 (bc-ad)x"
2+—}Garma[—p} I—IypergeomatncZFl[l, -p, 1+ - ——mm | +
n n c (a+bxM

1 1 (bc-ad)x"
c(1+2n) (a+bxM Gam’ra[2+—} Ganma [ - I—|ypergeomstr|c2F1{ -p, 2+ —, ﬁ} +
n n c(a+bx

bcn (1+3n)px" (a+bx") (c+dx™) |[cZ (1+n) (1+2n) (a+bx") Ganma

dnx"
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1 1 (bc-ad)x"
(bc-ad) (1+n)x”Gamra{l+f}Gamral p] Hypergeonetr|c2F1[2 1-p, 3+—, 7”]+
n n c (a+bxM

c (1+3n) (a+bx™?2 (c+dxM

1
2(+n) (1+2n) (a+bx“)Gamm{2+—}Gamm HypergeometncZFl[ -p, 1+ —,
n

1 1 (bc-ad)x"
c(1+2n) (a+bxM Gamra{2+f} Ganma[-p] I—Vpergeor‘retricZFl{l, -p, 2+ —, 7} +
n n ¢ (a+bxM)
1 1 (bc-ad)x"
(bc-ad) (1+n)x“Gamra{1+f} Gama [l - p] HypergeometrchFl[Z 1-p, 3+—, 7}
n n c (a+bxM

dnx"

J+
1 1 (bc-ad)x"

ac? (-bc+ad) (1+2n) (1+3n)p (a+bx”)Gamm{2+—}Gamm HypergeorretrchFl[Z l1-p,2+—- —m
n n c (a+bxM

1 ) 1 (bc-ad)x"
c(1+2n) (a+bxM Garma{2+—} Ganmma[-p] Hypergeonetric2F1|1, -p, 2+ —,

n n c¢(a+bx"
1 1 (bc-ad)x"
(bc-ad) (1+n)x“(3amra{1+f} Gamma [1 - p] Hypergeonetric2F1({2, 1-p, 3+ —, 7” -
n n c (a+hbxM

2

n<x" (c +dx")

cd (1+3n) (a+bxM?2

1 1 (bc-ad)x"
d(bc-ad)x" [bc(l+n) (1+3n) x" (a+bx”)Garma{l+—}GamTa1 pl HypergeomatncZFl[Z 1-p, 3+—-, —————
n n c (a+bxM
1 1 (bc-ad)x"
c(l+n) (1+3n) (a+bx“)2Gamm{1+—}Gam’ra1 Pl I—lypergeometrchFl{Z 1-p, 3+ —, 7}+
n n ¢ (a+bx")
1 1 (bc-ad)x"
acn(1+3n>p(a+bx”)Gamm{2+f}Gamm HypergeomatrchFl[Z 1-p, 3+, 7}-
n n c (a+hbxM
1 ) 1 (bc-ad)x"
2a (-bc+ad)n (1+n) (-1+p) x”Garma{1+ f} Gamma [1 - p] Hypergeonetric2F1|3, 2-p, 4+ —, 7}
n n c (a+bxM
® Problem 329: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

|

adn-bc (1+n) ad-bcn+adn
J(a+bx“) beadyn (€ +dX") Tbenadn  dX
Optimal (type 3, 57 leaves, 1step):

bc ad

X (a+bxn)7wbc—ad,n (C +dx") tbeadn

ac
Result (type 6, 461 leaves):
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adn-be (Len) ad-beneadn 1 bc+bcn-adn bcn-ad (1+n) 1 b x" dx"
ac (-bc+ad) (1+n)x (a+bx™) w®cann (¢ +dXx") benaan Appel | F1| —, , y L+ —, - — } /
n bcn-adn (bc-ad)n n a c
1 bc+2bcn-2adn bcn-ad (1+n) 1 b xn dxn"
bc(—adn+bc(1+n))x”AppeIIF1{1+f, , , 24—, - —, ——}—
n bcn-adn (bc-ad)n n a C
1 bc+bcn-adn ad-2bcn+2adn 1 b x" dx"
a d(—bcn+ad(1+n))x”AppeIIF1[1+f, .- ,2+7,7—,7—]+
n bcn-adn bcn-adn n a c
1 bc+bcn-adn bcn-ad (1+n) 1 b x" dx"
c (bc-ad) (1+n)AppeIIF1{f, , R _7}
n bcn-adn (bc-ad)n n a c

® Problem 330: Result unnecessarily involves higher level functions.
J(a+bx“)2 (c +dx”)’4’% dx

Optimal (type 3, 327 leaves, 5 steps):

1 1 1
bx (a+bx™3 (c+dx" 3% (3adn-b(c+3cn))x (a+bxM3(c+dx") 37 (3adn-b(c+3cn))x (a+bx™2 (c+dx") > n
3a(bc-ad)n 3ac (bc-ad)n (1+3n) c2 (bc-ad) (1+5n+6n?)
2an (3adn-b(c+3cn))x (a+bx" (c+dx" 7 2a2n2 (3adn-b (c+3cn))x (c+dxn)-/mn
cd (bc-ad) (L+n) (1+2n) (1+3n) c* (bc-ad) (1+n) (1+2n) (1+3n)
Result (type 5, 153 leaves):
1 LAY 1 1 1 dx"
X (c+dx")-t/mn [1+ 2ab (1+2n) x"Hypergeonetric2F1|1+ —, 4+ —, 2+ —, 7—} +
c* (1+n) (1+2n) c n n n c
1 1 1 dx" 1 1 1 dx"
(L+n) (bzxznl—lypergeonetriCZFl[2+—, 4+ —, 3+—, -—— | +aZ(1+2n) Hypergeonetri(:2F1{4+7, — 1+ —, ——] J
n n n c n n n c
® Problem 331: Result unnecessarily involves higher level functions.
1
J(a+bx") (c+dx" 37 dax
Optimal (type 3, 127 leaves, 3steps):
(bc-ad)x (c+dx") 27 (bc+2adn) x (c+dx") 7 n(bc+2adn)x (c+dxn) L/
- + +
cd(1+2n) c?d (1+n) (1+2n) cdd (L+n) (1+2n)
Result (type 5, 96 leaves) :
1 dx"\ o 1 1 1 dx" 1 1 1 dx"
X (¢ +dx")-t/n [1+ b x" Hypergeonetric2F1|{1+ —, 3+ —, 2+ —, ———| +a (1 +n) Hypergeonetric2F1|3+ —, —, 1+ —, 7—}
cd (1+n) c n n n c n n n c
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® Problem 332: Result unnecessarily involves higher level functions.
1
J(c +dx") % n dx

Optimal (type 3, 50leaves, 2steps):
X (c+dx”)’1’% nx (c+dxn)-1/m
+
c (1+n) c? (1+n)

Result (type 5, 55 leaves):

1
X (C+dx")-t/mn (1+d%)5HypergeomatriCZF1[2+%, =, 1+%, BL ]

c2

Problem 334: Result more than twice size of optimal antiderivative.

(c +dxn)-t/m
Jidlx
(a+bxn)2

Optimal (type 5, 127 leaves, 2 steps):

1-n

bx (cedxM) o (bc (1-n)+adn)x (c+dx") 2" Hypergeonetric2F1|1, 7,1+% {bec-ad) x7

a (c+dxM)

a(bc-ad)n (a+bx" aZ (bc-ad)n

Result (type 5, 1070 leaves) :



c®(1+2n) (1+3n)x (a+bx") (c+dx") /" [1+
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1
3+;}

dxn

1
2+7}Gamm
n

]Gamm
Cc

c (c+cn+dnx") HypergeometricZFl[l, 2, 2+%, %] 2 (bc-ad)nx" (c+dx") HypergeorretricZFl[Z, 3, 3+%, %]
* /

Gamra[2+%] (a+bx“)Garma[3+%]

1 ) 1 (bc-ad)x"
c (a+bx") (c+cn+dnx") Gamra[3+—] HypergeometrlCZFl[l, 2,2+ —, —mM
n n c (a+hbxM

| +

cd(l-n) (1+2n) (1+3n)x" (a+bx")?

1 ) 1 (bc-ad)x"
2 (bc-ad)nx" (c+dx" Gamra[2+—] Hyper geonetri c2F1(2, 3, 3+ —, —]
n n c (a+bxM

1 ) 1 <(bc-ad)x"
c (a+bxM (c+cn+dnx“>Gamra[3+—] Hypergeonetric2F1(1, 2, 2+ —, ———— | +
n n c (a+bxM

1 (bcfad)x”]

1
2 (bc-ad)nx" (c+dx") Gamra[2+—] Hyper geonetri c2F1(2, 3, 3+ —,
n n c (a+hbxM

2bcn (1+2n) (1+3n)x" (a+bx") (c+dx")

+

N . 1 ) 1 (bc-ad)x"
c(a+bx") (c+cn+dnx )Gamm[3+—] Hypergeonetric2Fl1|1, 2, 2+ -, ———— | +
n n c (a+bxM

1 1 (bc-ad)x"
n?x" (c+dx") |c2d (1+2n) (1+3n) (a+bx“>3Gam*ra[3+f] HypergeomatricZFl[l, 2, 24— ——
n n c (a+bxM

c(1+2n) (1+3n) (a+bx"? (c+dx")

1 ) 1 (bc-ad)x"
2 (bc-ad)nx" (c+dx" Garrrra[2+—] I—lypergeorretrchFl[Z, 3, 3+ -, ——M
n n c (a+bxM

+

| +

! : 1 (bc-ad)x"
2+*} WpergeonetrlczFl{z, 3, 3+, 7} )
n
1 (bc-ad)x"

n c(a+bx"
1
2bc (bc-ad) (1+2n) (1+3n)x" (a+bx") (c+dx™ Gamra[2+—] I—lypergeorretricZFl[Z, 3, 3+ —,
n n c (a+bxM
1 1 ¢(bc-ad)x"
2c (bc-ad) (1+2n) (1+3n) (a+bx™?2 (c+dx") Gamra[2+f] HypergeometricZFl[Z, 3, 3+ —, 7]+
n
]+

2cd (bc-ad) (1+2n) (1+3n)x" (a+bx")?2Gama

| +

n c (a+hbxM

1 ) 1 (bc-ad)x"
2ac (bc-ad) (1+3n) (a+bx") (c+cn+dnx™) Gamra[3+—] HypergeometrchFl[Z, 3, 3+ -, —M——
n n c (a+bxM

1 (bc—ad)x”]

1
12a (bc-ad)?n (1+2n) x" (c+dx”)Ganma[2+—]HypergeorretricZFl[S, 4, 4 + —, b X"
n n ¢ (a+bxM)

® Problem 335: Result more than twice size of optimal antiderivative.

J

(c+dx")""n

it

dx
(a+bx")3

Optimal (type 5, 131 leaves, 2steps):
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b x (C+dxn)2—§ c(bc(1-2n)+2adn)x (c+dx") "L/ Hypergeonetri c2F1|2, % 14 %, _(bead)xt

n’ a (c+dxM)

2a (bc-ad)n (a+bx")? 2ad (bc-ad)n

Result (type 5, 1251 leaves):

1 ] 1 (bc-ad)x"
Garma[2+ —} Hyper geonetri cZFl{l, 3, 1+—, — | +
n n c (a+bxM

~{le* (@1+n) (1+2n) (1+3n) x (c+dx”)1nn[1+dxn
c

(bc-ad) x"

¢ Hypergeonetri c2F1 |1, 3, 2+%,

c (a+bxM) ¢ (asbx")

dnx"

3 (bc-ad) x" Gamra[hﬂ Hyper geonet ri c2F1 [2, 4, 3+%, (be-ad) x"] J
+

1+n (1+2n) (a+b x") Gamma 2+ﬂ

c2 /

- 1 ) 1 (bc-ad)x"
cd(1-2n) (1+3n)x" (a+bx") (c (L+n) (1+2n) (a+bx™) Gamra[2+f] HypergeomstrchFl[l, 3, 1+—, ——— | +
n n c (a+hbxM
[+

JIE
) 1 ) 1 (bc-ad)x"
c2(l+n) (1+2n) (a+bx”)Gamm{2+f} HypergeonetruczFl[l, 3, 1+, — "7 |,
n n c¢(a+bx"

N 1 ) 1 (bc-ad)x"
c(1+2n) (a+bx )Ganrra{2+f} HypergeorretrchFl{l, 3, 2+ —, ﬁ
n n c (a+bx

1 ) 1 (bc-ad)x"
c(1+2n) (a+bx") Gamma|2 + — | Hypergeonetric2F1(1, 3, 2+ -, ————
n n c (a+bxM

1 ) 1 (bc-ad)x"
3 (bc-ad) (1+n)x"Gnmm|l+ —| Hypergeonetric2F1|2, 4, 3+ -, ————
n n c (a+bxM

dnx"

3bcn (1+3n)x" (a+bx") (c+dx")

+

) 1 ) 1 (bc-ad)x"
cc(1+n) (1+2n) (a+bx”)(3amra[2+—} Hypergeon‘etncZFl{l, 3, 1+—, —— |+
n n c¢(a+bxM

dnx"

\ 1 ) 1 (bc-ad)x"
3(bc-ad) (1+n)x Gamra[1+—] I—|ypergeorretr|c2F1[2, 4, 3+ —, ﬁ]
n n c¢(a+bx

c(1+3n) (a+bx™?2 (c+dx™

1 ) 1 (bc-ad)x"
c(l+2n) (a+bx") Gamma|2 + — | Hypergeonetric2F1|1, 3, 2+ -, —————
n n c (a+hbxM

N 1 ) 1 (bc-ad)x"
3(bc-ad) (1+n)x Gamm[1+—] I—|ypergeorretr|c2F1[2, 4, 3+ —, ﬁ]
n n c¢(a+bx

dnx" +

)+
) 1 ) 1 (bc-ad)x"
3acc (-bc+ad) (1+2n) (1+3n) (a+bx”)(3anna[2+—} I—lypergeometrchFl{Z, 4, 2+ —, —— | -
n n c¢(a+bxM"

1 (bc-ad)x"

1
c(1+2n) (a+bx™" Gamra[2+f] HypergeometricZFl[l, 3, 2+ —, ﬁ +
n n c¢(a+bx

n%x" (c +dx")

cd (1+3n) (a+bx"?
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+

1 1 (bc-ad)x"
3(bc-ad) (1+n)x"Gamua |l + — | Hypergeonetric2F1|2, 4, 3+ -, ————
n n c (a+bxM

1 ) 1 (bc-ad)x"
3d (bc-ad) x" (bc (L+n) (1+3n)x" (a+bx" Garrrra[1+—] I—lypergeorretrchFI[Z, 4, 3+ —, ﬁ]fc (L+n) (1+3n)
n n c (a+bx")

) 1 ) 1 (bc-ad)x"
(a+bx™ Gamra{1+f} I—|ypergeorretr|02F1[2, 4, 3+ -, ————
n

1
]7acn (1+3n) (a+bxM Gamm[2+f] Hyper geonet ri c2F1
n c (a+bxM n

]

1 (bc-ad)x" 1 1 (bc-ad)x"
2, 4, 3+ —, 4} +8a (-bc+ad)n (1+n)x“Gam’ra{1+—} Hyper geonetric2F1(3, 5, 4+ -, —
n c (a+bxM n n c (a+bxM

}

Problem 336: Attempted integration timed out after 120 seconds.

(c+dxm2w
—— dx
(a+bxm*

Optimal (type 5, 133leaves, 2steps):

bx (c+dxM c2 (bc (1-3n)+3adn)x (c+dx") /" Hypergeometric2F1|3, =, 1+, 7%
3a(bc-ad)n (a+bx"3 3a* (bc-ad)n

Result (type 1, 1leaves):
???

Problem 341: Result unnecessarily involves imaginary or complex numbers.

J\/c+dx Ve+dx (a+bx?)

x3

dx

Optimal (type 3, 96 leaves, 5 steps):

av_csdx Vesdx (Zbcz—adz)ArcTan[i"“dxcc*dx}

bv-c+dx vecrdx - -
2 x2 2¢c

Result (type 3, 105 leaves):

4ic-4+-c+dx Vc+dx

iad? ]
2bc2x-ad?x

1

2

V-c+dx Ve+dx (-a+2bx?)
2ibc -

+

Log {

x2 c

Problem 342: Result unnecessarily involves imaginary or complex numbers.

J\/c+dx Ve+dx (a+bx?)

dx

X2
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Optimal (type 3, 121 leaves, 5steps):

(4bc?+ad?)V-c+dx Verdx a(-c+dx)¥2 (c+dx)¥2 @ (4bc2+ad2)ArcTan{M]

- + +
8c2x2 4¢c2 x4 8cs

Result (type 3, 132 leaves):

{16(:2 (71c+mm)]

cV-c+dx Ve+dx (-2ac?-4bc?2x?2+ad?x?)-id? (4bc?+ad?) x*Log T A

8 c3 x4

Problem 365: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J ax
x3vV-c+dx Vec+dx
Optimal (type 3, 76 leaves, 3steps):

av-c+dx Ve+dx (2bc2+ad2)ArcTan[M]

N
2c?2x? 2c3

Result (type 3, 103 leaves):

-ic+V-c+dx Vc+dx ) }

4 ¢c?
acvV-c+dx Ve+dx -i (2bc2+ad2)x2Log{ il [2bctead?) x

2c3x2

Problem 367: Result unnecessarily involves imaginary or complex numbers.

a+bx2
J ax
x5+ -c+dx e+dx
Optimal (type 3, 123leaves, 5steps):

av crdx Vordx (4bc?+3ad’) vV crdx Vordx d° (4bc?:3ad?) ArcTan| X Yeudx |

+ +
4 ¢c2 x4 8 c* x2 8co

Result (type 3, 135leaves):

16 c* (7J'l c+V-c+dx Ve+dx ) }

cvV-c+dx Ve+dx (2ac?+4bc?x?+3ad?x?) -id? (4b02+3ad2)x4Log[ A e

8 c5 x4

Problem 375: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
x3 (-c+dx)%2 (c +dx)3?

Optimal (type 3, 117 leaves, 5steps):
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2bc?+3ad? a <2bC2+3ad2)ArcTan{@

+ —

2ct/-c+dx Ve+dx 2c¢2x2+/-c+dx Jc+dx 2c¢c
Result (type 3, 126 leaves):

-2bcdx?+a (c3-3cd?x?)

x2+/-c+dx Vc+dx

4ic5-4ct-c+dx Ve+dx

2bc?x+3ad?x

+i (2bc?+3ad?) Log[

2c®

® Problem 377: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J ax
x% (-c+dx)%2 (c+dx)3?
Optimal (type 3, 166 leaves, 7 steps):

3d2 (4bc? +5ad?) a 4bc?+5ad? 3d? (4b02+5ad2)ArcTan[7mdxC crdx

— + + —

8cb+v-c+dx Ve+dx 4c2x*/-c+dx Vec+dx 8c4x2+/-c+dx vecrdx 8c’

Result (type 3, 157 leaves):
4bc3x? (c2-3d?x?)+a (2c°+5¢®d?x2-15 ¢ d* x*)

x4/ —c+dx Vec+dx

16ic7-16c8+ -c+dx Vec+dx
12bc?2d?x+15ad*x

+3i (4bc?d?+5ad*) Log[

8c’
® Problem 379: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
2b2crald
X weats (c+dx?)
dx
V-a+bx Va+bx
Optimal (type 3, 53 leaves, 1step):

c d
~ =
a?  p?

Result (type 6, 1424 leaves):

b2 c

X veaza v/—a+bx Va+bx

. 1 b2 c b?c b2 x2
1 e (a-bx) (a+bx) Hypergeometric2Fl -7, I eard)” 1- 2 eard’ @

- d (b?c+a?d) x vese |- +
c

b4 -a+bx va+bx _[1

b2 c

1 1 a?d b x b x
ab? (a-bx)? _— = =, —, f—] /
b2c +a?d 2 2 b?c+a?d a a

b x
14— AppeIIFl[f
a
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b x b2 c 1 1 azd b x b x azd 1 3
1-— |2&%dAppel IF1[-————, -=, =, ———— —= ———] b (b?c+a’d)x |Appel IFL[——— =, =,
a b2c +a?d 2 2 b?c+a?d a a b2¢c +a?d 2 2
b2c+2a%2d bx b x hy ) PFQ[{l a2d } { b2 ¢ 3a2d b2 x2
——— —, - — | +Hypergeonetric -, ) + , +
b2c +a?d a a 2 2 (b%c+a?d) b2c +a?d 2 (b?2c +a%d) a?
b x bZc 1 1 a2d b x b x
atd@a-bx)? |1+ — AppeIIFl[fi, e — f—] /
a b2c +a2d 2 2 b?c+a?d a a
b2 c 1 1 azd b x b x azd 1 3
2a3dAppeIIF1[77, o s 7—}7b(b2c+a2d>x AppellFl[—, S
b2c +a?d 2 2 b?c+a?d a a b2c +a%2d 2 2
b2c+2a?d bx bx Hy ri PFQ“l azd Lo b2c 3a%d b2 x?
—  —, - — | +Hypergeonetric -, , + , +
b2c +a?d a a 2 2 (b?2c+a?d) b2c +a?d 2 (b2c +a?d) a2
b x b2 c 1 1 a?d b x b x
ab2(a+bx)? [1-— AppeIIFl{fi, D, 7—] /
a b2c+a%2d 2 2 b2c+a?d a a
b x b2 c 1 1 azd b x b x azd 3 1
1+—— |2adAppel IF1[- ——— =, =, , — -— | +b(b?c+ad)x |Appel IF1[———, =, -,
a b2c+a?d 2 2 b?2c+a?d a a b2c+a?2d 2 2
b2c+2a?d bx bx . 1 a’d b2c 3a’d b2 x2
. —, 7—}+Hypergeomatr|cPFQ“—, , + , +
b2c +a?d a a 2 2(b20+a2d) b2c +a?d 2(bzc+a2d) a2
b x b2 c 1 1 azd b x b x
a®d (a+bx)? [1- — AppeIIFl{—i, - —, _7] /
a b2c+a?2d 2 2 b%?c+a?d a a
b x bz c 1 1 azd b x b x azd 3 1
c [1+— 2a3dAppeIIF1[—7, - -— ————, —, -— | +b (b®c+a’d) x AppeIIFl[i, R
a b2c+a?2d 2 2 b?c+a’d a a b2c+a?2d 2 2
b2c+2a%2d bx bx} Hy ) PFQ“l a2d } { b2 ¢ 3azd b2 x2
- —, - — | +Hypergeonetric -, , . ,
b2c +a?d a a 2 2(bzc+a2d) b2c +a?d 2(b2c+a2d) a2
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Problem 380: Unable to integrate problem.
1

V1w A c1ex VTex
Optimal (type 3, 36leaves, 3steps):

V1-x ArcSin[x]

Vorovx itevx
Result (type 8, 34 leaves):

dx

1

Vo1 erevx Ve

® Problem 381: Unable to integrate problem.

dx

1

dx
J\/abxﬁ Jasbx a?b2x

Optimal (type 3, 75leaves, 4 steps):

2+/a2-b2x ArcTan]| 20X ]
a2+b? x

bz\/afbﬁ \/a+bﬁ
Result (type 8, 43 leaves):
1

dx
J\/ab\/x_ Jarbx fa?b2x

® Problem 382: Unable to integrate problem.

J(afbx”)p (@a+bx"P (c +dX2")qd1X

Optimal (type 6, 113leaves, 4 steps):

p2 x2n\ P -q b2 x2n dx2n

’ )

a2 c

dXZn

1 1 1
X (a-bxMP (a+bx"P |1 - Appel | F1| —, -p, -q, — [2+_
2

2n n

<C+dX2n>q [l+

a? c

Result (type 8, 33 leaves):

J(afbx”)p (a+bx™P (c +dX2”)qd1X
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Problem 383: Unable to integrate problem.
J(afbx”)p (@a+bx")P (a%+b?x2")" ax
Optimal (type 5, 87 leaves, 4 steps):

x(a—bx”)p(a+bx”)p(a2+b2x2”>p[1_ ;
a

Result (type 8, 37 leaves):

J-(a—bx”)p (a+bx™P (a? +b? xzn)pdlx

b4 X4n

-P

Hyper geonetri c2F1l| —, -p,

1 1 1
7[44—*),
4n 4 n

Problem 384: Result more than twice size of optimal antiderivative.

(c+dx2m)P

dx
J(afbx”) (a+bxM

Optimal (type 6, 76 leaves, 3steps):

p dx2n\ P 1 1 1 b2 x2n dx2n
X (crdx2)P (1+ 25 P appel IFL[ k. 1, —p, L2+ k), BT 9]
a2
Result (type 6, 258 leaves):
1 1 dx2n  pZx2n
azc(1+2n)x(c+dx2”)pAppeIIF1{—, -p, 1, 1+ —, - ] /
2n 2n c a?
1 1 dx2n  b2x2n
(az—bzxzn) 2a2dnpx2”AppeIIF1[1+—,1—p, 1, 2+ —, - , ]+
2n 2n c a?
1 1 dx2n  p2Zx2n 1
2b%2cnx?"Appel IF1|1+ —, -p, 2, 2+ —, - , }+azc(l+2n)AppeIIF1 —
2n 2n c a2 2n
Problem 385: Unable to integrate problem.
1-2n-np
aZd (1+ "
(a-bx"2)P (a+bx"2)P P) +dxn dx
b2 (1+ 7172n7np)
n
Optimal (type 3, 96 leaves, 2 steps):
linnp
1+p 1+p azdn (1+p) T
b2 (1+n+np)x (a-hbx"2) (a+bx"2) —m+dxn

a*dn (1+p)
Result (type 8, 78 leaves):

1

-p, 1, 1+ —,

2n

dx2n

Cc

b2 X2n

a2

)
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azd (1+p)

J(a—bx”/z)p (a+bx"2)P — +dxn dx
-1-2n-np
b2 (1+7n )

Test results for the 1081 problems in "1.1.3.4 (e x)"m (a+b x*n)*p (c+d x*n)*g.m"

® Problem 30: Result more than twice size of optimal antiderivative.
sz (a+b x3)5 (A+Bx3) dx
Optimal (type 1, 42leaves, 3steps):
(Ab -aB) (a+bx3)6 B (a+bx3)7

+

18 b2 21 b?
Result (type 1, 107 leaves):

1
—x3 (42a°A+21a" (5Ab+aB)x®*+70a%b (2Ab+aB) x®+105a®b? (Ab+aB) x?+42ab’ (Ab+2aB)x*?+7b* (Ab+5aB) x™® +6b°>Bx*)
126

Problem 54: Result more than twice size of optimal antiderivative.

J\(a+bx3)5 (A+Bx3) .

x22

Optimal (type 1, 48leaves, 3steps):

A(a+bx3)6 (Ab-7aB) (a+bx3)6

.
21 ax?t 126 a2 x18

Result (type 1, 118 leaves):

- (210> x* (A+2Bx3) +35ab*x'? (2A+3Bx3) +35a’b3x® (3A+4Bx?) +21a%b*x® (4A+5Bx®) +7a’bx? (5A+6Bx®) +a° (6 A+7Bx?))
126 x2!

Problem 155: Result more than twice size of optimal antiderivative.

JXWZ (A+ Bx3)

a+bx8

dx

Optimal (type 3, 73leaves, 5steps):

2+/a (Ab-aB) ArcTan{@}

a

2 (Ab-aB)x32 2Bx9%?
N _
3 b? 9b 352
Result (type 3, 180 leaves):
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_ 1/6,0 pl/6
2 (Ab-aB) x32 2Bx972 2+/a (—Ab+aB)NcTan{W}

+ + +

3 b? 9b 3 b5/2
V3 al/6:2b1/6 \/x_

al/e

2+/a (-Ab+aB) ArcTan{

] 2+/a (-Ab+aB) ArcTan{bmW}

al/e

3 b5/2 3 p5/2
Problem 158: Result more than twice size of optimal antiderivative.

Vx (A+Bx3)
————————dx
a+bx®

Optimal (type 3, 53leaves, 4 steps):

2Bx32 2 (Ab-aB) ArcTan{@}
3b ) 3+/a b3/2
Result (type 3, 139leaves):
1
3+/a b2
2 |Va Vb Bx¥2: (-Ab+aB) ArcTan[3 - ”:%jx_} + (Ab-aB) ArcTan[V3 + m:%\/x_] AbArcTan[blzli:iX_} +aBArcTan[b1:17/\£X_

Problem 161: Result more than twice size of optimal antiderivative.

A+Bx3
|
x3/2 (a+bx3)

Optimal (type 3, 53 leaves, 4 steps):
Vb x32 ]

a

) A 2(Ab—aB)ArcTan[

3ax®? 3a32p
Result (type 3, 160 leaves):

V3 al/ti2pl/6 /x|

A 2 (-Ab+aB) ArcTan{’ s 3 a't 258 Vx

al,’ﬁ

2 (-Ab+aB) ArcTan{

2 (-Ab+aB) ArcTan[bmW}

al/G

- + +
3ax3/2 3a%2+/b 3a32+/b 3a%2+/b

Problem 185: Result unnecessarily involves imaginary or complex numbers.
Jx3 Va+bx® (A+Bx?) dx

Optimal (type 4, 303 leaves, 4 steps):
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6a (17Ab-8aB) x+/a+bx® 2 (17Ab-8aB)x*:/a+bx® 2Bx*(a+bx?)*?
+

+ —

935 b? 187 b 17 b
a2/3 _ al/3 pl/3 x 4 p2/3 x2 1- \/3_) al/3 +pl/3x
4x3%4+/2.++/3 a2 (17Ab-8aB) (al/®+b'3x) EllipticF|ArcSin| |, ~7-4v3] /
((1+V3)a? brax)® (143 ) al® bl3x

a1/3 (a1/3 4 b1/3 X>
935 p7/3 \Ja+bx®

((1+\/?) a1/3+b1/3x)2

Result (type 4, 209 leaves) :

6a (-17Ab+8aB)x 2 (17Ab+3aB)x* 2Bx’ 1
Va+rbx3 |- - N . ~
935b 187 b 17 935 (_b)1/3 b2 (—a+bx3
~(-1)5/6 _ i (-b)3x
. 33/4 7/3 5/6 (-b)1x (D)t x  (-b)?x? R ! al’ 1/3
4i13%%a7/3 (17Ab-8aB) | (-1)%6 -1+ " . ElluptucF[ArcSun[ 1
at’? al/3 a?/3 31/4

® Problem 186: Result unnecessarily involves imaginary or complex numbers.

J-x/a+bx3 (A+ Bx3) dx

Optimal (type 4, 268 leaves, 3steps):

2 (11Ab72aB)x\/m 2Bx (a+bx3)°?

+ +

55b 11b

a2/3 _al/3 pl/3 x 4 h2/3 x2 1-+/3 ) al/3 ;1 pl/3x
2x3%41/2++/3 a (11Ab-2aB) (a'/3+b™3x) EllipticF[ArcSin{

((1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x

|, -7-4v3| /

a1/3 (al/3 + b1/3 X)
55 p4/3 \Ja+bx®

((1 ME) al/3 +b1/3x)2

Result (type 4, 182 leaves):



400 | 1.1.3 General.nb

1
- 2| (-b)*x (a+bx?®) (11Ab+3aB+5bBx?) +

55 (-b)4/3+/a+bx3

(_b>1/3x

13%%a%3 (11Ab-2aB) | (-1)%®
al/s

-1+

EIIipticF[ArcSin{ , (~1)1/8

+
al/3 a2/3 31/4

5/6 1 (-b)*3x
\/1 (-b)13x  (-b)2/3x2 J‘“l) v
N

® Problem 187: Result unnecessarily involves imaginary or complex numbers.

\Ja+bx3 (A+ Bx3)
3

dx

Optimal (type 4, 269 leaves, 3steps):

(5Ab+4aB)x+ja+bx® Alfa+bx3)®?
N

10a 2 ax?

1/3 1/3
a2/3 _ gl/3 pl/3 x . p2/3 x2 17\/3)a +bt/3x

33/412++3 (5Ab+4aB) (a'’®+b'/3x)

EIIipticF{ArcSi n[

, -7-443
((1+x/?)a1/3+b1/3x2 (1+x/?)a1/3+b1/3x] } /

a1/3 <al/3 + b1/3 X)

((1+\/§) a1/3+b1/3x)2

rJa+bx3

10 bl/3

Result (type 4, 175 leaves):

A 2Bx 1
- 5 * Ja+bx3 +
2x 5 10 (-b)18+/a+bx3
1/3 1/3 2/3 2 ’(’1>5/6’M7b)1ﬂsx
(-b)*°x (-b)y3x  (-b)2/3x RV
13%4al3 (5Ab+4aB) | (-1)56 |14 " 1+ . EllipticF[ArcSin[ ,(-1)L/3
al/3 al/3 a2/3 31/4

® Problem 188: Result unnecessarily involves imaginary or complex numbers.

\Ja+bx3 (A+ BX3>
X6

dx
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Optimal (type 4, 272 leaves, 3steps):

(Ab-10aB)Ja+bx3 A(a+bx®)*?

20 a x? 5ax®
a2/3 _ al/3 pl/3 y 4 h2/3 x2 1-+/3)al3,:pt3x
33/4/2++/3 b%% (Ab-10aB) (aV/®+b'/3x) El i pticF[ArcSin| | | -7-4V3] /
((1+V3])al? prex)® (143 ) al® bl3x

a1/3 a1/3 + bl/3 X
20 a ( ) \Ja+bx®

((1 +\/§) al/s erl/?’X)2
Result (type 4, 189 leaves):

A —3Ab—1OaB\/7 1
" a+bx® s

+

5 2
S X 20ax 20a%/8 (-b)12+/a+bx3
6 1(7b>1/3x
(7b)l/3X (7b>l/3x (7b)2/3 X2 \/<1>5/ - al/3
i3%4b (_Ab+10aB) | (-1)5° [_1+ 1+ v El lipticF[ArcSin| (=13
al/3 al/3 a2/3 31/4

® Problem 189: Result unnecessarily involves imaginary or complex numbers.

\Ja+bx3 (A+ BX3>
X9

dx

Optimal (type 4, 305 leaves, 4 steps):

(TAb-16aB)+Ja+bx® 3b (7TAb-16aB)Ja+bx® A(a+bx3)*?

+ - +
80 a x° 320 a2 x? 8ax8
a2/3 _gl/3 pl/3 y , p2/3 x2 1-+/3 ) al’3 4+ pl/3x
33/4/2++/3 b%% (7TAb-16aB) (aV/3+b'/3x) - EllipticF[ArcSin{ ) } _7_4ﬁ] /
((1+\/37) al/3 .+ pl/3x (1+ﬁ) al’s 1 pl/3x

a1/3 (al/s 4 b1/3 X>
320 a? Ja+bx?d

( 1+\/?) a1/3+b1/3x)2

Result (type 4, 206 leaves):
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\Ja+bx® (40a2A+4a (3Ab+16aB) x®-3b (7Ab-16aB) x°) 1

- +

2 y8
320a%x 320a%/3+/a + b x3

173 g

5/6 _ 1(-b)
(_b)l/SX (—b)2/3X2 7(71> - al/s

EIIipticF[ArcSin{ " . (-1)18
3

(—b)l/SX

al/s

i3%4 (-b)%3 (7Ab-16aB) | (-1)%6|-1+

al/3 * a2/3
® Problem 190: Result unnecessarily involves imaginary or complex numbers.
Jx“ Ja+bx3® (A+Bx3) dx
Optimal (type 4, 581 leaves, 6 steps):

6a (19Ab-10aB) x2Ja+bx® 2 (19Ab-10aB)x5+/a+bx®  24a2 (19Ab-10aB)+Ja+bx® 2Bx5 (a+bx3)*?

1729 b2 ' 247b 1729 b8/ ((1+V3 ] a2 612 ' 19b '
a2/3 _al/3 pl/3 x 4 h2/3 x2 1—\/3_) al/3 ;1 pl/3 x
12x3%41/2-+/3" a”/% (19Ab-10aB) (a'/3 +b™3x) EllipticE[ArcSin{ } _7_4ﬁ} /
((1+\/3T) a1/3+b1/3x)2 (1+ 3)a1/3+b1/3x
a1/3 a1/3 b1/3x
1729 b8/3 ( . ) . Ja+bx® |-
((1+\/?) a1/3+b1/3x)
2/3 _ g1/3 p1/3 h2/3 2 1-+/3 ) al’3 4+ pl/3x
8+/2 334273 (19Ab-10aB) (a/®+b'3x) S o EllipticF[ArcSin{ ) } _7_4ﬁ} /
((1+\5)a1/3+b1/3x2 (1+ﬁ)a1/3+b1/3x

1729 b8/3 ) \Ja+bx3

((l+\/?) a1/3+b1/3x)2

Result (type 4, 263 leaves):
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1

1729 (-b)83+/a+bx3

2|(-b)?? (a+bx?®) (3a (19Ab-10aB) x*+7b (19Ab+3aB) x*>+91b*Bx?) +

(7b)l/3X (7b)l/3X (fb)2/3X2
4 (-1)%/33%4 %3 (19Ab-10aB) | (-1)%/8 [-1+ - 1+ +
a1/3 a1/3 a2/3
_(_1)5/6_J‘L<:17>/;/3X _(_1)5/6_1(*:1%3)(
V3 Ellipti cE[ArcSi n[ " ] <71>1/3} +(~1)5CE1]pti cF[ArcSi n[ " , (~1)13
3 3

® Problem 191: Result unnecessarily involves imaginary or complex numbers.

Jx rJa+hbx3 (A+ Bx3) dx

Optimal (type 4, 548 leaves, 5steps):

2 (13Ab-4aB)x2Ja+bx®  6a(13Ab-4aB)+Ja+bx® 2Bx? (a+bx3)¥?

91b +91b5/3((1+ﬁ) a1/3+b1/3x) i 13b

1—\5) al’3 + p1/3 x

3x341/2-4/3 a*3 (13Ab-4aB) (a¥/®+b¥3x) G L El i pticE[ArcSin| | 7774\@}/
((1+\/3_) al/3 . pt/ey)? (1+\/3_) al’® 4+ pl/3x
al/3 al/3 bl/3x
91 b5/8 ( . ) 5 Ja+bx® |+
([1+V/3 ) a? + b3 x)

2/3 _g1/3 p1/3 h2/3 x2 1-+/3)al’3pl3x

22 3%4a%3 (13Ab-4aB) (al®.b3x) | O . EllipticF|ArcSin| ) ] 7774V3T/
([1+V/3)at2 b2 x ’ (1++/37) al/? b1/ x

al/3 <a1/3 + bl/3 X)
91 p5/3 rJa+bx3

1++/3 ) al’3 4 pl3x :
(EERE )

Result (type 4, 246 leaves):
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2x2+Ja+bx® (13Ab+3aB+7bBx3) 1

91b 91 (-b)5%3+/a+bx3

1/3 1/3 2/3 2
2 (-1)1/63%4 457 (13AD-4aB) | (-1)56 |1, 2 X S
a1/3 al/S a2/3
B (71>5/6 _i(-b)*¥x N (71)5/6 _i(-b)'¥x
a1/3 al,’3
—jﬁEIIipticE[ArcSin[ " ] <71>1/3} £ (-1)1/3 EIIipticF[ArcSin{ " ,(-1)L/3
3 3

® Problem 192: Result unnecessarily involves imaginary or complex numbers.

\Ja+bx3 (A+ Bx3)
2

dx

Optimal (type 4, 545 leaves, 5steps):

(7TAb+2aB)x2+/a+bx3 3 (7Ab+2aB)+/a+bx3 A(a+bx3)®?

7a +7b2/3( 1+\/§) a1/3+b1/3x) ) ax .
a2/3 _al/3 pl/3 y , p2/3 2 1- ﬁ) al/’3 1 pl/3 x
3x341/2-/3 al’® (TAb+2aB) (a3 +b¥3x) EllipticE|[ArcSin| ] J%ﬁ}/
((1+ﬁ) al’  pl3x)” (1+\/§) al’? + b1/3 x
al/3 a1/3 bl/3x
14 b2/ [+ b x] e |
((1+\/?) a1/3+b1/3x)
2/3 _ g1/3 p1/3 h2/3 x2 1-+/3 ) al’8 4+ pl/3x
V2 334313 (7Ab+2aB) (a¥/®+bl3x) S . EllipticF[ArcSin{ ) } J%ﬁ}/
((1+\/3T) a3 pl3x)’ (1+\E) al’® ¢ pl/8 x

al’3 (al/3 + b1/3 x)
7 b2/3 Ja+bx?

( 1+\/?) a1/3+b1/3x)2

Result (type 4, 236 leaves):
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A 2Bx? 1 (—b)1/3 x (-b)1/3x  (~b)2/3 x2
v Jasbx® (-1)103%4a%3 (7Ab+2aB) | (-1)%° -1+ ——— + .
T 7 (-b)?2Ja+bx? al’? al/? a?/3
*(71)5/6— 71(4)1);/” 7(71>5/57 1‘1(431);/3x
a’ al/
i i pti i 1,1/3 1,1/3 P ! 4013
-1 /3 EllipticE|Arcsin| = [ 1] -t ETipticF|Arcsin] o (1)

® Problem 193: Result unnecessarily involves imaginary or complex numbers.

\Ja+bx3 (A+ Bx3)
x5

dx

Optimal (type 4, 546 leaves, 5 steps):

(Ab+8aB)+a+bx® 3pl/3 (Ab+8aB)W A(a+bx3)3/2

— + —

8ax 8a(1+\/?)a1/3+b1/3x) 4ax4

a2/3 _al/3 pl/3 x 4 p2/3 x2 1—\/?) al’s 4 pl/3x

3x314/2-+/3 b3 (Ab+8aB) (al’®+b!/3x) Bl 1ipticE[ArcSin| |, -7-4v3] /
((1+V3] a2 ptax)® 1+4/3 ) als b3 x

a1/3 <a1/3+bl/3 X)
2/3 3
16 a . \Ja+bx +
((1+\/§) al/3+bl/3X)
a2/3 _al/3 pl/3 x 4 h2/3 x2 1-+/3]al’®+plex
33/4p'/3 (Ab+8aB) (al’®+bl3x) EIIipticF[ArcSin{ ) } _7_4ﬁ] /

((1+ﬁ) a1/3+b1/3x2 (l+\/?) al’® + b8 x

4\/78.2/3 a1/3 <a1/3 +bl/S X) a+bx3

((1+\/37) al/3+b1/3x)2

Result (type 4, 249 leaves):
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(-b)173x  (~b)2/3x2

A -3Ab-8aB
y_

- +
4 x4 8ax

1 ~b)/3 x
Ja+bx® + (-1)1/63%4p (Ab+8aB) | (-1)5° [—1+()

1/3
8al’? (-b)2%+/a+bx3 a

5/6 i (-b)3x 5/6 i (-b)¥3x
-(-1) T ans -(-1) T s

}, <_1>1/3} (-L)YBEpti cF[ArcSi n{

+
al/s a2/3

—j\/B_EIIipticE{ArcSin[ ] (~1)1/3

31/4 31/4

® Problem 194: Result unnecessarily involves imaginary or complex numbers.

\Ja+bx3 (A+ Bx3)
X8

dx

Optimal (type 4, 581 leaves, 6 steps):

(5Ab-14aB)+Ja+bx® 3b(5Ab-14aB)a+bx® 3b*3 (5Ab-14aB)/a+bx® A(a+bx®)?

+ —

56 a x* 112 a2 x 11232((1+\/?) a1/3+b1/3x) ) 7ax’

+

1/3 . p1/3
a2/3 _ al/3 pl/3 x 4 p2/3 x2 17\/3)a + b3 x

EllipticE[ArcSin{

, -7-443
((1+\/?)a1/3+b1/3x)2 (1+x/3_)a1/3+b1/3x} } /

3x3Y42-+/3 b*® (5Ab-14aB) (a1/3+b1/3x)J

al/3 (a1/3 +b1/3 X>
224 2573 Jasbx® | -
T (pevE e

a2/3 _ al/3 pl/3 x , p2/3 x2 o . 1-+/3 ) al/3 . pl/3x
33/4p*3 (5Ab-14aB) (a'’?+b'3x) Ellipti CF{ArcS| n[

((1+\/3—) al’® 4+ pl/3 x ? (1+\/3—) al’3 + pl/3 x

|, -7-4v3| /

al/3 (a1/3+bl/3 X)
6\/? 5/3 b 3
e (1 | ae - biax? R

Result (type 4, 272 leaves):
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A -3Ab-14aB 3b (-5Ab+14aB)

- + —

Ja+bxd «+

7 x7 56 a x* 112 a2 x

1/3 1/3 2/3 2
(1)16 3402 ((5AD-14aB) | (-1)56 [-1. 20 X b R

a1/3 a1/3 a2/3
(-1)5/6 _ iCB1Mex _(-1)5/6 _ L(D)Ex
al,’3 al/3
ﬂix/?EllipticE[ArcSin[ L (-3 +<—1>1/3EllipticF[ArcSin{ ] <—1>“3} /(112
31/4 31/4

a4/3 (—b)2/3 ’a+bx3 )

® Problem 195: Result unnecessarily involves imaginary or complex numbers.

Ja+bx® (A+Bx3
Xll

dx

Optimal (type 4, 614 leaves, 7 steps):

(11Ab-20aB)+a+bx® 3b (11Ab-20aB)+a+bx3 3b2 (11Ab-20aB)/a+bx® 3b7/3 (11Ab-20aB)+/a+bx3 A(a+bx3)‘°’/2

+

+
140 a x”’ 1120 a? x* 448 a® x 448 a3 ((1 +\/?) al/3 +b1/3x) 10 a x10
a2/3 _al/3 pl/3 y , p2/3 2 1-+/3)al’+pl/3x
x - ( - aB) (a”/°+ X iptic c3ln , (-
3x3141/2-+/3 b'/? (11Ab-20aB) (a¥/®+b'/? ~ EllipticE|ArcS ) 7-443
((1+x/3)a1/3+b1/3x (l+\/3)a1/3+bl/3x

606 a8/3 al/s <a1/3 + pl/3 X> a+bX3 .

( 1+\/?) a1/3+b1/3x)2

a2/3 _al/3 pl/3 y , p2/3 2 o . 1-+/3 ) al/’3 1 pl/3 x
33/4b7/3 (11Ab-20aB) (a/®+bl3x) Ellipti cF[ArcSn n{

((1+\@)a1/3+b1/3x2 (l+ﬁ)al/3+b1/3x

|, -7-4v3] /

al/3 a1/3 b1/3x
224/2 a®/3 ( . ) . a+bx?®
((l+\/3_) a1/3+b1/3x)
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Result (type 4, 284 leaves):

Ja+bx® (224a%A+16a2 (3Ab+20aB)x®+6ab (-11Ab+20aB) x® +15b? (11Ab-20aB) x°)

- +

2240 ad x10
1 (—b)l/SX (—b)l/SX (7b)2/3X2
(-1)2/33%4 (_p)7/3 (11Ab-20aB) | (-1)%6 |-1+ — + Tt "
448 a’/3 +/a+Dbx3 a a a
—(-1)5/6 _ i(-b)3x —(-1)5/6 _ i (-b)13x
a1/3 a1/3
N3 EllipticE|ArcSin L (-1)Y3| 4 (“1)5SEllipticF|ArcSin . (-1)1/3
31/4

31/4

® Problem 202: Result unnecessarily involves imaginary or complex numbers.
JXS (a+b x3)3/2 (A+Bx3) dx
Optimal (type 4, 336 leaves, 5steps):

54a2 (23Ab-8aB)x+a+bx? 18a (23Ab-8aB)x*+Ja+bx® 2 (23Ab-8aB)x* (a+bx3)*? 2Bx* (a+bx3)%?

+ + + -
21505 b2 4301 b 391b 23b
a2/3 _ al/3 pl/3 x 4 p2/3 x2 1- \E) al/® + b1/3 x
36x3%41/2++/3 a3 (23Ab-8aB) (a¥/®+b13x) EIIipticF{ArcSin{ ] —7—4ﬁ}/
((1+ﬁ) al/3 , pl/3 x 2 (1+ﬁ) al’3 + p1/3 x

a1/3 <a1/3 4 bl/3 X)
21505 b7/3 \Ja+bx3

((1+\/§) a1/3+b1/3x)2

Result (type 4, 229 leaves):

\Ja+bx®

54a? (-23Ab+8aB)x 2a (460Ab +27aB) x*

2
(23 Ab +26 aB) x7+—be1°] -
23

+ +
21505 b? 4301 b 391
_/_1y5/6 _ i(-b)¥3x
(_b)l/SX (_b)l/SX (—b)2/3X2 . ) ) ( 1) al/s
3613%%al%3 (23Ab-8aB) | (-1)%6 -1+ —— 1+ + EIIuptucF[ArcSnn[ ) <71>”3} /
al/s al/s a2/3 31/4

21505 (~b)13b2+/a+bx3 ]
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® Problem 203: Result unnecessarily involves imaginary or complex numbers.
J(a+bx3)3/2 (A+Bx3) ax

Optimal (type 4, 299 leaves, 4 steps):

18a (17Ab-2aB)x+/a+bx® 2 (17Ab-2aB)x (a+bx3)*? 2Bx (a+bx3)®?

+ + +

935b 187 b 17b

a2/37&11/3 bl/3X+b2/3 X2
X + a“ ( -Za ) a’'" + X 1ptic caln
18 x3%4+/2++/3 a% (17Ab-2aB) (al/®+bl/3 EllipticF|ArcSi

((1+ﬁ) a1/3+b1/3x2 (1+ﬁ) al’s + pl/8 x

1-V3 | al s bty

[, -7-4v3] /

al/3 (al/S + b1/3 X)
935 b*/3 \Ja+bx®

((1 +@) al/3 +bmx)z

Result (type 4, 202 leaves):

1
- 2| (-b)? (a+bx®) (a (288Ab+27aB)x+5b (17Ab+20aB) x*+55b?Bx’) +

935 (-b)*/3+/a+bx3

1/3X

i (-b)
\/1 (-b)1/3 x (-b)2/3 x2 J‘<_1>5/6_ al3
4

(7b)l/3X

al/s

EIIipticF{ArcSin{ o . (-3
3

9i3%%a’? (17Ab-2aB) \/ (-1)%/8 {_1+ N
al/s a2/3

® Problem 204: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 <A+ BX3)
dx

x3

Optimal (type 4, 295 leaves, 4 steps):
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3/2 5/2

9 (11Ab+4aB)x (a+bx3 A (a+bx3
—— (11Ab+4aB)x+a+bx® + ( ) _ ( ) .
110 22 a 2ax?

1/3 . p1/3
a2/3 _ al/3 pl/3 x 4 p2/3 x2 17\/3)a +bt3x

9x3%41/2++/3 a (11Ab+4aB) (a3 +b¥3x) EllipticF[ArcSin{ } 7774\5} /
((1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x
a1/3 a1/3+b1/3x
110 b1/3 ( > . \a+bx3
((1+\/§) a1/3+b1/3x)
Result (type 4, 193 leaves):
A 2 2 1
Ja+bx® |- —+— (11Ab+14aB)x+ —bBx*| +
2x% 55 1 110 (-b)13+Ja+bx3
i (7b)1/3
(-b)1/3 x (-b)13x  (~b)2/3x2 - (-1)%/8 - al’3 .
913%4a%% (11Ab+4aB) | (-1)56 |- 14— = 1+ . EIIipticF[ArcSin[ . (~1)1/3
al/3 a1/3 a2/3 31/4
® Problem 205: Result unnecessarily involves imaginary or complex numbers.
(a+bx3)3/2 (A+Bx3)
dx
XG
Optimal (type 4, 297 leaves, 4 steps):
9b (Ab+2aB)x+Ja+bx® (Ab+2aB) (a+bx3)*? A(a+bx®)®?
- - +
20 a 4ax? 5ax®
a2/3 _al/3 pl/3 x 4 ph2/3 x2 1-+/3 ) al’®+pl3x
9x3%41/2++/3 b23 (Ab+2aB) (a/®+b3x) EIIipticF{ArcSin[ ) ] _7_4ﬁ} /

((14—\/?) a1/3+b1/3x2 (1+\/?) al’s + pl/8x

a1/3 a1/3 4 bl/3 X
20 ( ) \Ja+bx3

((1 M@) al/3 +b1/3x)2

Result (type 4, 193 leaves):
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aA -13Ab-10aB 2bBx

+ +

va+bx3+ !

5 2
5x 20 x 5 20 (_b)l/S a+bX3
5/6 1 (-b)¥3x
(-b)1/3 x (-b)1/3x (~b)2/3 x2 S (=10 - PYVC
9133433 (Ab+2aB) | (-1)5/6 [_1+ 1+ ‘ EllipticF[ArcSin[ , (-1)1/8
al/3 a1/3 a2/3 31/4

® Problem 206: Result unnecessarily involves imaginary or complex numbers.

J\(a+bx3)3/2 (A+ Bx3)
dx

X9
Optimal (type 4, 302 leaves, 4 steps):

9b (Ab-16aB) Ja+bx® (Ab-16aB) (a+bx3)*? A(a+bx?)®?

. _ _
320 ax? 80 a x5 8ax8

N 1/3 . p1/3
a2/3 _ al/3 pl/3 x 4 p2/3 x2 1- S)a + b3 x

9x3%4/2++/3 b5 (Ab-16aB) (al/®+b'/%x)

EllipticF[ArcSin{

( 13, p1/3 42 V3 ) al’3 ;. pl/3 }7_7_4\/?}/
(1+\/?)a/+b/x (1+ S)a +bt/°x

al/3 (al/S +b1/3 X>
320 a \Ja+bx3
((1+ﬁ) a1/3+b1/3x)2

Result (type 4, 209 leaves) :
aA -19Ab-16aB b (27Ab+208aB)

g x8 80 x5 320 a x2

Ja+bxd o+

_(-1)5/6 _ 1 (-b)*3x
(—b)1/3X (_b)2/3x2 al/s

1+ + EIIipticF[ArcSin[ , <—1>1/3} /
a1/3 a2/3 31/4

(_b)l/3x

al/3

9i3%4p2 (_Ab+16aB) | (-1)5/® [1+

(320 a?’® (-b)3+ja+bx® )

® Problem 207: Result unnecessarily involves imaginary or complex numbers.
Jx"’ (a+bx3)3/2 (A+Bx3) dx

Optimal (type 4, 614 leaves, 7 steps):
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54a%2 (5Ab-2aB)x?+a+bx® 18a (5Ab-2aB)x®+/a+bx3

+ —

8645 b2 1235 b
216a% (5Ab-2aB)Ja+bx? 2 (5Ab-2aB)x® (a+bx3)*? 2Bx® (a+bx3)°?
+ + +
8645 p8/3 ((1 . \/3_) al/3 . pl/3 X) 95 b 25b
a2/3 _al/3 pli3 x 4 p2/3 x2 1—\/3_) al’3 + bl/3 x
108 x3%41/2-+/3 al®3 (5Ab-2aB) (a'/3+b™3x) EllipticE[ArcSin{ } -7-4\/?} /
((1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x
a1/3 a1/3+b1/3x
8645 ph8/3 ( ) , Ja+bx® | -
((1+\/§) a1/3+b1/3x)
a2/3 _al/3 pl/3 x 4 h2/3 42 1-+/3 ) al’3+pl/3x
72+/2 3%4a1%3 (5Ab-2aB) (al/®+bl3x) . EllipticF[ArcSin{ ) } -7-4\/?} /
((1+\/?)a1/3+b1/3x2 (1+\/3_)a1/3+b1/3x
a1/3 a1/3+b1/3x
8645 ph8/3 ( ) \Ja+hbx3

((1+\/§) a1/3+b1/3x)2

Result (type 4, 283 leaves):

1

43225 (-b)83+/a+bx3

2| (-b)?? (a+bx®) (185a® (5Ab-2aB)x*+7ab (550 Ab+27aB) x®>+91b? (25Ab +28aB) x®+1729 b3 Bx™) +

-b)13x _b)1/3x  (_p)2/3 x2
180 (—1)2/3 33/4 all/3 <5Ab—2aB) (_1)5/6 (_1+ # ( ) . ( )
a1/3 al/3 a2/3
S (-1)5/6 - DX s bt
a1/3 al/3
V3 EllipticE|[ArcSin| |, -1¥]+ -1)%C @ 1ipticF|arcsin] R

31/4 31/4
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® Problem 208: Result unnecessarily involves imaginary or complex numbers.
Jx (a+bx3)3/2 (A+Bx3) ax

Optimal (type 4, 581 leaves, 6 steps):

18a (19Ab-4aB) x2+/a+bx3 54 a2 (19Ab-4aB)/a+bx3 2 (19Ab-4aB)x? (a+bx3)*? 2Bx? (a+bx3)*?

+ + + -
1729 b 1729 b5/3 ((1 4 \/3_) al/3 4 pl/3 X) 247 b 19b
a2/3 _al/3 pl/3 y , p2/3 2 1 —\/?) al’3 + pl/3 x
27x3%4~/2-/3 a’/3 (19Ab-4aB) (a¥®+b'3x) - EIIipticE{ArcSin[ ] _7_4ﬁ} /
((1+ﬁ)a1/3+b1/3x (l+\/?)a1/3+bl/3x
a1/3 al/3+b1/3x
1729 b5/3 ( ) . Ja+bx® |+
((1+\/?) a1/3+b1/3x)
a2/3 _al/3 pl/3 x 4 h2/3 x2 1—\/3_) al/3 + pl/3 x
18+/2 334273 (19Ab-4aB) (a¥/®+bl3x) - EllipticF[ArcSin{ } —7—4ﬁ} /
((1+ﬁ)a1/3+b1/3x (1+ﬁ)a1/3+bl/3x
a1/3 al/3+b1/3x
1729 b5/3 ( ) . Ja+hbx®
((1+\/?) a1/3+b1/3x)
Result (type 4, 262 leaves):
1
- 2| (-b)?3 (a+bx?) (a (304Ab+27aB)x?+7b (19Ab+22aB) x>+91b?Bx?) -
1729 (-b)5%3+/a+bx3
(—b)l/?’X (—b)l/?’X (—b)2/3X2
9 (-1)%/33%4583 (19Ab-4aB) | (-1)%%|-14+ — 1+ +
al/S al/S a2/3
R e L
ﬁEllipticE{ArcSin[ } (_1)1/3] " <_1)5/GE||ipticF{ArcSin[ . (~1)1/8
31/4 31/4
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® Problem 209: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (A+Bx3)
dx

X2

Optimal (type 4, 573 leaves, 6 steps):

3/2 315/2
9 27a (13Ab+2aB)+/a+bx3 (13Ab+2aB) x? (a+bx3 Ala+bx
® 13Ab-2a8) x2arb - Jasbx asbx®) ™% Afasnxd)

+ —

91 91 p2/3 ((1+\/3_) al/s +b1/3x) 13 a ax
a2/3 _al/3 pl/3 y , p2/3 2 1-+/3 ) al’3+pl/3x
27x3%41/2-/3 a*3 (13Ab+2aB) (a¥’®+b'3x) - EIIipticE{ArcSin[ )
((1+ﬁ)a1/3+b1/3x (l+\@)a1/3+bl/3x
al/3 a1/3+bl/3x
182 b?/3 ( ) . Ja+bx® |+
( 1+\/?) a1/3+b1/3x)
a2/3 _al/3 pl/3 y , p2/3 2 1-+/3 ) al’3pl3x
9+/2 3%4a%3 (13Ab+2aB) (a¥/®+b'3x) - EIIipticF{ArcSin[ ) ] -7-4%?} /
((1+ﬁ)a1/3+b1/3x (l+\/?)a1/3+bl/3x
a1/3 al/3+b1/3x
91 b?/3 ( ) . \Ja+bx3
((1+\/?) a1/3+b1/3x)
Result (type 4, 254 leaves):
aA 2 2 1
Ja+bx® |-—+ — (13Ab+16aB) x?+ —bBx%| +
x 9l 13 91 (-b)23+/a+bx3
(—b>1/3X (_b>1/3x (—b>2/3X2
9 (-1)1/633/4353 (13Ab+2aB) | (-1)%6 |- 1+ —— + +
al/S al/3 a2/3
i (-by1/3 i (-b)1/3
- (-1)%6 - L - (-1)9/8 - 2
_jvs_EllipticE{Arcsin[ } <_1>1/3}+<_1>1/3E||ipticF[Arcsin{ (-1)L3

31/4 31/4

[, -7-4v3] /
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® Problem 210: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (A+Bx3)
dx

X2

Optimal (type 4, 578 leaves, 6 steps):

9b (7Ab+8aB)x2/a+bx® 27bY3 (7TAb+8aB):Ja+bx® (7TAb+8aB) (a+bx®)*? Ala+bx3)*?

+ — —

56 a 56((1+ﬁ) a1/3+b1/3x) 8ax 4axt
a2/3 _al/3 pl/3 x 4 h2/3 x2 1—\/3_) al/3 ;1 pl/3 x
27x3%41/2-/3 al®bl/3 (7TAb+8aB) (a3 +bM3x) - EllipticE{ArcSin{ } _7_4v?} /
((1+\5)a1/3+b1/3x (1+ﬁ)a1/3+b1/3x
al/3 a1/3+b1/3x
112 ( ) ; Ja+bx® |+
( 1+\/?) a1/3+b1/3x)
a2/3 _al/3 pl/3 y , p2/3 x2 1-+/3 ) al’3 4+ pl/3x
9x3%4alp/3 (7Ab+8aB) (a3 +bl/3x) — EllipticF|ArcSin| | | -7-4V3] /
((l+ﬁ)a1/3+bl/3x (1+\5)a1/3+b1/3x
a1/3 al/3+bl/3x
282 ( ) . Ja+bx?®
( 1+\/?) a1/3+b1/3x)
Result (type 4, 254 leaves):
Ja+bx® (bx® (77A-16Bx3®) +14a (A+4Bx3)) 1
_ - _
56X 56+/a+b x3
(—b)l/?’X (—b)l/?’X (7b)2/3X2
9 (-1)1/633/42/3 (_py1/3 (7Ab+8aB) | (-1)%8 [-1+ - + +
al/3 al/3 a2/3
i (-b)1/3 i (-b)1/3
_(_1>5/6_T" _(_1>5/6_TX
ﬂi\/?EIIipticE{ArcSin[ — } (71)1/3}+(71)1/3EllipticF[ArcSin{ " , (-1)L/3
3 3
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® Problem 211: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (A+Bx3)
dx

X8
Optimal (type 4, 576 leaves, 6 steps):

9b (Ab+14aB)Ja+bx® 27b%3 (Ab+14aB)~Ja+bx® (Ab+14aB) (a+bx3)** A(a+bx?)?

— + — —

112 ax 112a((1+\/3_) a1/3+b1/3x) 56 a x* 7ax’
a2/3 _al/3 pl/3 y , p2/3 2 1 —\/?) al/’3 1 pl/3 x
27x3%41/2-/3 b*3 (Ab+14aB) (a¥/®+b13x) EIIipticE{ArcSin[ ] _7_4ﬁ} /
((1+ﬁ)a1/3+b1/3x2 (l+\@)a1/3+bl/3x
al/3 a1/3 bl/3X
224 2273 (a7 + 077 x] ~avexd |
( 1+\/?) a1/3+b1/3x)
a2/3 _al/3 pl/3 x 4 p2/3 x2 1-+/3 ) al’8 +pl/3x
9x3%4p*3 (Ab+14aB) (a3 +b/3x) . EIIipticF{ArcSin[ ) ] -7-4%?} /
((1+\/37) a1/3+b1/3x2 (l+\/?) al/3 + p1/3x
a1/3 al/3 bl/3x
562 a2/3 | . ) \Ja+bx3

l+\/?) a1/3+b1/3x)2

(

Result (type 4, 269 leaves):

aA -17Ab-14aB b (27Ab +154aB) (-b)13x (-b)¥3x  (-b)2/3x2
- + - Ja+bx® +|9(-1)163%4p2 (Ab+14aB) | (-1)%% -1+ ——— 1+ +
7 x7 56 x* 112 ax al/3 al/3 a2/3
~(-1)5/6 _ i(-b)t38x ~(-1)5/6 _ i(-b)1%x
a1/3 al/3
~i+/3 EllipticE[ArcSin[ " ,(-1)L/3 +<_1>1/3E||ipticF[Arcsin[ " , <_1>1/3} /(112
3 3

al/3 (_b>2/3 ’a+bx3 )
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® Problem 212: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (A+Bx3)
dx

Xll

Optimal (type 4, 608 leaves, 7 steps):

9b (Ab-4aB)Ja+bx® 27b2 (Ab-4aB):Ja+bx® 27b72 (Ab-4aB)+Ja+bx® (Ab-4aB) (a+bx3)** A(a+bx®)?
+

- + - +
224 a x4 448 a® x 448 a2 ((1+\/?) al/3 +b1/3x) 28 ax’ 10 a x10
a2/3 _al/3 pl/3 x 4 h2/3 x2 1-+/3 ) al/3 ;1 pl/3 x
27x3Y4+/2-/3 b7 (Ab-4aB) (al?+b¥3x) . EIIipticE{ArcSin{ } -7-4x/3} /
((1+ﬁ)al/3+bl/3x) (1+v3)a1/3+b1/3x

a1/3 (al/s 4 b1/3 X>
896 a°/3 \Ja+bx3

( 1+\/?) a1/3+b1/3x)2

1-+/3 ) al/3 . pl/3x

a2/3 _ gl/3 pl/3 x , p2/3 x2
9x3%4p7/% (Ab-4aB) (a3 +bl/3x) — EllipticF|ArcSin| |, -7-4V3] /
((l+ﬁ)a1/3+bl/3x (1+\5)a1/3+b1/3x
al/3 a1/3+b1/3x
224+/2 a5 ( ) > Va+bx®
((1+\/3_) a1/3+b1/3x)
Result (type 4, 282 leaves):
\Ja+bx® (224a3A+16a? (23Ab+20aB) x*+2ab (27 Ab+340aB) x® -135b% (Ab-4aB) x9)
) 2240 a2 x10 )
1 (_b)l/3x (_b>1/3x (—b>2/3X2
9 (-1)2/33%4 (_p)"* (Ab-4aB) | (-1)%° {1*713 T -
448 a*/3 Ja + b x3 at! at! a*
S (-1)5/6 _ & (-b)*¥x _(-1)5/6_ % (-b)*x
al,’3 al,’3
P - 1,1/3 1\5/6 P : _4\1/3
\/?EHIpIICE[AI’CSIn[ vy , (-1) }+( 1) ElllptlcF[ArcSm{ vy , (-1)
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® Problem 219: Result unnecessarily involves imaginary or complex numbers.
x® (A+Bx3)

——d
\Ja+bx3

Optimal (type 4, 270leaves, 3steps):

2 (11Ab-8aB)x~/a+bx® 2Bx%*+/a+bx3

+ —

55 b? 11b

X

L-V3 ) a3 s bt

a2/37a1/3 b1/3X+b2/3 X2
4+/2++/3 a(11Ab-8aB) (al/®+b3x) ~ EllipticF[arcsin| |, -7-4V3] /
((1+ﬁ)a1/3+b1/3x (1+\§)a1/3+b1/3x
a1/3 a1/3+b1/3x
55 x 314 p7/38 ( ) ; \Ja+bx3
((1+\/?) a1/3+b1/3x)
Result (type 4, 189 leaves):
1
6 (-b)*3x (a+bx®) (11Ab-8aB+5bBx?) -
165 (-b)7/3+/a+bx3
,(,1)5/67 i(-b)t3x
(~1)5/6 (7a1/3Jr (7b)1/3x) (-b)1/3 x (~b)2/3 x2 al’3
41i3%%a%3 (11Ab-8aB) 1+ , EllipticF[ArcSin{ , (-1)L/3
a1/3 al/3 a2/3 31/4

® Problem 220: Result unnecessarily involves imaginary or complex numbers.

A+Bx3

—— dx
\Ja+bx38

Optimal (type 4, 239 leaves, 2steps):
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2Bx~/a+bx3 a2/3 _al/3 pl/3 y , ph2/3 x2 1-+/3 ) al’® b3
————————+|2/2+V3 (5Ab-2aB) (a/3+b'3x) - EllipticF[ArcSin{( ) },_7_4v3_] /
5b ((1+V3 ) a2 prax (143 ) a3+ b1 x
a1/3 a1/3+b1/3x
5 x 31/4 p4/3 ( ) . \a+bx®
((1+\/?) a1/3+b1/3x)
Result (type 4, 168 leaves):
2Bx+/a+bx3 1
5b 5x314 (_p)43+/a+bx3
S (-1)5/8 i(-b)*3x
(_b)l/3x (_b)l/3x (_b>2/3 X2 al/3
2ial’® (5Ab-2aB) | (-1)%6|-14—— " 1+ . EIIipticF[ArcSin[ , (-1)1/3
a1/3 a1/3 a2/3 31/4
® Problem 221: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
——dx
x3+/a+bx3
Optimal (type 4, 243leaves, 2steps):
A~la+bx3 a2/3 _al/3 pl/3 y 4 p2/3 x2 1-+/3 ) al’?+bpl/3x
-———— |\2+V3 (Ab-4aB) (al’®+b3x) EIIipticF{ArcSin{( ) | -7-4v3] /

2 ax? ((1+\/?)a1/3+b1/3x2 (l+\/?)a1/3+bl/3x

al/S al/3 b1/3x
2 x 34 apl/s ( . ) . rJa+bx3
([1++3 ) ate v biax)

Result (type 4, 170 leaves):

i 1/3
_ (71)5/6 _1 (*b)/ X
A+/a+bx3 (*b)l/SX (7b>l/3x <7b>2/3x2 \/ al/3
" L |i(-Ab+4aB) | (-1)%¢ |1+ —— " 1. N El i pticF[ArcSin| L (-3 /
2a X2 al/3 al/3 a2/3 31/4

(2><31/432/3 (_b)l/S la+bx3 ]
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® Problem 222: Result unnecessarily involves imaginary or complex numbers.

A+Bx3

—  dx
x8+/a+bx3

Optimal (type 4, 274 leaves, 3steps):

A~Ja+bx3 (7Ab-10aB) /a+bx3

- + +
5ax® 20 a? x?
a2/3 _ gl/3 pl/3 y , ph2/3 x2 1-+/3 ) al’3 +pl/3x
\2++/3 b%% (7Ab-10aB) (a¥/?+b'/3x) - EllipticF[ArcSin{ ) } -7-4%3_} /
((1+\E>a1/3+b1/3x (1+\E)a1/3+b1/3x
a1/3 a1/3+b1/3x
20 x 3174 a? ( ) ; rJa+bx3
((1+\/?) a1/3+b1/3x)
Result (type 4, 188 leaves):
\Ja+bx® (4aA-7Abx3+10aBx?) 1
- +
2 5
20a%x 20 x 34 a%3 y[a + b x3
i(-h)13x
(-by1/3x (-by1/3x  (~b)2/3x2 - (-1)%/8 - a3
i(-b)?® (-7Ab+10aB) | (-1)5/8 (ui 1+ N EIIipticF[ArcSin{ , (-1)L/3
a1/3 a1/3 a2/3 31/4

® Problem 223: Result unnecessarily involves imaginary or complex numbers.
x4 (A+Bx3)

- 'q
\Ja+bx3

Optimal (type 4, 548 leaves, 5 steps):

X
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2 (13Ab-10aB)x2+/a+bx3 2Bx5+/a+bx® 8a (13Ab-10aB)+/a+bx3

+

91 b2 13b 91 p80 ([(1+V3 ] av +biox)

+

1/3 , p1/3
a2/3 _ gql/3 pl/3 x | p2/3 x2 l—\/3)a +bt/3x

4x31/4ma4/3 (13Ab-10aB) (a1/3+b1/3x) EIIipticE{ArcSin[ ] —774\/37} /
2
((1+\/?) a1/3+b1/3x) (l+\/?) al/® + bl/3 x
91 b8/3 AEEETY) e |-
((1+\/?) a1/3+b1/3x)2
i 1-+/3 ) al/® . pts3

82 a3 (13Ab-10aB) (a1/3+b1/3X) a2/3 _ al/3 pl/3 x 4 p2/3 x2 E||iptic|:[ArCSin{ )a + x}’ 7774\/?} /

((1+\/?)a1/3+b1/3xz (1+\/3_)a1/3+b1/ax

a1/3 (al/s + bl/3 X)
91 x 31/4 p8/3 a+bx®

([1v3 ] a2 prox)”

Result (type 4, 243 leaves):
1

273 (-b)83+Ja+bx3

(7b)1/3x (7b)1/3x (7b>2/3 >(2
2|3 (-b)?3x* (a+bx®) (13Ab-10aB+7bBx3) +4 (-1)2/33%4a%3 (13Ab-10aB) | (-1)%° (-1+ + +
a1/3 a1/3 a2/3
—(-1)5/6 _ i(-b)3x ~(-1)5/6 _ i (-b)13x
al/S al/S
ﬁEllipticE[ArcSin[ , (-1)1/3 +(71)5/6E|IipticF{ArcSin[ . (-1)1/3
31/4 31/4

® Problem 224: Result unnecessarily involves imaginary or complex numbers.

X (A+ Bx3)

— 'a
\Ja+bx3

Optimal (type 4, 517 leaves, 4 steps):

X
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2Bx%2+/a+bx3 2 (7TAb-4aB)+a+bx3

7b +7b5/3((1+\§)a1/3+b1/3x)

1/3 , p1/3
a2/3 _ gql/3 pl/3 x | p2/3 x2 l—\/S)a +bl/3x

3141/2-+/3 al® (7Ab-4aB) (a3 +b¥3x) EIIipticE{ArcSin[ ] 7774ﬁ} /
((1+\/?) al’3 s plax)’ (1+\/?) al’s ¢ pl/3x
al’® (al/3 4 pl/3
7 b5/3 ( . ) . Na+bx3d |+
(143 ) a1 bax]
2/3 _g1/3 pi/3 h2/3 x2 1-+/3 ) al’8 4 pl/8x
2~/2 al’® (7Ab-4aB) (a'/?+b'%x) 2 2 < X EIIipticF[ArcSin{ ) } —7—4\@} /

((1+\/?)a1/3+b1/3xz (1+\/3_)a1/3+b1/ax

al/’3 (gl/3 L pl/3
7 x 314 p3/3 S ) > Vasbx®
((1+\/?T) a1/3+b1/3x)

Result (type 4, 231 leaves):

2 ./ 3 1/3 1/3 2/3 y2
2BxNarbx” ! 2 (-1)16a2/3 (7Ab-4aB) | (-1)56 [1+ DT D b X
TS a e fasee
_(-1)5/6_ 1 (-b)*3x _(-1)5/6 _ 1 (-b)*2 x
al/’3 a1/3
_jﬁEllipticE{Arcsi n[ (18] m1yis EIIipticF[ArcSin{ , (-1)L/3

31/4 31/4

® Problem 225: Result unnecessarily involves imaginary or complex numbers.

A+Bx3

—  dx
x2~fa+bx3

Optimal (type 4, 509 leaves, 4 steps):
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A+/a+bx3 (Ab+2aB)+a+bx8

_ . _
ax ab2/3((l+ﬁ) al/3+b1/3x)
a2/3 _al/3 pl/3 y . p2/3 x2 1-+/3 ) al’3pl3x
314+/2-+/3 (Ab+2aB) (al/®+b'/3x) , EIIipticE{ArcSin[ ) ] 7774ﬁ} /
((1+\/?)a1/3+b1/3x (1+\/?)al/3+bl/3x
al/3 al/3+b1/3x
2 a2/3 p2/3 ( ) . Ja+bx® |«
((1+ﬁ) a1/3+b1/3x)
/3 _a1/3 i/ / 1-+/3 ) al/3:pl/3
V2 (Ab+2aB) (al/? . bl/ix) | EEAETbTC EIIipticF{ArcSi n[u} -7_4\/?}
((h\/?) a1/3+b1/3x) [1+ﬁ) al/3:pl/3 x
113 (a1/3,p1/3x)
L4 g23p2s | 21 Jaibx3
((l)ﬂ/?) al/3.pt/3 X)Z
Result (type 4, 225 leaves):
A~Ja+bx3
-+
ax
_ (_1)5/6 _ i (-b)3x
(_b)l/3x (_b)l/3x (_b>2/3 X2 al/s
(-1)Y/6 (Ab+2aB) | (-1)56|-1+, "~ 1+ " 71'1\/3_EllipticE{ArcSin[ , (-1 .
a1/3 a1/3 a2/3 31/4

5/6 i (-b)1/3x
_(_1) -

(-1)Y3ElT] pticF{ArcSi n[

’ <71)1/3] /(31/4a1/3 (—b)2/3 /a+bx3)

31/4

® Problem 226: Result unnecessarily involves imaginary or complex numbers.

A+Bx3

— dX
x5~/a+bx3

Optimal (type 4, 550 leaves, 5 steps):



424| 1.1.3 General.nb

A+/a+bx3 (5Ab-8aB)+a+bx® b3 (5Ab-8aB)+/a+bx?

- + - +

4axt 8a?x 8a2((1+ﬁ)al/3+b1/3x)

l—\@) al’® + b3 x

a2/3_al/3 bl/3X+b2/3 X2
314+/2-+/3 b3 (5Ab-8aB) (al/®+bl3x) , EIIipticE{ArcSin[
((1+\/?) a1/3+b1/3x) (l+\/?) al’® + pl/3x
al/3 al/3+bl/3x
16 a°/8 ( ) . Ja+bxd | -
((1+\/?) a1/3+b1/3x)
a2/3 _al/3 pl/3 y 4 p2/3 x2 l—\/’?) al/3 + p1/3 x
b/® (5Ab-8aB) (al/®+bl3x) ~ EllipticF|ArcSin| | -7-4V3] /
((1+\/?) a1/3+bl/3x) (1+\/?) al’s 4 pl/3x
a1/3 al/3+bl/3x
4~/2 314953 ( ) . rJa+bx3
((1+\/37) a1/3+b1/3x)
Result (type 4, 249 leaves):
\Ja+bx® (5Abx3-2a (A+4Bx3)) 1
2 4 N
8ax 8 «31/4 %3 \/a+bx3
(_b)l/3X (_b)l/3x (—b)Z/SXZ
(-1)1/6 (-p)t3 (-5Ab+8aB) | (-1)%%|-14+ —— + +
a1/3 a1/3 a2/3
i (-by1/3 i (-b)1/3
_ (,l>5/67 (:;.)/3 X _ (71)5/67 (abl)/g X
_jvs_EllipticE{Arcsin[ } <_1>1/3}+<_1>1/3E||ipticF[Arcsin{ (-1)L/3

31/4 31/4

® Problem 227: Result unnecessarily involves imaginary or complex numbers.

A+Bx3

—  dx
x8+/a+bx3

Optimal (type 4, 581 leaves, 6 steps):

| -7-av3)/
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Ava+bx3 (11Ab-14aB)+/a+bx3® 5b (11Ab-14aB)/a+bx® 5b*3 (11Ab-14aB)+/a+bx?

— + — + —

7ax’ 56 a2 x* 112 a8 x 112 a3 ((1+ﬁ) al/3 +bl/ax)

l—\@) al’® + b3 x

a2/3_al/3 bl/3X+b2/3 X2
5x341/2-4/3 b3 (11Ab-14aB) (a/?+b3x) , EllipticE{ArcSin[ ] 7774\/3*} /
((1+\/?) a1/3+b1/3x) (l+\/?) al’3 + p1/3x
al/3 al/3+b1/3x
224 a8/3 ( ) . Na+bx® |+
((1+ﬁ) a1/3+b1/3x)
a2/3 _al/3 pl/3 y 4 p2/3 x2 l—\/’?) al/3 + p1/3 x
5b*3 (11Ab-14aB) (a®+b/3x) EllipticF[ArcSin{ } 7774\5] /
((1+\/?) a1/3+bl/3x)2 (1+\/?) al’s 4 pl/3x
al/3 a1/3+bl/3X
56 /2 31/4a8/3 ( ) . \Ja+bx3
((l+ﬁ) a1/3+b1/3x)
Result (type 4, 269 leaves):
1 3(a+bx3) (16a2A+2a (-11Ab+14aB)x*+5b (11 Ab-14aB) x5)
- +
7
336 a%+/a+bx3 X
(1)5/6 (—al/3 4 (_bh)l/3x (-b)13x  (_b)2/3x2
5 (-1)1/63%/4a2/3 (_p)4’® (11 Ab-14aB) ( ) 1+ +
al/3 al/3 a2/3
i (_pb)1/3 i (-b)1/3
,(,1)5/67 (ab1>’3 X 7(71)5/67 (abl?/3 X
. PN ; 1,1/ 1,1/ P ; 1,1/3
nﬁElllptlcE{ArcSm[ o . (-1) b (-1 ElllptlcF{ArcSm[ o . (-1)

® Problem 234: Result unnecessarily involves imaginary or complex numbers.

x6 (A+ Bx3)
—  dXx
(a+bx3)3/2

Optimal (type 4, 300 leaves, 4 steps):



426 | 1.1.3 General.nb

2 (11Ab-14aB) x* 2Bx’ 16 (11Ab-14aB) x+a+bx3

— + + —

3
33b2+/a+bx3 11b+/a+bx3 165b

1/3 . p1/3
a2/3 _ gl/3 pl/3 x , h2/3 x2 17\/3)a + b3 x

a1/3 <a1/3 + bl/3 X)
165 x 31/4 p10/3 Ja+bx®

((1+ﬁ) 611/3+b1/3x)2

EllipticF|ArcSin| |, -7-4v3] /

1+«/3)a1/3+b1/3x 2 (1+\/3)a1/3+b1/3x

322++/3 a(11Ab-14aB) (a1/3+b1/3x)J

Result (type 4, 205 leaves):

1

495 (-b)19/3 \/a + b x3

-6 (-b)'3x (-112a®B+3b*x? (11A+5Bx?) +a (88 Ab-42bBx?)) +

5/6 i (-b)¥3x
e S

(_1>5/6 (_al/3+ (_b)l/S X) (—b)1/3X (_b>2/3 X2 al/3
3213%4a%% (11Ab-14aB) 1+ + EllipticF[ArcSin[ , (~1)13
a1/3 a1/3 a2/3 31/4
® Problem 235: Result unnecessarily involves imaginary or complex numbers.
x® (A+Bx3)
————dx
(a+bx3)3/2
Optimal (type 4, 269 leaves, 3steps):
2 (5Ab-8aB) x 2Bx*4
- + +
15b%2+/a+bx3 5b+/a+bx3
a2/3 _ al/3 pl/3 x 4 p2/3 x2 1-+/3)al’3pl3x
472+3 (5Ab-8aB) (a?+b'3x) EIIipticF{ArcSin[ ) ] 7774ﬁ} /
((1+\/?)a1/3+b1/3x2 (1+\/?)al/3+bl/3x

a:L/3 <a1/3 + bl/3 X)
15 x 31/4 p7/3 Ja+bx®

((1+ﬁ) al/?’+b1/3x)2
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Result (type 4, 182 leaves):

1

45 (-b)7/3+/a+bx3

6 (-b)*x (-5Ab+8aB+3bBx?) +

i (-b)1/3
(—1)5/6 (—a1/3+(—b)l/3x> <_b)l/3x (—b)2/3X2 _(_1)5/6_ (al)/:; .
4i3%4al’3 (5Ab-8aB) 1+ N EIIipticF{ArcSin[ , (~1)1/8
al/S a1/3 a2/3 31/4
® Problem 236: Result unnecessarily involves imaginary or complex numbers.
A+Bx3
————dXx
(a+bx3)3/2
Optimal (type 4, 251 leaves, 2 steps):
1/3 1/3
2 (Ab-aB) x a2/3 _al/3 pl/3 x 4 p2/3 %2 1-+/3 ) al3,:bpt3x
" +|2/2+V3 (Ab+2aB) (a¥3+b3x) - EllipticF[ArcSin{( ) },-7-4%3_] /
3 1++/3 ) al’3pl/3x 1+ a + X
3ab+/a+bx 3| al/’ 4 pts3
a1/3 a1/3+b1/3x
3 x 34 ap*/3 ( ) . \Ja+bx3d
((1+\/?) a1/3+b1/3x)
Result (type 4, 176 leaves):
1
- 6 (-b)3 (Ab-aB) x +
9a (-b)*3+/a+bx3
i (-b 1/3
(-1)5/6 (~al/® ¢ (~b)1/3x) (-b)1/3x  (-b)2/3 X2 - (-1)%° - %
213%43l3 (Ab+2aB) 1+ . Bl pticF[ArcSi n{ , (-1)1/3
a1/3 a1/3 a2/3 31/4
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® Problem 237: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dx
x3 (a+bx3)3/2

Optimal (type 4, 272leaves, 3steps):
A (7Ab-4aB) x

2ax?+/a+bx8 6aZ~/a+bx3

1/3 1/3
a2/3 _ ql/3 pl/3 x o p2/3 x2 1-+3 ) at’® +bt/3x

2+V3 (7TAb-4aB) (a¥/®+b'3x) EIIipticF[ArcSin[ ] _7_4ﬁ} /
((1+\/?) a1/3+b1/3x)2 (1+ﬁ) al/’3 4+ p1/3x
a1/3 a1/3+b1/3x
6 x 31/4 a2 p1/3 ( ) . \Ja+bx3
((1+V3]alR+pi2x)
Result (type 4, 193 leaves):
1
-3 (-b)'? (3aA+7Abx®-4aBx?) -
18a2% (-b)®x2+ja+bx3
_(_1)5/6_ i (-b)y1/3x
(_1>5/6 (_a1/3+ (_b>l/3 X) <_b>l/3x (—b)2/3 x2 al/s
13%4al/% (7Ab-4aB) x2 1+ ‘ EIIipticF[ArcSin[ . (~1)1/3
a1/3 a1/3 a2/3 31/4

® Problem 238: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dX
x8 (a+bx3)3/2

Optimal (type 4, 304 leaves, 4 steps):
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A 13Ab-10aB 7 (13Ab-10aB)/a+bx3

- - + +

32
5ax®~/a+bx3 15a2x2+/a+bx3 60a”x

—_—
[EEN

a2/3 _ a1/3 b1/3 X + b2/3 X2

7@) al/3 L pl/3x
EIIipticF{ArcSi n[

, -7-43
((1+\/?)al/3+b1/3xz (1+\/?)a1/3+b1/3x] } /

742++/3 b?3 (13Ab-10aB) (a1/3+b1/3x)\l

al/3 <a1/3 + bl/3 X)

((1+ﬁ) 611/3’+b1/3x)2

rJa+bx3

60 x 3174 a3

Result (type 4, 218 leaves):

\Ja+bx3

A 17Ab-10aB 2b (-Ab+aB) x

5 a2 x5 20 a3 x?2 3a® (a+bx3)
~(~1)5/6 _ i(-b)3x
(—b)l/SX (—b)l/SX (7b)2/3X2 al/3
7ib (-13Ab+10aB) | (-1)%®|-1+ ——— 1+ + EllipticF[ArcSin{ , <_1>1/3]/
al/s3 al/3 a2/3 31/4

(60><31/4 a8/3 (—b>l/3 a+bX3 )

® Problem 239: Result unnecessarily involves imaginary or complex numbers.

x4 (A+Bx3)
—— dx
(a+bx3)3/2

Optimal (type 4, 547 leaves, 5 steps):
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2 (7TAb-10aB) x? 2Bx° 8 (7TAb-10aB)+/a+bx®

21b2/a+bx? +7bx/a+bx3 C21pen ([1+V3)at?pt3x)

1/3 . p1/3
a2/3 _ gl/3 pl/3 x , h2/3 x2 17\/3)a + bt x

4+/2-+/3 a’® (7Ab-10aB) (al/3+b'/3x) EllipticE[ArcSin{ } 7774\5} /
(1+\/§) a1/3+b1/3x)2 (1+\/3_) al/® + b3 x
al/3 al/S b1/3X
7 x 33/4p8/3 ( . ) . VJarbxd |+
((1+\/ST) a1/3+b1/3x)

2/3 _ g1/3 p1/3 h2/3 x2 1-+/3 ) al’3pl3x

82 al (TAb-10aB) (al@+biix) | & ° . EllipticF[ArcSin| ) |, -7-4v3] /
((14—\/?) al/3 ;1 pl/3 x 2 (1+\/?) al/® + bl/3x

al/S <a1/3 + bl/3 X)

((1+ﬁ) 611/3+b1/3x)2

rJa+bx3

21 x 31/4 b8/3

Result (type 4, 236 leaves):
1

63 (-b)83+/a+bx®

(7b)1/3 X

al/3

(—b)l/SX (7b)2/3X2
2|-3(-b)?®x? (-7Ab+10aB+3bBx?) +4 (-1)?/33%%a%* (7TAb-10aB) | (-1)°° [-1+ \/1+ Y "
a a

_(_1)5/6_ ]‘L(?b)l/tax _(_1)5/6_ J‘L(*b)lﬂx
a1/3 a1/3
\/3 EllipticE|ArcSin . (-1)Y3 4 (-1)5®E lipticF|ArcSin . (-3
31/4 31/4

® Problem 240: Result unnecessarily involves imaginary or complex numbers.

X (A+ Bx3)
— dx
(a+bx3)3/2

Optimal (type 4, 524 leaves, 4 steps):
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2 (Ab -aB) x? 2 (Ab-4aB)+a+bx®

- +

3ab-/ax+bxd 3ab5/3((1+ﬁ)a1/3+b1/3x>

- 1_+/3 ) al’3,pl/3
2 VT (Ab-4aB) (4 +biSx) a2/3 _ al/3 pl/3 y , h2/3 x2 E||ipticE{Arcsin[( )a + x]] 7774\/?} /
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3x
al’? (al/3 4 b3 x)
33/4 52/3 p5/3 Ja+bx3 |-
((1:+43]) ate - piex)?
- 1_+/3 ) al/3,pl/3
22 (Ab-4aB) (al’®+b'3x) alt-alt b x e b El i pticF[ArcSin| )2 X}, ,7,4\5}/
((1+\/?) a1/3+b1/3x)2 (1+\/3_) al/3 + b3 x

1/3 1/3 1/3
3><31/4 a2/3 b5/3 a (a +b X> . /a+bx3
((1+\/ST) a1/3+b1/3x)

Result (type 4, 235 leaves):

1

9ab+a+bx3

(~1)5/6 (7‘5‘1/3+ (7b)l/3x) \/1 (-b)173x  (~b)2/3x2
+

2|3 (Ab-aB)x?+1/(-b)%3(-1)1%3%4a?3p (Ab-4aB) +
a1/3 a2/3

al/3

i (—b)1/3x i (7b)1/3X
_(_1)5/6_&17/3 _(_1)5/6_?
L (~1)YB] 4 (—1yLe E|IipticF[ArcSin{ 314 . (—1)13

7j\§EIIipticE[ArcSin{

31/4

® Problem 241: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dX
x2 (a+bx3)3/2

Optimal (type 4, 548 leaves, 5 steps):
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A (5Ab-2aB) x? (5Ab-2aB)Jasbx®
- - +
axm 332W 3a2b2/3((1+ﬁ)31/3+blxsx)

a2/3 _ al/3 pl/3 x 4 p2/3 x2 1 7\/?) al/3 + pl/3x
2-4/3 (5Ab-2aB) (a3 +b'3x) — EllipticE[ArcSin|
((1+\/?) a1/3+b1/3x)

| -7-av3)|/

—_—
[N

+/3 ) al/3 . pl/3

1/3 1/3 1/3
2 % 34 g5/3 p2/3 2 (b ~ Jaibx® |
((1+\/ST) a1/3+b1/3x)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 17\/37) al/3 + pl/3x
V2 (5Ab-2aB) (al/®+b3x) El i pticF[ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/3_) al/3 1 pl/3x

|, -7-4v3] /

1/3 1/3 1/3
3><31/4 a5/3 b2/3 a (a +b X> . /a+bx3
((1+\/ST) a1/3+b1/3x)

Result (type 4, 243 leaves):
1

9a2 (-b)28x~/a+bx3

2/3 3 3 2/3 3/4 52/3 5/6 (-b) 1% x (-b) 1% x (-b)?/%x2
-3 (-b)?® (3aA+5Abx®-2aBx®) - (-1)?/°3%4a%® (5Ab-2aB) x | (-1)°° -1+ ——— + +
al/s al/3 a2/3
_(~1)5/6 _ i (-b)13x _(-1)5/6 _ i (-b)13x
al/’3 a1/3
ﬁEllipticE{ArcSin[ o C(L1)1B +(71>5/6E||iptiCF[ArCSin{ i (L1)1/8

® Problem 242: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dX
x5 (a+bx3)3/2

Optimal (type 4, 580 leaves, 6 steps):
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A 11Ab-8aB 5 (11Ab-8aB)+\a+bx® 5b'/3 (11Ab-8aB)+Ja+bx®

- - + - +
3
4dax*Ja+bx® 12a?xja+bx® 24a’x 24a3((1+ﬁ)a1/3+b1/3x)
a2/3 _ al/3 pl/3 y 4 h2/3 x2 1-+/3)al’8+pl/8x
54/2-+/3 b3 (11Ab-8aB) (al/3+b!/3x) EllipticE[ArcSin{ ) } 7774\5} /
( 1+\/?) a1/3+b1/3x)2 (1+\/3_)a1/3+b1/3x
al/S a1/3+b1/3x
16 x 3374 a8/3 < ) . Ja+bx3 | -
((1+ﬁ) a1/3+b1/3x)
a2/3 _ al/3 pl/3 x 4 p2/3 x2 1 —\/?) al/3 + bl/3x
5bl/3 (11Ab-8aB) (a’®+bY/3x) EIIipticF{ArcSin[ ] 7774ﬁ} /
((1+\/3_) a1/3+b1/3x)2 (1+\/3_) al/® + bt/3 x
al/3 a1/3+bl/3x
12+/2 3174873 ( ) . \Ja+bx3
((1+ﬁ) a1/3+b1/3x)
Result (type 4, 266 leaves):
1
3 (-b)?® (55Ab?x®+abx® (33A-40Bx%) -6a* (A+4Bx?)) +
72 a% (-b)2/3x*+/a+bx3
(7b)1/3x (7b)1/3x (fb)2/3X2
5 (-1)2/33%432/8p (11 Ab-8aB) x* | (-1)%6 [-1+ - + +
al/3 al/3 a2/3
_(_1)5/6_ i(-b)13x _(_1)5/6_ i(-b)13x
a1/3 a1/3
ﬁEllipticE{ArcSin[ } (71)1/3}+(71)5/6EllipticF[ArcSin{ , (~1)13

31/4 31/4

® Problem 243: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dX
x8 (a+bx3)3/2

Optimal (type 4, 611 leaves, 7 steps):
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A 17Ab-14aB 11 (17Ab-14aB) Ja+bx3 55b (17Ab-14aB) \Ja+bx® 55b%/3 (17Ab-14aB) \Ja+bx®

- - + - +
7ax’\Ja+bx® 21la?x%-/a+bx? 168 a% x* 336 a x 336a4((1+\/?) a1/3+bl/sx>
a2/3 _ gl/3 pl/3 h2/3 x2 1-+/3)al’8pl/8x
551/2-+/3 b*3 (17Ab-14aB) (a%/3+b'/3x) e EllipticE[ArcSin{ ) } 7774\5} /
(1+\/?)a1/3+b1/3x2 (1+\/3_)al/3+b1/3x
al/3 a1/3+bl/3x
224 x 33/4 g11/3 < ) . \Ja+rbx® |+
((1+ﬁ) a1/3+b1/3x)
a2/3 _ gl/3 pl/3 h2/3 x2 1-+/3 ) al’8 plex
55b%3 (17 Ab-14aB) (a¥/®+b'/3x) e EIIipticF{ArcSin[ ) ] 7774ﬁ} /
((1+\/3_) a1/3+b1/3x)2 (1+\/3_) al/® + bt/3 x

al/3 (a1/3 + bl/3 X)

((l+\/?) a1/3+b1/3x)2

rJa+bx3

168 ﬁ 31/4 ail.l/3

Result (type 4, 292 leaves):

1

1008 a* (-b)2/3x7+/a+bx3

-3 (-b)?/® (935 Ab®x® +11ab?x® (51 A-70Bx®) +12a% (4 A+7BXx3) -6a’bx® (17A+77Bx?)) -

1/3 1/3 2/3 2
55 (-1)2/333/432/3p2 (17 Ab-14aB) x7 | (-1)5/6 |-1+ 07X L S ) it
a1/3 a1/3 a2/3
_ (_1>5/6_ i(-b)3x _ (_1>5/6 1 (-b)*®x
a1/3 a1/3
ﬁEllipticE[ArcSin{ ] (71)1/3]+(71)5/6EllipticF{ArcSin[ , (-1)1/8

31/4 31/4

® Problem 249: Result unnecessarily involves imaginary or complex numbers.

x8 (A+ Bx3)
— dX
(a+bx3)5/2

Optimal (type 4, 299 leaves, 4 steps):
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2 (5Ab-14aB) x* 2 Bx’ 16 (5Ab-14aB) x

- +

.
4502 (a+bx®)®?  5b(a+bx3)*? 35 p3.fa.pxd

a2/3 _al/3pl/3 y 4 p2/3 x2 1- \/?) al/s + p1/3x
32v2+V/3 (5Ab-14aB) (a'’® + b3 x) EIIipticF{ArcSin[

((1+\/?)al/3+b1/3)(2 (l+\/?)a1/3+bl/3x

Al

al/3 <a1/3 + b1/3 X)
135 x 31/4 p10/3 Ja+bx®

([1v3 ] a2 prx)”

Result (type 4, 205 leaves):
1

405 (-b)1973 (a+bx3)%?

(—b>1/3X

213 (-b)*3x (112a®B+b?*x® (-55A+27Bx®) +a (-40Ab +154bBx3)) + 16 1 3% *a'/3 (5Ab-14aB) J (-1)5/8 [_1+ s
a

~(-1)5/6 _ iEhEx

(—b)l/SX (7b)2/3X2 al/3
\/1+ . (a+bx3)E||ipticF{Arcsin[ . (~1)1/8
a1/3 a2/3 31/4

® Problem 250: Result unnecessarily involves imaginary or complex numbers.

x® (A+Bx3)
——  dx
(a+bx3)5/2

Optimal (type 4, 283 leaves, 3steps):
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2 (Ab-aB) x* 2 (Ab+8aB)x

9ab (a+bxa)3/2 27ab2+/a+bx3

47/2+/3 (Ab+8aB) (a®+bl3x) L . EIIipticF{ArcSin[(
((1+\/?) al/3+b1/3x)2 (1+\/?) al’® + pl/3x

+

l—\@) al/3 + b1/3x

Al

a1/3 <a1/3 + b1/3 X)
27 x 34 abp’/® Ja+bx®

([1v3 ] a2 prx)®

Result (type 4, 199 leaves):
1

8la (-b)7/3 (a+bx3)%?

(_b>l/3x

(-b)1/3x (~b)2/3 x2
2i|-3i(-b)Y3x (-8a?B+2Ab*>x%-ab (A+11Bx3)) +2x3%¥4al’3 (Ab+8aB)\/(—1)5/6 [-1+ \/1+ TR "
a a

al/s

i(-b)1/3
_ (71)5/6 _ TX
(a+bx3)E||ipticF[Arcsin{ ” . (~1)1/8
3

® Problem 251: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—d
(a+bx3)5/2 ”

Optimal (type 4, 283 leaves, 3steps):
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2 (Ab-aB)x 2 (7TAb+2aB)x

N
9ab (a+bx3)3/2 27a2b+/a+bx3

+

1/3 1/3
a2/3 _ al/3 pl/3 x . p2/3 x2 1—\/3)a +bt/°x

((l+\/?) al/3 . pl/3x

24/2+v3 (7TAb+2aB) (a¥®+bl3x) EIIipticF{ArcSin[

L -7-4~/3
2 (1+ﬁ)a1/3+b1/3x] } /

al/s <a1/3 + bl/3 X)
27 x 314 a2 p*/3 \Ja+bx3

((14—\/?) a1/3+b1/3x)2

Result (type 4, 199 leaves):
1

81aZ (-b)*/3 (a+bx?)¥2

al/s

(—b)l/3X (—b)l/3X (—b)2/3X2
2|3 (-b)"3x (-a®*B+7Ab*x*+2ab (5A+Bx?)) +i3%%a'’® (7Ab+2aB) | (-1)%®|-1+ —— 1+ ot 3
a a

5/6 i (-b)1/8x
- (-1)8/6 - DX

(a+bx3)E||ipticF{Arcsin[ o (-1t

® Problem 252: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dx
x3 (a+bx3)5/2

Optimal (type 4, 300 leaves, 4 steps):
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A (13Ab-4aB)x 7 (13Ab-4aB) x

2ax? (a+bx3)¥? 1822 (a+bx®)*? 543 [a.bx®

a2/3 _ al/3 bl/3 X b2/3 X2
74/2+V3 (13Ab-4aB) (a¥/®+bl3x) ’ EllipticF[ArcSin{
((1+\/37) a1/3+b1/3x)2 (1+ﬁ) al’s 1 pl/3x

1-+/3 ) al/3 , pl/3

| -7-4v3] /

a1/3 <a1/3 + b1/3 X)
54 x 31/4 g3 pt/3 rJa+bx3

((14—\/?) a1/3+b1/3x)2

Result (type 4, 210 leaves):
-91Ab?x®+a? (-27A+40Bx3) +a (-130 Abx®+28 b Bx5)

+

54 a3 x? (a+bx3)3/2

~(-1)5/6 _ i(-b)1¥x

(7b)l/3X (7b)l/3X (—b)Z/SXZ alss
—] 1+ . EIIipticF{ArcSin[ , <71>1/3} /
al/3 a2/3 31/4

71 (-13Ab+4aB) | (-1)56 [1+
a1/3

(54><31/4 a8/3 (—b>1/3 a+bX3 )

® Problem 253: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
— dXx
x8 (a+bx3)5/2

Optimal (type 4, 334 leaves, 5steps):

A 19Ab-10aB 13 (19Ab-10aB) 91 (19Ab-10aB)/a+bx3
- - - + +
5a x5 (a+bx3)3/2 45 a2 x2 (a+bx3)3/2 135 a3 x2 +/a + b x3 540 a* x?2

1/3 | p1/3
a2/3 _al/3 pl/3 x 4 p2/3 %2 1—\/3)a + bt/ x

Bl 1ipti cF[Arcsin| | -7-4v3] /

91+2++/3 b?°® (19Ab-10aB) (a'/?+b'/%x)
((1+ﬁ)a1/3+b1/3x2 (1+ﬁ)a1/3+b1/3x

al/s (al/S 4+ bl/3 x)
540 x 31/4 a4 rJa+bx3

((1+\/?) a1/3+b1/3x)2
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Result (type 4, 228 leaves):
1

1620 a* x> (a+bx3)3/2

5187 Ab®x? +3a’b x? (513 A- 1300 Bx3) +390ab?x® (19 A-7Bx3) -162a® (2A+5Bx3) -9113%%a® (-b)?® (19Ab-10aB) x°

173 g

~(-1)5/6_ i(=b)
(_b>l/3XJ (—b)l/3X (—b)2/3X2 al/s

(a+bx3)EIIipticF[ArcSin{ . (-1)te

+
al/S a2/3 31/4

115/6 | _
(-1) [ 1+ BV

® Problem 254: Result unnecessarily involves imaginary or complex numbers.

x” (A+Bx3)
————dx
(a +b X3> 52
Optimal (type 4, 577 leaves, 6 steps):

2 (7Ab-16aB) x5 2Bx® 20 (7 Ab - 16 a B) x2 80 (7Ab-16aB)+/a+bx3

N
63b2 (a+bx3)*?  7b(a+bx3)*? 15913 [a.bx’ 189 b1/2 ((1+/3 | al/® 4 b3 x|

1/3 , pl/3
a2/3 _ ql/3 pl/3 x | p2/3 x2 l—\/S)a +bt/3x

40+/2 -~/3 al’® (7TAb-16aB) (al/3 4 b3 x) EIIipticE[ArcSin[ ] 7774\/?} /
((14—\/?) al/3+b1/3x)2 (1+\/?) al’3 + p1/3x
a1/3 al/3 b1/3x
63 x 3%/4 ptt/3 S ) ~ a+bx® |+
((1+\5) a1/3+b1/3x)
2/3 _g1/3 pi/3 h2/3 x2 1-+/3 ) al’8 1 pl/ex
802 al® (7Ab-16aB) (a3 +b1x) |~ ° AR EllipticF|ArcSin| | ] 7774ﬁ}/

((1+\/?)a1/3+b1/3xz (1+\/?)a1/3+b1/3x

a:L/3 <a1/3 + bl/3 X)
189 x 31/4 p11/3 a+bx®

((1+ﬁ) a1/3’+b1/3x)2
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Result (type 4, 265 leaves):

1
- 2|3 (-b)?/3x* (160a*B+b?x® (-91A+27Bx?) +a (-70Ab+208bBx?)) -

567 (-b)11/3 (a+bx3)%?

(7b)1/3x (7b>1/3x (7b)2/3 X2
40 (-1)%/33%/4a2/3 (7Ab-16aB) \/ (-1)5/6 [-1+ - 1+ + (a+bx3)
al/3 al/S a2/3
_(_1)5/e_ﬁ<—b>1/3x _(_1)5/e_ﬁ<—b>1’3x
al/s al’s
ﬁEllipticE[ArcSin[ o } (,1>1/3] Y (1)5/8 EIIipticF{ArcSin[ - CL1ye

® Problem 255: Result unnecessarily involves imaginary or complex numbers.

x4 (A+Bx3)
————dx
(a+bx?) 52
Optimal (type 4, 559 leaves, 5 steps):

2 (Ab-aB)x5 2 (Ab-10aB) x? 8 (Ab-10aB) \/a+bx?
N .
9ab (a+bx®)**  57.p2 [a pxs  27ab¥? ((1+V3 ] al®4biix|

+

a2/3 _ al/3 pl/3 y 4 p2/3 x2 1- ﬁ) al’® + bl/3 x
4+2-+3 (Ab-10aB) (al’®+ b3 x) El i pticE[ArcSin| ]. -7-4x/?]/
( 1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 + pl/3x
al/3 (al/3 . pl/3 x
9 x 33/4 a2/3 b8/3 ( ) . /a +b X3
((1+\/\’T) a1/3+b1/3x)
a2/3 _ al/3 pl/3 x 4 p2/3 x2 1-+/3 ) al’®+pl3x
82 (Ab-10aB) (al? + b1/ x) . EIIipticF[ArcSin[ ) ] -7-4@} /

((1+ﬁ) a1/3+b1/3x)2 (1+ﬁ) al’? + b3 x

al/S <a1/3 + bl/3 X)
27 x 31/4 a2/3 p8/3 Ja+bx3

((1+\/§) al/Serl/?’X)2
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Result (type 4, 256 leaves):
1

8la (-b)®3 (a+bx3)%?

(7b)1/3X (7b)l/3X (7b>2/3X2
23 (-b)?3x* (-10a?B+4Ab*x>+ab (A-13Bx?)) +4 (-1)2/33%4a%3 (Ab—lOaB)\/(—l)S/G [-1+ 1+ +
al/3 al/3 a2/3
i (_b)l/3 i (_pb)ls3
- (-1)8/8 - DX e D
(a+bx3) ﬁEHipticE[ArcSin{ ,(-1)L3 +(—1>5/6EllipticF[ArcSin{ ,(-1)L3
31/4 31/4
® Problem 256: Result unnecessarily involves imaginary or complex numbers.
x (A+Bx3)
———dXx
(a+bx3)5/2
Optimal (type 4, 563 leaves, 5 steps):
2 (Ab-aB) x? 2 (5Ab+4aB) x? 2 (5Ab+4aB)+a+bx3
+ - +
9ab (a+bx3)*? 5, op [a.px® 27a2bs’3 ((1+ﬁ) a1/3+b1/3x)
a2/3 _al/3pl/3 y 4 p2/3 x2 1-+/3 ) al’3pl3x
2-4/3 (5Ab+4aB) (a3 +b3x) EIIipticE[ArcSin[ ) ] 7774ﬁ} /
((14—\/?) al/3+b1/3x)2 (1+\/?) al/® + bl/3x
a1/3 a1/3+b1/3x
9 x 33/4 g5/3 p5/3 ( ) . ’a+bx3 _
((1+\/§) a1/3+b1/3x)
a2/3 _ al/3 pl/3 x 4 ph2/3 x2 1-+/3 ) al’8plex
2+/2 (5Ab+4aB) (al’®+b'3x) EIIipticF[ArcSin[ ) } 7774\5} /
((1+\/?) a1/3+b1/3x)2 (1+\/3_) al/3 4 pl/3 x

alss <a1/3 +bl/3 x)
27 « 31/4 35/3 p5/3 ~Ja+bx3

((1+ﬁ) a1/3’+b1/3x)2
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Result (type 4, 257 leaves):
1

8la? (-b)%3 (a+bx3)%?

(7b)l/3X (7b)l/3X (fb)2/3X2
2|3 (-b)?3x* (a?B+5Ab*x>+4ab (2A+Bx®)) + (-1)?/33%4a?% (5Ab+4aB) | (-1)%° [-1+ + +
a1/3 a1/3 a2/3
i(-b)?73 i (-b)1/3
7(71)5/efo 7(71)5/67TX
(a+bx3) ﬁEHipticE[ArcSin[ (~1)1/3 +(71)5/6EllipticF{ArcSin[ . (~1)1/3
31/4 31/4

® Problem 257: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dX
x2 (a+bx3)5/2

Optimal (type 4, 578 leaves, 6 steps):
A (11Ab-2aB)x? 5 (11Ab-2aB)x?2 5 (11Ab-2aB)+a+bx3

— — — + —

ax (a+bx3)*? 9a? (a+bx3)%? 2723 Jas+bxd 27a3b2/3((1+\/?) a1/3+b1/3x)

1—\/37) al/3  pl/3x

a2/3 _ al/3 pl/3 x 4 h2/3 x2
5123 (11Ab-2aB) (a3 b x| Bl i pti cE|Arcsin| | -7-4v3]|/
((1+\/§> a1/3+b1/3x)2 (1+\/37)a1/3+b1/3x
al’3 (al/3 4 pl/3
18 x 3374 g8/8 p2/3 ( . ) ; Ja+bx® |+
((14—\/?) a1/3+b1/3x)
2/3 _g1/3 p1/3 h2/3 x2 1-+/3 ) al’3pl3x
542 (11Ab-2aB) (a3 b'x) |~ ° e EllipticF|ArcSin| ) ],—7—4\/37}/
((1+\/§) a1/3+b1/3x)2 (1+\/§) al’d . pl/3 x

1/3 (A1/3 , pl1/3
27 x 31/4 g8/3 p2/3 al® (@0 Px) rJa+hbx3
((1+ﬁ) al/s +bl/3X)2
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Result (type 4, 273 leaves):

1 3 (55Ab2x5+a? (27A-16Bx®) +2abx® (44A-5Bx3))
- +
8lad (a+bx?)®? X
(71>5/6 <7a1/3+ (7b)l/3X> (—b)l/3X (_b)2/3X2
1/ (-b)?/35 (-1)1/633/432/3 (11 Ab-2aB) + + (a+bx?)
al/3 al/3 a2/3
_(~1)5/6 _ i(-b)*%x S (-1)5/6 - i(-b)t3x

a1/3 a1/3

. P : 41 1/3 C1,1/3 P ; 1,173

]1\/?E||Ip'[ICE{AI’CSIn[ S . (-1) +(-1) ElllptlcF{ArcSm[ i } (-1)

® Problem 258: Result unnecessarily involves imaginary or complex numbers.

A+Bx3
—  dX
x5 (a+bx3)5/2

Optimal (type 4, 610leaves, 7 steps):

A 17Ab-8aB 11 (17 Ab-8aB) 55 (17Ab-8aB)a+bx3 55b'/3 (17Ab-8aB)a+bx3

- - - + +
4ax* (a+bx3)¥? 36a2x (a+bx®)*? 108 a3x /asbxd 216 a* x 216a4((1+\/?)a1/3+b1/3x)
2/3 _ g1/3 p1/3 h2/3 x2 1-+/3)al’3pl3x
5512-+/3 b3 (17Ab-8aB) (a3 +b¥3x) i e EIIipticE{ArcSin[ ) ] 7774ﬁ} /
((14—\/?) a1/3+b1/3x2 (1+\/?) al’® + bl/3x

alss <a1/3 +b1/3x)
144 % 3374 g11/3 Ja+bx3d |-

((1+ﬁ) 611/3+b1/3x)2

a2/3 _ al/3 pl/3 x 4 h2/3 x2 1 7\/?) al/3 + pl/3x
55b'/3 (17Ab-8aB) (a3 +b™3x) Ellipti cF[ArcSi n[

( 1+\/?) a1/3+b1/3x)2 (1+\/?) al/s 4 pl/3x

al/3 a1/3 bl/S X
108 /2 317431173 ( i ) . Ja+bx®
((1+ﬁ) als3 +b1/3x)

| 7-av3)|/
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Result (type 4, 293 leaves):

1 3 (-935Ab3x°+54a3% (A+4Bx3) +88ab?x® (-17A+5Bx3) +a? (-459 Abx3+ 704 b Bx"))
)3/2 h x4 *

648 a* (a+bx?

(71)5/6 <7a1/3+ (7b)l/3x) (—b)l/3x (_b)z/s X2
55 (-1)1/63%4a%3 (_b)1/3 (17Ab-8aB) 1+ + (a+hbx?)
a1/3 al/3 a2/3
S (-1)5/6 - E(D)EX S (-1)5/6 - E(D)EX
al/s al/s
7j\§EllipticE[ArcSin{ ] <71>1/3} b(-1)1s3 EIIipticF[ArcSin{
31/4 31/4

® Problem 262: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

[Fectes

4¢+dx3
Optimal (type 3, 65leaves, 6 steps):

ArcTan[ fcxdx? } ArcTanh{ fcxdx? }
NER Ve

C

23 /e 6c
Result (type 6, 158 leaves):

1 1 3 c 4c
~12dx3+/c+dx® Appel |IF1|—, - — 1, —, - ——, - —— /(4c+dx3
{2 2 2 d x3 dx3} ( )
1 1 3 c 4c 3 1 5 c 4c 3 1 5
(3dx3Appe||F1{—, SSL o e —— - — e (—8AppeIIF1{—, D2, D, o -l epppellFL[ S, 21, I
2" 2’ 2 dx® dx3 2 2 2 dx® dx3 2 2 2

® Problem 263: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

[t

x4 (4c+dx3)
Optimal (type 3, 88leaves, 7 steps):

m chTan{%} dArCTanh[@}

12 ¢ x® 8+/3 c3/2 24 c3/2

], (~1)1/3



Result (type 6, 319 leaves):
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1 3 1 dx3 dx3
_3- + 12d2xGAppe||F1{1, 21,02, - 7—} / (4c+dx3)
36 x3+/c +dx3 ¢ 2 ¢ 4c
1 dx3 dx3 dx3 dx3 dx3 dx3
78cAppeIIF1{1 =01, 02, - — 7—}+dx3 AppeIIFl{Z, 2,8 - — 7—}+2AppeIIF1 2, —, 1,3, - — 7—} +
2 c 4c c 4c C 4c
3 1 5 c 4c
[10d2x6Appe||F1[— U D 7—} /[(4c+dx3)
2 2 2 dx® dx3
3 5 c 4c 5 7 c 4c 5 3 7 c 4c
[ 5dx3 AppellFl[— . T 7—} 8Appe|||:1[—, Z2, -, - — cAppel lFL[ =, =1, - - —]]J]
2 2 dx3 dx3 2 2 dx3’ dx3 2" 2 2 dx3 dx3
® Problem 264: Result unnecessarily involves higher level functions.
x*4/c+dx3
4C+dX3
Optimal (type 4, 689 leaves, 7 steps):
\/?cl,G (c1’3+21’3d1’3x)
2 x21/3¢7/8 ArcTan
2x2+/c+dx3 50c+/c+dx3 { Ve x? ]
- +
7d 7 d5/3 (( ) cl/3 +dl/sx) A3 d5/3
Cl’G (C1/3721/3 d1’3 X)
2 21/3 c7/6ArcTan{\/C+dx ] 2 x21/3 c7/6ArcTanh[ - } 2« 21/3 ¢7/6 ArcTanh[‘/"J*‘iXs }
A c+d X
- + ¢ +
\/?d5/3 d5/3 3d5/3
c2/3 _ cl/3 g1/3 x , d2/3 %2 1-+/3 ) cl/3dl3x
25x3Y41/2 /3 ¢ (c1/3 4+ dx) - EIIipticE[ArcSin[( ) [, -7-4v3] /
((l+\/3_) Cl/3+d1/3x) (1+\/?) cl/® 4y dl/3x
/ 1/3 q1/ / 1-4/3 | c1/3.¢1/3
50 /2 c4/3 (cl/3+d1/3x) c*i e Ad 3x*d23XZZ E|||pt|cF[ArcS|n[(>c—x}, —7—4\/3_]
c1/? (c1/3 4 g3 x) [[1/37) e2r2earax] (1:/3) er2earox
7 d5/3 NJe+dx® | -

((1+\/?) cl/s

Result (type 6, 343 leaves):

dl/BX)Z

7 % 31/4 d5/3

¢t/ (ct3.diRx)

\Jc+dx3

(143 ) coearix)?
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1 c 2 1 5 dx3 dx3 2 1 5 d x3 d x3
———————2x? |~ +x®+ |80CP Appel IFL[ =, =, 1, =, -\ -] / d(4c+dx®) [-20cAppel IFL[=, =, 1, =, - —— ———]+
7 /c+dx3 3 2 3 c 4c 3 2 3 c 4c

5 1 8 d x3 d x3 5 3 8 d x3 d x3
3dx3 AppellFl[—, N R— 7—}+2AppeIIFl[—, 1, -, - 7—} -
3 2 3 c 4c 3 2 3 c 4c
5 1 8 dx3 dx3 5 1 8 d x3 d x3
8002x3AppeIIF1{f, . T _—] / (4c+dx3) [32cAppel IF1[ =, =, 1, —, - ——, _7]_
3 2 3 c 4c 3 2 3 c 4c
8 1 11 dx3 dx3 8 3 11 d x3 d x3
3dx3 AppellFl[—, o2, 5o ——]+2Appe|IF1[—, Zo1, = o0 7—}
3 2 3 c 4c 3 2 3 c 4c

® Problem 265: Result unnecessarily involves higher level functions.
x~/c+dx3
————dx
4c+dx8

Optimal (type 4, 659 leaves, 5 steps):

,\/?CI’G (C1’3+21,’3 dl’3x) Cl,ﬁ (Cl,3721/3 d1,3 X) 3
cl/6 ArcTan 1/6 Ve+dx® cl/¢ ArcTanh | ——M——— L 1/6 Ve+dx
2:/c+dx3 { [erdx® } c ArcTan[ﬁﬁ} [ Py } c ArcTanh[ > }
+ - + -
g2/3 ((1 +\/3_) cl/3 +dl/sx) 22/3 /3 ¢2/3 22/3 /3 (¢2/3 22/3 g2/3 3 x 22/3 g2/3
c2/3 _cl/3 g1/3 y , ¢2/3 2 1-+/3 ) cl/8dl3x
31442 -4/3 ¢l (¢34 dT/3x) EllipticE|[ArcSin| | | -7-4V3] /
(1+\/?)c1/3+d1/3x)2 (1+\/?)cl/3+d1/3x

s i gt 1/3 ) c13.gise
2+/2 ¢t/3 (cl/3 1 dl/3x) c¥RctP dhE xR X2 EIIipticF[ArcSin[( e ”

SR T T 7443
((1”@) c1’3+d1/3x)2 (1+ﬁ) c1/3.d1/3 x ]' \/_}

cl/s (Cl/S +d1/3X>
d2/3

/ d 3
((l+\/37) C1/3+d1/3X)2 o " ’ 1/3 1/3,41/3
31/4 g2/3 o (PdBx) o dx3

((1+\E) cl/3.4d1/3 X)Z

Result (type 6, 167 leaves):

2 1 5 dx3 d x3
10c x2+/c +dx3 AppeIIFl[f, R TR _—} / (4c+dx?)
3 2 3 c 4c
2 1 5 d x3 d x3 5 1 8 dx3 dx3 5 1 8 dx3 dx3
20cAppe||F1[—, R T 7—]73dx3 AppellFl[—, 2, - o — -] -2appellF1[ =, S, 1, &, -, 7—]
3 2 3 c 4c 3 2 3 c 4c 3 2 3 c 4c
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® Problem 266: Result unnecessarily involves higher level functions.
\Je+dx3

x2 4¢c+d x3)

Optimal (type 4, 697 leaves, 7 steps):

cl/6 (c1/3721/3 qi/3 X) ]

d/3 ArcTan [ V3 cle (ctR21e d i x) } dl/3 ArcTan { \c+dx3 ] di/3 ArcTanh{

\/C+dX3 dl/3\/C+dX3 A/ c+d x3 NERrE N c+d x3
+ - +

4 % 22/3 CS/G

- +
4cx 4c ( 1++/3 ) c1/3+d1/3x) 4 % 22/3 /3 5/6 4 % 22/3 /3 5/6

dt/3 ArcTanh[7V°+dx3 1- ﬁ) cl/3 . di/3 ¢

Ve } _ 31/44/27\/37 d1/3 (C1/3+d1/3 X)

12 ><22/3 CS/6 (

c2/3 _cl/3 gl/3 yx 4 d2/3 x2

|, -7-4v3] /

EIIipticE[ArcSin[
1+\/?) 01/3+d1/3x)2 (1+\/3_) cl/3 , g1/3 x

/ ) / ) r 1/3,41/3
ng’clsdlgx*duxi Ellipti cF{ArcS| n{(ls)c—x} —7—4\/?}
((1+\/37) cl/3+d1/3x) (lﬂ/i) cl/34d1/3 x

di/3 (Cl/S +dl/3 X)

cl/3 (cl/3 , gl/3 x
8 o2 SRR N ol
1/3 1/3
([1+Va) eveavay] 27 gecrs | ST o g

(13 ] ct2eatox)

Result (type 6, 344 leaves):

1 5dx3 2 1 5 d x3 d x3
-5- 250 cdx® Appel IF1[ =, =, 1, =, - ——, - ——] / (4c+dx?)
20 x /c+dx3 c 3 2 3 c 4c
2 1 5 dx3 dx3 5 1 8 d x3 d x3 5 3 8 d x3 d x3
20cAppe||F1{— =1, =, o 7—]73dx3 AppellFl[— T2, -, -, ——]+2AppeIIFl[—, 1, -, - 7—] "
3 2 3 c 4c 3 2 3 c 4c 3 2 3 c 4c
5 1 8 dx3 d x3 5 1 8 d x3 d x3
16d2X6Appe||Fl[f -1, - -—, _7} / <4C+dX3) 32c Appel lF1|—, — 1, —, - —, —7}—
3 2 3 [ 4c 3 2 3 c 4c
8 1 11 d x3 d x3 8 3 11 dx3 dx3
3dx? AppellFl[— Y N ——}+2AppelIFl{—, Zo1, S, o 7—]
3 2 3 c 4c 3 2 3 c 4c

® Problem 267: Result more than twice size of optimal antiderivative.

[

4¢c+dx3

Optimal (type 6, 66 leaves, 2 steps):
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4 3 4 1 7 dx3 dx3
xtyfcrdx® Appel IF1[%, 1, -1, 7, &< _d<
16¢c |1+ 9¢

Cc
Result (type 6, 344 leaves):

1 c 1 1 4 dx® dx® 1 1
- X 2(—+x3)+ 128 3 Appel IFL[—, — 1, —, -\ - ——| / d(ac+dx®) |-16cAppel IF1[-, —, 1,
5 Jeide® d 3 2 3 c 4c 3 2

4 1 7 dx® dx3 4 3 7 dx® dx3
3dx® [Appel IFL[—, =, 2, =, -——, - ——[+2Appel IFL[~, ~, 1, -, - ——, -~ —]|]|-
3 2 3 C 4c 3 2 3 c 4c
4 1 7 dx3 dx3 4 1 7 dx3 dx3
119¢2x® Appel I F1[—, —, 1, — ——, ] / (4c+dx®) [28cAppel IFL[—, —, 1, — ——\ - |-
3 2 3 c 4c 3 2 3 c 4c
7 1 10 dx3 d x3 7 3 10 x3 dx3
3dx® [Appel IF1[—, =, 2, —, -——, -——|+2Appel IF1|—, =, 1, —, -—, _” J]
3 2 3 c 4c 3 2 3 c 4c
® Problem 268: Result more than twice size of optimal antiderivative.
\Jc+dx3
— dx
4¢+dx3
Optimal (type 6, 64 leaves, 2 steps):
1 1 4 dx3 dx3
X C+dX3 AppellFl{g, 1,—5, 5,—?,—T
4c [1.+9¢
C
Result (type 6, 165 leaves):
1 1 4 d x3 d x3
16cxA/c+dx3 AppeIIFl[—, S, I — ——} / (4c+dx3)
3 2 3 c 4c
1 1 4 dx3 d x3 4 1 7 dx3 dx3 4
16cAppe||F1[—, SR TR 7—}73dx3 AppellFl{—, T2, - - 2 | _2mppel I F1] -,
3 2 3 c 4c 3 2 3 c 4c 3

® Problem 269: Result more than twice size of optimal antiderivative.

\Je+dx3 ;
— dX

x3 (4c+dx3)

Optimal (type 6, 66 leaves, 2 steps):

dx3

dx3

4c
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3 2 11 _dx¥ dx®
Ve+dx® Appel IF1[-2, 1, -2 29X, &

8cx? [1+ 2

Result (type 6, 344 leaves):

1 2dx3 1 1 4 d x3 d x3
2 +|128cdx® Appel IFL[ =, =, 1, —, - ——, -] / (4c+dx?)
1652 o rdr® c 3 2 3 c 4c
1 1 4 dx3 d x3 4 1 7 d x3 d x3 4 3 7 d x3 d x3
160AppeIIF1{f, I T _—}_3dx3 AppeIIFl[f, I N ——}+2AppeIIFl[f, 1, -, - _—} .
3 2 3 c 4c 3 2 3 c 4c 3 2 3 c 4c
4 1 7 dx3 d x3 4 1 7 d x3 dx3
7d2x6Appe||F1[—, =1 -, 7—] / (4c+dx3) |-28cAppel IF1| -, —, 1, —, - —, 7—]+
3 2 3 c 4c 3 2 3 c 4c
7 1 10 d x3 d x3 7 3 10 x3 dx3
3dx® [Appel IF1[—, =, 2, —, -——, -——|+2Appel IF1|—, =, 1, —, - —, - —|
3 2 3 c 4c 3 2 3 c 4c

® Problem 273: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

dx

1
\J\X\/C+dX3 (4c+dx3)

Optimal (type 3, 65leaves, 6 steps):

ArcTan{V”‘XS | ArcTann| c-dx? }
NERYE N

63 32 6c¥?
Result (type 6, 160 leaves):

3 1 5 c 4c
10dx3Appel IF1|—, — 1, — - ——, - — /[9\/c+dx3 4¢+dx3
[ {2 2 2 dx3 dx3} ( )
3 1 5 c 4c 5 1 7 c 4c 5 3 7 c 4c
[—de?’AppeIIFl{—, S TR 7—}+c sAppellFl[—, Z2, - ——— - —ZemppellF2[Z, T 1, 7—}]]]
2 2 2 dx3 dx3 2 2 2 d x3 d x3 2 2 2 d x3 d x3

® Problem 274: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

dx

1
JX4\/C+dX3 (4c+dx3)

Optimal (type 3, 88leaves, 7 steps):

Jerdx® dNCTa”{%} dArcTanh[@}

- + +

12 c2 x3 24 /3 ¢5/2 8 c5/2
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Result (type 6, 324 leaves):

1 1 dx3 dx3
~c-dx®- [4cd?x® Appel I FL[1, =, 1, 2, - ——, - ——] / (4c+dx?)
12c2x34/c +dx3 2 ¢ 4c
1 dx3 dx3 1 d x3 d x3 3 d x3 dx3
SCAppeIIFl[l, S T J— 7—]7dx3 AppeIIFl{Z, =28, - — 7—}+2AppeIIF1 2, —, 1,3, -—, 7—] -
2 c 4c 2 c 4c 2 c 4c
3 5 c 4c
[10cd2x6Appe||F1[—, U D 7—} /[(4c+dx3)
2' 2 20 dx3  dx®
3 1 5 c 4c 5 1 7 c 4c 5 3 7 c 4c
[—5dx3Appe|IFl{—, . T ——}+8cAppelIFl{—, 22, - - —— -~ licappellF1[Z, T 1, -, -, 7—} ]
2 2 2 dx3 d x3 2 2 2 dx3 d x3 2 2 2 d x3 dx3

® Problem 275: Result unnecessarily involves higher level functions.

dx

| =
c+dx3 (4C+dx3)

Optimal (type 4, 667 leaves, 5 steps):

2 x 213 ¢1/6 ArcTan { V3 o1t (MR 2R AR x) ]

24+/c+dx3 \c+dx3

N
d5/3 ((1 . \/?) cl/3 +dl/sx) 3+/3 d5/3
1/6 (p1/3_91/3 41/3
2 5 21/3 cl/eArcTan{VdeS ] 2 x 2173 Cl/GArcTanh[M} 2 5 21/3 Cl/GArCTanh[ c+dx® }
3 e 4/ c+d x3 Ve

+
33 d°/3 3d5/3 9d5/3

1-+/3 ) cl/3 ., gi/3 g

(1+\5) cl/3 +dt3x

CZ/S _ Cl/3 dl/3 X + d2/3 x2

( l+\/37) Cl/3+d1/3X)2

|, -7-4v3] /

El i pticE[ArcSi n{

31/4 2_\/? Cl/3 <C1/3+dl/3x)

/ o / 3 ) cl/3,g13
0%12-c1 413 X d? 2 x? E||ipticF[ArcSin[(l)°—dx], -7-443 ]

24/2 1/3 1/3 , g1/3
\/7(: (C + X) ((l+ﬁ) Cl/3+d1’3x)2 (l+\/?)c1’3+d1/3x

cl/3 (el/3 , g1l/3

d5/8 ( ) ; AJe+dx® |+
A/ 1/3 1/3 ,

( 1 + 3 ) (o3 + d X) 31/4 d5/3 C1’3 <C1’3+d1’3x) \/m

L(l+\/?) cl/3.,d1/3 X)z

Result (type 6, 169 leaves):



5 1 8 dx3 dx3
32cx5AppeIIF1{f, . T 7—} / 5/c+dx® (4c+dx?)
3 2 3 c 4c
5 1 8 dx3 dx3 8 1
32cAppel IFL[=, =, 1, -, ———, ———| -3dx3 |Appel IF1] -, =, 2,
3 2 3 c 4c 3 2

® Problem 276: Result unnecessarily involves high

J X dx
\Jc+dx3 (4c+dx3)

Optimal (type 3, 206 leaves, 1step):

ﬁcl,s (C1'3+21"3 d1'3x) %er 3
ArCTan{ \/c+d x3 } ArCTan{\/;\/XC*]

er level functions.

ArcTanh{cl' (

\/c+d x3

6 C1'3721/3 d1'3 X)

3

’
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+

3X22/3\/37C5/6 d2/3 3><22/3\/?C5/6 d2/3

Result (type 6, 167 leaves):

2 1 5 dx3 dx3
1ch2AppeIIF1{f, . T -—} /
3 2 3 c 4c
2 1 5 d x3 d x3
20cAppe||F1[—, S, o, o, o
3 2 3 c 4c

® Problem 277: Result unnecessarily involves high

1
J ax
x2~fc +dx3 (4c+dx3)

Optimal (type 4, 697 leaves, 7 steps):

]—3dx3

3 x 22/3 C5/6 d2/3

\Jc+dx3 (4c+dx3)

5 1
Appel | Fl[—, =, 2
3 2

er level functions.

3

]

11 dx3 dx3 8 11 dx3 d x3
S - —— | 2mppel 1R, S, 1, o ]
c 4c 3 3 c 4c
ArcTanh{“mdxa}
Cc
9><22/3C5/6d2/3
d x3 d x3 5 3 8 d x3 d x3
— . —|+2mppeltF1[=, =, 1, &, -, 7—}
c 4c 3 2 3 c 4c
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\/?Cl/e (Cl’3+21/3 d1’3x> }

d/3 ArcTan
AJc+dx3 dl/3~/c +dx3 [ A c+d x3

d1/3ArcTan{7\/r°*dxg] di/3 ArcTanh{

cl/e (cl/3213 dl/3 ) ]

3 Vo A\ c+d x®
- + + - + -
4c2x 4 c2 ((1 +\/?) cl/3 +dl/ax> 12 x 22/3 /3 ¢l1/6 12 x 22/3 /3 cli/6 12 x 22/3 ¢11/6
dl/?’ArcTanh[ evdx? 23 1/3 1-+/3 ) cl/3,gLs3
c _c dl/3 x + d2/3 x2 C + X
o 1 lguanfp 3 @i (c1/3 + d'73 x) EllipticE[ArcSin[( ) } 7774ﬁ] /
36 x 22/3 ¢11/6 ((1+V3) s +dl/ax)z (1+V37) ¢34 13 x
2/ 1/3 41/ 2/3 2 '1,\/3_ 1/3,d1/8
d1/3 (c1/3+dl/3x) c2/3_¢1/3 413 y 1 d 3x2 EIIipticF{ArCSi n{()cﬁ}, ,7,4\/?}
Cl/s (Cl/3+d1/3X> ((l*rﬁ) 01/3+d1’3x) (lmﬁ)c +d1/3 x
8c5/3 . Aerdx3d |+
1/3 . 41/3 s s
((1+\/37)C +d X) 2\/?31/405/3 C13(013+d13x) : /—C+dx3
((14—@) c1/3+d1/3x)
Result (type 6, 348 leaves):
1 2 1 5 dx3 dx3
50dx® Appel | F1[ =, =, 1, =, - ——, - ——] / (4c+dx3)
20x+/c +dx3 s 2 3 ¢ 4c
2 1 5 dx3 dx3 5 1 8 d x3 d x3 5 3 8 d x3 d x3
20cAppeIIF1{f, I T _—]_3(“3 AppeIIFl[f, T2, o, - ——]+2AppeIIF1[f, 1, -, - _—] .
3 2 3 c 4c 3 2 3 c 4c 3 2 3 c 4c
5 1 8 dx3 d x3 5 1 8 dx3 d x3
1/c?|-5 (c+dx3) + 160d2x6AppeIIFl{—, -1, - -—, 7—] / (4c+dx?) 320AppeIIF1{—, 1, -, - 7_},
3 2 3 c 4c 3 2 3 c 4c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx° AppeIIFl{f, - 2, — -—, ——}+2AppellFl[*s L _7]
3 2 3 c 4c 3 2 3 c 4c

® Problem 278: Result more than twice size of optimal antiderivative.

dx

=
c+dx3 (4c+dx3)

Optimal (type 6, 66 leaves, 2 steps):
xt [14 95 pppel I F1[%, 1, L 29X dX

16cA/fc+dx3

Result (type 6, 167 leaves):
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4 1 7 dx3  dx3
7cx4AppeIIF1[§, o 1, L X]]/ (x/c+dx3 (4c+dx3)

3 c 4c

4 1 7 dx3 d x3 7 1 10 dx3 d x3 7 3 10 d x3 d x3
28cAppeIIFl{f, o1, -, - 7—]73dx3 AppeIIFl[f, o2, o " | i2appel lFL[ -, =, 1, —, -, 7—}
3 2 3 c 4¢ 3 2 3 c 4¢ 3 2 3 c 4c¢
® Problem 279: Result more than twice size of optimal antiderivative.
1
J dx
\Jc+dx3 (4c+dx3)
Optimal (type 6, 64 leaves, 2 steps):
dx3 1 1 4 dx3 dx3
x [1+2% appellFL[2, 1, 2, 4 99X
4¢c+fc+dx3
Result (type 6, 165 leaves):
1 1 4 dx3 dx3
160xAppeIIF1{—, -1, - -—, 7—} / \Je+dx® (4c+dx?)
3 2 3 c 4c
1 1 4 dx?® dx? 4 1 7 dx3 dx3 4 3 7 dx3 dx3
16cAppel IFL[ =, =, 1, —, -——, -——|-3dx® |Appel IF1[—, =, 2, — - ——, -="[.2Appel IFL[ =, ~, 1, -, - —, - ——|
3 2 3 c 4c 3 2 3 c 4c 3 2 3 c 4c

® Problem 280: Result more than twice size of optimal antiderivative.

1
J ax
x34/c +dx3 (4c+dx3)

Optimal (type 6, 66 leaves, 2 steps):
dx3 2 1 1
1.9 AppeIIFl[—g, 1, 2, 3 -9%, -4E

8cx24/c+dx3

Result (type 6, 348 leaves):
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1 1 1 4 d x3 d x3
| |128dx®Appel IFL[ =, —, 1, -, - ——, -] / (4c+dx3)
16 x2~/c +dx3 3 2 s ¢ 4c

4 7 dx3 dx3 4 3 7
3dx3 AppellFl[— A +2AppeIIFl[—, =1, -,
3 3 c 4c 3 2 3
4 1 7 d x3 d x3
1/c? —2<c+dx3)— 7cd?x® Appel I F1|—, —, 1, 7,——,——} /
3 2 3 c 4c
7 1 10 dx3 dx3 7 3
3dx8 AppellFl[—, T oo, T +2Appe||F1[— 1,
3 2 3 c 4c 3 2

® Problem 281: Result unnecessarily involves higher level functions.

dx

J\\/1—x3 (4-x3)

Optimal (type 3, 127 leaves, 1step):

V3 (1-213x) f 1:213x
ArcTan| ————+ 1-x8 ArcTanh
{ - ] ArcTan| = ] [ — | Ar cTanh | /17)(3}
- + - +
3 % 22/3 \/? 3 x 22/3 \/37 3x22/3 9 x 22/3
Result (type 6, 120 leaves):
2 1 5
- lezAppeIIFl{f, “o1, o, %8
3 2 3
2 1 5 x3 5 1
1-x% (-4+x3) 20Appe|||:1[ — 1 = 3 —]+3x° |Appel IFL[ =, =,
3 2 3 4 3 2

~16 ¢ Appel | Fl[

dx3

10

3

d

x3

4c

d x3

c

,I]

x3

1
3

-

4 1
[(4c+dx3) (28cAppeIIFl[, - 1,
3 2

d x3

1)

5
+2 Appel | F1| —
3

N
w

d x3

® Problem 286: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

[Fectes

8c-dx3
Optimal (type 3, 58leaves, 6 steps):
ArcTanh{ “3”“3 ] ArcTanh{ [c-dx? }

C

C

4-/c 12+/c
Result (type 6, 158 leaves):
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1 1 3 c 8c
2dx3Jcrdx® Appel IFL[Z, -2, 1, &, -~ = / gc+dx®
{2 2 2 dx3 dxs} < )
1 1 3 c 8c 3 1 5 c 8c 3 1 5 c 8c
[3dx3Appe||F1[—, R TR —%c (lGAppeIIFl[—, R M. cAppel lFL[ =, =1, & - —] J]
2 2 2 dx3 dx8 2 2 2 dx3 dx3 2" 2 2 dx3 dx3

Problem 287: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

[t

x4 (8¢ -dx3)

dx

Optimal (type 3, 81leaves, 7 steps):

Jerdx® dNCTanh[;Erﬂ} SchTanh[@]

C Cc
_ . _
24 ¢ x3 32c3/2 96 ¢3/2
Result (type 6, 321 leaves):
1 3dx3 1 dx3 dx3
_3- " 24d2x6Appe||F1[1, 01,02, - —— /
72x3+/c+dx® ¢ 2 ¢ 8c
1 dx3 dx3 1 dx3 dx3 3 dx® dx3
(8¢ -dx?) 16cAppe||F1[1, 21,02, - —]+dx3 Appe||F1{2, 22,3 -— ““ | _anppellFLl2, = 1,3 - —, —} ‘
2 c 8c 2 c 8c 2 c 8c
3 1 5 c 8c
[SOdzxﬁAppeIIFl{—, -1, - -—, —]]/ [(780+dx3)
2 2 2 dx3 dx3
3 1 5 c 8c 5 1 7 C 8c 5 3 7 c 8c
[5dx3AppeIIFl[f, P , —]+16cAppeIlFl[f, T2, o, —cAppel lFL|Z, 21, -, - } ]
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2 2 2 dx3 dx3

Problem 288: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
\Jc+dx3
x7 -d x3)

Optimal (type 3, 107 leaves, 8steps):

d? Ar cTanh { 7’3“(”3} d? Ar cTanh { 7“““3]

Jesdx®  dafc.dx3 - -
- - + +
48 ¢ x5 64 c2 x3 256 ¢5/2 256 ¢°/2

Result (type 6, 341 leaves):
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1 3d2 2 7d 1 dx3 dx3
— -5 =- _ 12d3x3Appe||F1[1, Z01, 02, - —, —] / c (8c-dx?)
96 /c+dx3 2c X 2cx 2 ¢ 8c
1 dx® dx8 dx® dx3 3
16cAppeIIF1[l, S T J— —]+dx3 AppellFl{z, N Pp— —]74AppeIIFl[2, =1, 8, - —,
2 c 8c c 8c 2
3 1 5 c 8c
[5d3x3Appe||F1[—, 1o — —] / c (8c-dx?)
2’ 2 2 dx3 dx3
3 1 5 c 8c 5 1 7 c 8c 5
5d x3 AppellFl[— R —]+16cAppeIIFl[— =2, - -—— — ] -cappell F1[ =
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2’

® Problem 289: Result unnecessarily involves higher level functions.
7Jc+dx3
T 8c-dx®
Optimal (type 4, 648leaves, 15 steps):

214cx2+/c+dx3 2x%+/c+dx3 12248 c?2+/c +dx3

91 d? ) 13d 01473 ((1+ /3 | 1'%+ db/ox]

1/6 (c1/3,41/3 1/3,d1/3 |2
32+/3 013/6ArcTan[M] 32 013/6ArcTanh{u} 32 c13/6ArcTanh[V°+dxg }
3/ c+d x3 3¢cl/6+/c+dx3 3¢
i 8’3 N d8/3 ’

d8/3

1oV ) e dtex

CZ/3 Cl/3 dl/3x +d2/3 X2

EIIipticE[ArcSin[

6124 <34 \/2 /3 ¢7/3 (c1/3 . d1x)

1 /3 Cl/3 dra )’ (1“/3 ) cl/3 . g1/3 x

C1/3 <C1/3 +dl/3
91 d8/3 +dx3

((l+\/?) Cl/3+dl/3x)

, , , , \/7 1/3,41/3
122482 ¢7/3 (c1/3 . dl3x) | Soetdtedtt ElllptucF{Arcsun[(ls)c—x}, -7-443 ]
(173 ) c2eatrax)® (1+V3 ] ctr2edr2 x

C1/3 C1/3+d1/3x
91 x 31/4 ¢8/3 { ) i [c +dx3

(13 ] ctoearox)

Result (type 6, 361 leaves):

N w

dx3 dx3
c 8c
7 c
l’ —, -
2 dx3
],7774\/?} /




1.1.3 General.nb | 457

1

455d2 +/c +d x3

2 1 5 dx3 dx3
-5 (107¢?+114cdx®+7d*x°) + 17120004AppeIIF1[7, -1, = - —]
3 2

(807dx3)
3 c 8c

2 x?

/

2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
40cAppe||F1[—, Y T — —]+3dx3 AppeIIFl[—, N — —]74AppeIIFl{—, o1, -, - .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx8
195968 c®d x® Appel I F1[ >, =, 1, =, -, ——| / (8c-dx?)
3 2 3 c 8c
5 1 8 dx3 dx3 8 1 11 dx® dx8 8 3 11 dx3 dx3
64cAppe||F1[—, o1, -, - —]+3dx3 AppellFl[—, o2, o o2 “2 ] _amppellFL[ -, S, 2 o —}
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c

® Problem 290: Result unnecessarily involves higher level functions.
x4/c+dx®
—————dx
8c-dx3

Optimal (type 4, 624 leaves, 14 steps):

(c1/3+d13 x)?

V3 cl/8 (c1/34dl3 ) /
4+/3 ¢”/6ArcTan| ——— = ) 4 ¢7/8 ArcTanh 7/6 c+dx®
2x24+/c+dx3 118c/c +d x3 { \c+dx? } [3(:1"5\/(:+dx3 ] 4c ArcTanh{ 3e ]
- - - + - +
7d 7 d5/3 ( 1 +\/?) cl/3 +dl/sx) ds/3 ds/3 ds’3

1/3 . 41/3
c2/3 _gl/3 g1/3 x | d2/3 x2 1-+3 ) [ +dt/3x

59 x31/41/2 /3 ¢4/3 (c1/3 4 d!3x) ] —7—4\/?}/

EIIipticE{ArcSin[
((1+\/?) c1/3+d1/3x)2 (1+\/?) cl/3 , dl/3

/ / / Y /3 ) cl/3.g1/3
11812 ¢4/ (/3 d/ax) | SRl gy oy F [ Arcsin [—(1 3 )t ] 743
(173 ) cravarax)® (1473 ) c1/24dt2 x

cl/3 (c1/3 4 g1/3
g il BN rovrcy
((1+\/37) cl/3 +d1/3X) 7 « 31/4 ¢5/3 c/® (clPdt P x) W

((l+\/37) cl/3.dt/3 X)Z

Result (type 6, 349 leaves):
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1 5 (c+dx?) 2 1 5 dx3 dx3
—————2x? |-+ |1600c® Appel IF1| =, =, 1, =, -——, ——| / d (8c-dx?)
35 /c+dx3 d 3 2 3 c 8c
2 1 5 dx® dx8 5 1 8 dx® dx8 5 3 8 dx3 dx3
40cAppe||F1[—, Zo1, o, o —]+3dx3 AppellFl[—, T2, o, - —]—4AppeIIF1 R A
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3
1888 c2x° Appel IF1[ =, =, 1, —, - —, —— / (8c-dx?)
3 2 3 ¢ 8c
5 1 8 dx3 dx3 8 1 11 dx® dx3 8 3 11 dx3 dx3
64cAppeIIF1[f, =1, -, —]+3dx3 AppeIIFl[f, o2, &, o “Z ] _anmppellFA[—, =1, &, o —}
3 2 3 c  8c 3 2 3 c 8¢ 3 2 3 c  8c

® Problem 291: Result unnecessarily involves higher level functions.
x+/c+dx3
—————dx
8c-dx3

Optimal (type 4, 601 leaves, 12 steps):

/ / / /3,413 x| 2
V3 et [eldRx) } cl/GArcTanh[—(C13 ¢x) ] Cl/GArcTanh{\/md)& ]
3

3 cl/6 ArcTan
24/c+dx3 \/7 { A/ c+d x3 3¢cl/6+/c+dx3

1+x/?)c1/3+d1/3x)7 ' 7

C
+

- 42’3 ( 2 g2/3 2 g2/3 2 g2/3

1/3 , 41/3
C2/3 _gl/3 g1/3 x , g2/3 %2 1-+3 )C +dt/3 x

(

| -7-av3])/

El i pticE[ArcSi n[

31/4 27\/37 Cl/3 (C1/3+d1/3X>
1+\/?) 01/3+d1/3X)2 (1+\/?) cl/3 gl x

/ / / / _/3 ) cl/3.gL/3
22 ¢1/3 (c13 . e x| | ST gy pti cF | ArcSi n[—(l 3 ) et X], -7-443 ]
(173 ) crevarax)? (173 ) c124d12

cl/3 (c1/3 4 d13x)
d?/3 NJe+dx® | -
( (1 +/3 ) cl/3 . gis3 X)Z o3 (c1/3,d1/3 x)
31/4 §2/3 - A/c+dx3

((1+\E) cl/3.4d1/3 X)

Result (type 6, 168 leaves):

(8c-dx®)

2 1 5 dx3® dx8
[20cx2 c+dx3 AppeIIFl[f, R TR ]]/
3 2 3 c 8c
5 1 8 dx® dx8 5 1
Appel IFL| =, ==, 2, -, -——, ——|+4Appel IF1[=, —, 1, —, - —, ——
37 2 3 ¢ 8c 3 2

2 1 5 dx® dx®
4OCAppe||F1{§, *E, 1, g, *T, g]+3dxs
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® Problem 292: Result unnecessarily involves higher level functions.

J i c+dx3
X2

c-dx3)

dx

Optimal (type 4, 632 leaves, 14 steps):

V3 cl/8 (c1/34dl3 ) (c1/3+d13 x)?
V3 di3 ArcTan| ———+— — °J di/3 ArcTanh| ———*/ 1/3 \cedx3
\Je+dx® di/3./c+dx3 { Jeax® } [SCMW] d AfCTa”h{igw_ ]
_ N _ . _ _
8cx 8¢ ( 1++/3 ) c1/3+d1/3x) 16 c5/6 16 c5/6 16 c5/6

- 1_+/3 ) cl/3,dl/3
342 -4/3 dE (cR 4 dl3x) e’ C1/3d1/3X+d2/3X22 EIIipticE[ArcSin{( >013+ 13X}, —7—4\5]/
(1+\/?) 01/3+dl/3x) (1+\/?)c/ +dt/3 x

(13 ) o5, x
<l+ﬁ) cl/3.d1/3 x

di/3 (13 dtex) | S EX O | pti cF[ArcSin|

(13 | oresaax’ |, -7-4v3]

b Cl/3 <Cl/3 Jrdl/3 X)
16 c?/

Ae+dxd |+

((l+\/§) Cl/Serl/?’X)2

01/3 01/3 dl’ax
4~/2 31/4 213 ) e vdxd

(\ (1+\/?) cl/8.,dL/s8 X)

Result (type 6, 345 leaves):

1 5d x3 2 1 5 dx® dx3
-5- +11300cdx® Appel I FL[ =, =, 1, =, - ——, —| / (8c-dx?)
40x+c+dx® ¢ 3 2 3 ¢ 8c

2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx3 dx3

40cAppeIIF1{f T, o, o —}+3dx3 AppeIIFl{f, Zo2, -, - —}_4Appe||F1 -5, o, o, .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx® dx3

322 x¢ Appel IFL[~, =, 1, — -——, || /[(-8c+dx)

3 2 3 c 8c
5 1 8 dx3 dx3 8 1 11 dx3® dx8 8 3 11 dx3 dx8

64cAppeIIF1{f S, -, - —}+3dx3 AppeIIFl{f, I W —]—4AppeIIF1 - 1, =,
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c

® Problem 293: Result unnecessarily involves higher level functions.

J Ao +dx®
X5

c-dx3)

dx

Optimal (type 4, 654 leaves, 15 steps):
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/3 cl/e (Cl/3+d1/3x) (cl/3+d1’3x)2
A3 d43ArcTan| ————— 21| d43 ArcTanh| ——— 1
Jesdx®  difcedx3 443 \Jc +d x® [ Jewan | {uum/mdxs }
- - + - + -
32¢x* 16 c? x 16 c2 ((1 +ﬁ) cl/3 , gL/ x) 128 c11/6 128 c11/6
d““”ArcTanh[ /cvdx? } 23 1/3 1-+/3 ) cl/3,gLs3
c _c dl/3 x + d2/3 x2 C + X
sle — |avan2 v g4 (b3 4 die : EllipticE[ArcSin[( | | -7-4V3] /
128 c11/6 ((1+\/§) cl/3 +dl/sx)z (1+\§) cl/3 . di/3 x
d¥/3 (13 4 dlax) [ S died i pti oF [ ArcSi n{—(lfﬁ\)cliwligx}, -7-443 |
01/3 <Cl/3 +dl/3X) ((l+\/?) C1/3+d1/3><> <l+\/37JC1'3+d13X
32 c5/3 5 c+dx® |+
1/3 , 41/3 .
((lJr\/?)C +d X) 8\/2_31/4C5/3 013(013+d13>() i ,7C+dx3
((14-\/37) c1/3+d1/3x)
Result (type 6, 367 leaves):
2 1 5 dx3® dx8
[625d2x2Appe||F1 = =1 o, —, —] / (8¢ -dx3)
80/ c +dx3 372 "3 ¢ 8c
2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx® dx8
4OCAppeIIF1{7, . T —}+3dx3 AppeIIFl{f T2, o, o —}—4AppeIIF1{f, . T, ]]]]_
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx® dx3
l/(2c2x4>[5 (c2+3cdx®+2d?x5) + 64cd3x9AppeIIF1{—, -1, - -— —} /[(80dx3) 64 c
3 2 3 c 8c

5 1 8 dx3 dx3
AppeIIFl[f, . P —}+3dx3
3 2

8 1 11 dx3 dx3 8 3 11 dx3 dx3
AppeIIFl{f, =2, — -— 7] 4AppeIIF1[f b '
3 c 8c 3 2 3 2

3 c 8c

® Problem 294: Result unnecessarily involves higher level functions.
iJc+dx3
x8 -d x3)

Optimal (type 4, 678leaves, 16 steps):



N3 d7/3 Ar cTan[

ﬁcl/e (01/3+d1/3X) ]

d7/s ArcTanh[
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(/3413 ) }

AJc+dx3 19d+/c +dx3 d?+/c +dx3 d7/3+/c +dx3 \c+d x3 3¢l/64/c+dx®
_ _ N _ _ N _
56 ¢ x’ 1792 c2 x* 112 ¢c3x 112 ¢3 ((1 +ﬁ) cl/3 , gi/3 x) 1024 ct7/8 1024 c17/6
d7/3ArcTanh[ /cvdx? 23 1/3 1-+/3 ) cl/3,gLs3
c _c dl/3 x + d2/3 x2 C + X
NSW 31/44[2-/3 d7/® (c13 4 dM3x) ~ EllipticE[arcSin| | | -7-4V3] /
1024 cl7/ ((1+\/37> 01/3+d1/3X) (1+\/37) cl/3 . di/3 x
2/ 1/3 g1/ 2/3 2 '1,\/3_ 1/3,d1/8
d7/3 (c1/3+dl/3x) c2/3_¢1/3 4173 y 1 d 3x2 EIIipticF{ArCSi n{()c—x}, ,7,4\/?}
((1“5) cl/3+d1’3x) (lmﬁ) cl/3.,dt/3 x
Cl/S (Cl/3+d1/3 X>
224 ¢c8/3 . Ae+dx® | -
((1+\/37) Cl/3+d1/3X) cl/3 (cl/3,q1/3
56 1/2 31/4¢c8/3 ) e dx®
((14-\/37) cl/3.dL/3 XJZ
Result (type 6, 378 leaves):
1 2 5 dx3® dx3
_5(32c3+51c2dx3+3cd2x6-16d3x9)-[3250c2d3x9Appe||F1[, -1l = - / (8c-dx?)
8960 c3x7 /¢ + d x? 3 3 ¢ 8c
2 1 5 dx3 dx3 5 1 8 dx3 dx3 8 dx3 dx8
4OCAppeIIF1{7, . T —}+3dx3 AppeIIFl{f, S M —4AppeIIF1{f, . T, —} .
3 2 3 c 8c 3 2 3 c 8c 3 c 8c
5 1 8 dx® dx3
512 cd*x*2 Appel IF1[ =, =, 1, - -—, —| / (8¢ -dx?)
3 2 3 c 8c
5 1 8 dx® dx8 8 1 11 dx® dx® 8 11 dx3® dx®
64cAppel IF1[=, =, 1, —, -——, —“-[+3dx® |Appel IF1|~, =, 2, —, -——, ——|-4Appel IF1[=, —, 1, = - — ——|
3 2 3 c 8c 3 2 3 c 8c 3 3 c 8c

® Problem 299: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J (c+dx3)%?
x (8c-dx3)

Optimal (type 3, 73leaves,

2 9
- —Ajc+dx® + —+/c ArcTanh[
3 4

Result (type 6, 319 leaves):

dx
7 steps) :
i/ ¢ +dx3 }_i\/ciArcTanh{VCerxs
3c 12 Ve

)
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1 1 dx3 dx3
2 |-3 (c+dx®) + |240c2dx® Appel I F1[1, —, 1, 2, - ——, —| / (8¢ -dx3)
9+/c+dx3 2 c 8¢
1 dx3 dx3 1 dx® dx8 3 dx3 dx3
16cAppe||F1[1, =01, 02, - —, —}+dx3 AppellFl[z, N Pp— —}74AppeIIF1 2, — 1,3, - —\) — N
2 c 8c 2 c 8c 2 c 8c
3 1 5 c 8c
5c2dx3AppeIIFl[—, -1, - -—, —] /[(—80+dx3)
2' 2 20 dx® dx8
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8c
[5dx3Appe||F1{—, . TR —}+16cAppe||F1{—, Z2, - -— —J-cappellFL]Z, =, 1, -, - —, —]]]
2 2 2 dx3 dx8 2 2 2 dx3 dx3 2 2 2 dx3 dx3

® Problem 300: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
(C +d X3) 32
—————dx
x4 (8¢ -dx3)
Optimal (type 3, 78leaves, 7 steps):

W QchTanh[;wa} 13dArcTanh[%}

— + —

24 x® 32+c 96 V¢
Result (type 6, 322 leaves):

1 1 dx3 dx3
| -3 (c+dx%) + 408cd2x6Appe||F1[1, T, 2, -, —} /
72x3+/c+dx3 2 ¢ 8¢
1 dx3 dx8 1 dx3® dx8 3 dx3® dx3
(8c-dx®) |16cAppel IF1[1, =, 1,2, -——, —|+dx® |Appel IF1[2, =, 2,3, -——, ——| -4Appel IF1[2, =, 1,3, -—, ——
2 c 8c 2 c 8c 2 [« 8c
3 1 5 c 8c
[1300d2x6AppeIIF1{f, . PR —} / (-8c+dx?)
2 2 2 dx3 dx3
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8¢
[5dx3AppeIIFl[—, S T —]+16cAppeIIF1[f, Z2, - -— — | cappellFL]Z, T 1, -, -, —} ]
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2 2 2 dx3 dx3

® Problem 301: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

<c+dx3)3/2
—  dx
x" (8c-dx3)

Optimal (type 3, 104 leaves, 8steps):

Jerdx®  11d+fcrdx® 9d2N0Tanh{T} 37 o ArcTanh[ L9 |
[

— + —

48 x5 192 ¢ x3 256 ¢3/2 768 c3/2
Result (type 6, 332 leaves):

C
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1 33d2 6c¢ 45d 1 dx® dx8
- -— 132d3x3Appe||F1[1, So1,02, - — ] /
288 /c+dx3 2c X 2 X 2 c 8c
1 dx® dx3 1 dx® dx8 3 dx3 dx8
(8¢ -dx?) 16cAppeIIF1[l, S T J— —]+dx3 AppellFl{z, N Pp— —]74AppeIIFl 2, —, 1,3, -— —} N
2 c 8c 2 C 8c 2 c 8c
3 1 5 c 8¢
[185d3x3Appe||F1[—, -1, S, - —} / (-8c+dx?)
2 2 2 dx3 dx3
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8c
5dx3Appe||F1[—, R —]+16cAppeIIFl[—, Z2, - -— — | -cappellFL[Z, =, 1, —, - —, —] ]
2 2 2 dx3 dx8 2 2 2 dx3 dx3 2 2 2 dx3 dx3
® Problem 302: Result unnecessarily involves higher level functions.
x7 (c+dx3)3/2
—  dx
8c-dx3
Optimal (type 4, 669 leaves, 16 steps):
36534 ¢c2x%2+/c+dx® 348cx5+/c+dx3 2 sm 2094648 c3+/c +dx3
_ _ - —X c+dXx~ - -
1729 d? 247 d 19 1729 d8/3 ((1 +ﬁ) cl/3 , gi/3 x)
\/?Cl’G (C1’3+d1’3 X> (Cl/3+d1/3 X>2
288 /3 ¢196 ArcTan| —————— "1 | 288¢l%6 ArcTanh| ——— 19/6 Vesdx®
[ A/ c+d x3 } {3c1"6\/c+dx3 } 288 ¢ ArcTanh{ 3+/¢ }
d8/3 * d8/3 N d8/3 *
c2/3 _ cl/3 g1/3 y 4 ¢2/3 x2 1—\/?) cl/3 1 d1/3 x
1047324 3412 /37 ¢19/3 (c1/3 4 d/3 ) ~ EllipticE[arcsin| [ -7-4v3] /
((1+ﬁ)c1/3+d1/3x (l+ﬁ)cl/3+dl/3x

cl/3 <Cl/3 +di/3 X)

((l+\/?) c1/3+d1/3x)2

1729 d8/3

Je+dx3d | -

c2/3 _ cl/3 g1/3 5 , ¢2/3 x2 1-+/3 ) cl/3 1 dl/3 x
- EllipticF[ArcSin{
((l+\/3)cl/3+dl/3x (1+\/3)cl/3+d1/3x

698216 /2 33/4 ClO/S (Cl/S +dl/3x

|, -7-4v3] /

cl/3 <Cl/3 +di/3 X)

((l+\/?) c1/3+d1/3x)2

1729 d8/3

\Je+dx®

Result (type 6, 371leaves):
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1 91335¢3 97425c¢2x8 2 1 5 dx® dx8
2x2 |- — - ~6545 ¢ x5 - 455d x° + 29227200c5AppeIIF1[7, T, o, o —] / d? (8c-dx®)
8645 +/c + d x? d 32" 773 ¢ s8¢
2 1 5 dx® dx8 5 1 8 dx® dx8 5 3 8 dx3 dx8
40cAppe||F1[—, Y T — —]+3dx3 AppeIIFl[—, N — —]74AppeIIFl{—, o1, -, - .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3® dx3
33514368 ¢ x® Appel I F1[ =, =, 1, —, - ——, — | / d (8c-dx?)
3 2 3 [« 8¢
5 1 8 dx® dx8 8 1 11 dx® dx3 8 3 11 dx3 dx3
64cAppe||F1[—, o1, -, - —]+3dx3 AppellFl[—, o2, o o2 “2 ] _amppellFL[ -, S, 2 o —}
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
® Problem 303: Result unnecessarily involves higher level functions.
x4 (c+dx3)3/2
—  dax
8c-dx3
Optimal (type 4, 645 leaves, 15 steps):
2 3 2 3
_24ch \JCc+dx —ixf’m— 13782 cc+/c +dx )
91d 13 91 d5/3 ( 1 +ﬁ) cl/3 +dl/e,x)
V3 cl/8 (c1/34dl 3 x) (c1/3+d13 x)?
36\/?c13/5ArcTan[—] 36013/6NcTanh{%} 36013/6NCTanh{VC+dX3}
A ced x® 3¢t/ 4/c+dx® 3¢
d5/3 * d5/3 - d5/3 *
c2/3 _cl/3 g1/3 y , ¢2/3 x2 1—\/?) cl/3 4 d1/3 x
6891 x 314 ~/2-+/3 ¢7/3 (c!/3+dV3x) ~ EllipticE[ArcSin [ -7-4v3] /
((1+ﬁ)c1/3+d1/3x (l+ﬁ)cl/3+d1/3x
C1/3 Cl/3+d1/3x
91d%/3 | ) . AJe+dx® | -
((1+\/?) cl/3+d1/3x)
c2/3 _cl/3 g1/3 5 , ¢2/3 x2 1—\/?) cl/3 1 dl/8 x
4594 /2 3%/4¢7/3 (c1/3 . d1/3 x) - Bl lipticF|ArcSin| | -7-4V3] /
([1v3 ] c2 . aiox (144/3) b dvx
Cl/3 Cl/3+d1/3x
91d%/3 | ) \Je+dx®

((1-*—\/?) cl/3+d1/3x)2

Result (type 6, 357 leaves):



1 600 c2 2 1 5  dx3
S — e ~635¢ x3-35d x5 + 192000c4AppeIIF1{7, . T
455+/c + d x3 d 3 2 3 ¢
2 1 5 dx3 dx3 5 1 8 d x3
40cAppe||F1[—, Y T — —]+3dx3 AppeIIFl[—, N ——
3 2 3 c 8c 3 2 3 c
5 1 8 dx3 dx3
2205123 x Appel I F1[ >, =, 1, —, -~ | / (8c-dx?)
3 2 3 c 8c
5 1 8 x3 dx3 8 11 dx3
64cAppe||F1[—, o1, -, - —]+3dx3 AppellFl[—, o2, 5
3 2 3 c 8c 3 3 c

® Problem 304: Result unnecessarily involves higher level functions.

x (c+dx3) 32
——dXx
8c-dx3
Optimal (type 4, 627 leaves, 14 steps):

1/6 1/3+ 1/3
9+/3 C7/6 NcTan{M}

9 ¢7/6 ArcTanh [

1.1.3 General.nb | 465

d x3
—] / d (8c-dx?)

8c

dx3 5 3 8 dx3 dx3
—]74AppeIIFl{—, o1 -, .
8c 3 2 3 c 8c

d x3 8 3 11 dx3 dx3
—— | -amppeliF|—, — 1, — -, ]
8c 3 2 3 c 8c

L] g v ar oTanh | o0

3cl/6+/c+dx3 3+/¢

2 132c+/c +dx3 Jeadx?
- —x%4Jc+dx® - - o +
-

7d23 (1473 ) cl/2hdt3x] 2 d2/3

c2/3 _ cl/3 g1/3 x 4 d2/3 x2

1-+/3 ) cl/3 , g1/3

2 42/3 h 2 g2/3 N

66><31/41 2_\/? C4/3 <C1/3+d1/3X>

EIIipticE{ArcSin[

((1+\/?) cl/3 . dl/3 x :

cl/3 (c1/2 4 dl/3x)

d 3
TG

7 d2/3

(17\/37) ct/3.dl/3 x
[1+\/’.T> cl/3.d1/3 x

02/3701/3 d1/3 X+d2/3 x2

((1+\/?] cl/3.dl3 x)z

442 33/4¢4/3 (c1/3 4+ dY/3x) EIIipticF{ArcSin[

(l+ﬁ) cl/3 . dl/3 x

[, -7-4v3] /

|, -7-4v3]

cl/3 <cl/3+d1/3 X)

1+4/3 | cl/3.d1/8 x :
((1v3] )

\Jc+dx3

7 d2/3

Result (type 6, 344 leaves):
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1 2 1 5 dx3 dx3
——————2x? |5 (c+dx®) + 195003AppeIIF1{7, . PR —} / (8¢ -dx3)
35+/c + dx3 3 2 3 ¢ 8¢
2 1 5 dx® dx8 5 1 8 dx® dx8 5 3 8 dx3 dx8
40cAppe||F1[—, Y T — —]+3dx3 AppeIIFl[—, N — —]74AppeIIFl B T —— .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 8 dx3® dx3
211202dx3AppeIIF1{f, . T —} / (8c-dx?)
3 3 c 8c
5 1 8 dx® dx8 8 1 11 dx® dx3 8 3 11 dx3 dx3
64cAppe||F1[—, o1, -, - —]+3dx3 AppellFl[—, o2, o o2 “2 ] _amppellFL[ -, S, 2 o —}
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
® Problem 305: Result unnecessarily involves higher level functions.
<C+dX3)3/2
— dx
x? (8¢ -dx3)
Optimal (type 4, 626 leaves, 14 steps):
\e+dx3 15d1/3+/c +dx3 9 V3 ¢/ (c1/3 4 d1/3 x
- - 7—\/3701/6d1/3ArcTan{ ( ) +
8 x 8((1+\E)cl/3+d1/3x> 16 [+ dx?
9 cl3.di3x)? g e+ dx3
—01/6d1/3ArcTanh[—) ]7—01/6d1/3ArcTanh[—] +
16 3¢cl/6+/c+dx3 16 3+c
c2/3 _cl/3 g1/3 x , d2/3 x2 1-3 ) cl3 . dl3x
15 x 31412 /37 ¢1/3dL/3 (c1/3 4 d/3 x| EIIipticE[ArcSin[E ) [, -7-4v3] /

((1+ﬁ) Cl/3+d1/3x)2 1+\/?) ¢l +d3x

5 33/4 ¢L/3 d1/3 (cL/3  di/ex) | ST ETd g o A n[—(l’ﬁ) S [, -7-4v3]
(273 ) ctaratax)? (173 ) ot st x

cl/3 (c1/3 , g1/3 ¢
16 ( . ) \Jc+dx3

. -
((1 +/3 ) cl/3 . gL/3 X) c1/3 (c1/3.d1/3 x)
3
42 ™ 3)c1'3+d1"3x)2 A€ +dXx

Result (type 6, 348 leaves):
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1

8x~/c+dx3
dx® dx8

2 1 5
40cAppe||F1[—, U T — —}+3dx3
3 2 3 c 8c

2 1 5
—c-dx3+ 420c2dx3AppeIIF1{f, =1, -, , }
3 2 3

™~

[(8cdx3)

5 1 8 dx3 dx3 5 3 8
AppellFl{—, R — —}74AppeIIF1 -1 -, o — —]
3 2 32 3

3 c 8c

5 1 8 dx3 dx3
[96cd2x6Appe||F1[3, S 1, -, -, ]]/ ((Sc—dx?’)

3’ c 8c
5 1 8 dx® dx3 8 1 11 dx® dx3 8 3 11 dx® dx3
64cAppe||F1[—, -1, -, - —}+3dx3 Appe||F1[—, T2, & o “2 ] _amppellFL[ -, S, 5, o2 20
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
® Problem 306: Result unnecessarily involves higher level functions.
<C+dX3)3/2
——dXx
x> (8¢ -dx3)
Optimal (type 4, 651 leaves, 15 steps):
NJc+dx3 3d+/c+dx3 3d43+/c+dx3
_ _ . _
32x4 16 ¢ x 160((1+ﬁ)cl/3+d1/3x)
1/6 (g1/3,41/3 1/3,g1/3 |2
9\/?d4/3ArcTan[—ﬁC (c7d X)] 9d4/3ArcTanh{7(C ¢ x) } 9d4/3ArCTanh{\/c+dx3}
\e+dx3 3¢ctefc+dx3® 3+vc
N _ _
128 c5/6 128 c5/6 128 ¢5/6
c2/3 _cl/3 g1/3 x 4 d2/3 x2 1-+/3 ) ¢34 dl/8x
3x34/2-4/3 d*3 (¢34 d3x) - EllipticE[ArcSin{( ) | -7-4V3] /
((lJr\/?) c1/3+d1/3x) (1+ﬁ) cl/3 4 di8 x
2/3_51/3 g1/ 2/3 y2 1-+/3 | ¢1/3.d1/3
334 g43 (1B gliay) | SRt dixed X EIIipticF{ArcSin{( )e X}, 7774ﬁ]

Cl/3 <Cl/3 + dl/3 X)

([1v3 ] cr2 aox)®

((l+ﬁ) cl/3.dl/3 x)z (l+ﬁ) cl/3.d1/3 x

32 C2/3

Ne+dxd |+

8+/2 c?/3 O] e dx3

((l+\/37) c1/3+d1/3x)2
Result (type 6, 363 leaves):
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1 5(c2+7cdx®+6d?x5) 5 dx3® dx8

2 1
_ " +(32250d2x2AppeIIFl[, -1, - - — —] / (8c—dx3)
80/cdxd 2¢x 32 3 ¢ 8c

2 1 5 dx3 dx8 5 1 8 dx3 dx3 5 3 8 dx3® dx8

40cAppel IF1[ =, =, 1, =, -——, ——|+3dx® |Appel IF1| =, =, 2, -, - ——, ——|-4Appel IF1[=, — 1, -, - —, —— v
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx8

96 d x5 Appel IF1[ =, =, 1, —, - —, ——| / (-8c+dx?)

32 3 ¢ 8c
5 1 8 dx3 dx3 8 1 11 dx3® dx8 8 3 11 dx3 dx3

64cAppel IF1[=, =, 1, -, -——, —“[+3dx® |Appel IF1|—, =, 2, —, -——, ——|-4Appel IFL[—, =, 1, —, - — ——
32 3 ¢ 8c 3 2 3 ¢ 8c 3 2 3 ¢ 8c

® Problem 307: Result unnecessarily involves higher level functions.

(C +dX3)3/2
— dXx
x8 (8c —dx3)

Optimal (type 4, 675leaves, 16 steps):

e +dx3 75d+/c +dx3 3d%2+/c+dx3 3d7/3+/c+dx3
- - - +

56 x’ 1792 ¢ x4 56 c2 x 56 c2 ((l+ﬁ) cl/3+d1/3x)
V3 cl/8 (c1/34dl 3 x) (c1/3+dt3x)? / 3
93 d"3ArcTan| —— & = 7 9d”/3 ArcTanh| ——— 7/3 c+dx
[ 4/ c+d x3 ] {301'6x/c+dx3 } 9d ArCTanh{ 3¢ }
N _ _
1024 c11/6 1024 cl1/6 1024 c11/¢
c2/3 _cl/3 ¢1/3 x 4 d2/3 x2 1-+/3 ) ¢34 dl/8x
3x3Y4/2-4/3 d73 (¢34 dV3x) ~ EllipticE[arcSin| | | -7-4V3] /
((lJr\/?) Cl/3+d1/3x) (1+\/?ﬂ cl/3 dl/8 x
33/4 ¢7/3 (c1/3 4 d1/3 x) c?P PP X EX® gyt CF{AI’ ¢S n{M} _7_4 \/g}
((1+\E> cl’3+d1’3x)2 (1“@) c3ydiay 1

C1/3 (01/3 + d1/3 X)
112 c5/3 Je+dx® |+

2
((1 +/3 ) cl/3 i3 X) c1/3 (c1/3.d1/% x|
5/3 3
28V2 ¢ ™ )c1’3+d1"3xJ2 \Jc+dXx

Result (type 6, 379 leaves):
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1 5(32¢3+107c?dx3+171 ¢ d?x® + 96 d* x°) 2 1 5 dx3 dx8
- — +[33375d3x2Appe||F1{, S }]/ ((Sc—dx?’)
24280 /o s dx® 2¢2x 3 2 3 ¢ 8c
2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx® dx3
40cAppe||F1{—, S, o, o —}+3dx3 AppellFl[—, T2, o, -, —}—4Appel|Fl{—, B —} -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3
1536 d* x® Appel I F1[ =, =, 1, —, - ——, ——| / c (8c-dx®)
3 2 3 c  8c
5 1 8 dx® dx3 8 1 11 dx3 dx3 8 3 11 dx® dx3
64CAppeIIF1{f, 1, -, - —, —]+3dx® AppeIIFl{f, Zo2, &, o ] amppellF2[—, =1, &, o &
3 2 3 c 8¢ 3 2 3 c  8c 3 2 3 ¢ 8c

® Problem 312: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ax
X (Sc—dx3) \Jc +dx3

Optimal (type 3, 58leaves, 6 steps):
ArcTanh{—‘“dx3 ] ArcTanh{—“C+dx3 }
3Vc Ve

C C

36 C3/2 12 C3/2

Result (type 6, 161 leaves):

3 1 5 c 8c
10dx®Appel IF1|—, — 1, — - ——, — ]/ (9 -8c+dx3)c+dx3
[ {2 2 2 dx3 de ( )
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8c
[5dx3Appe||F1[—, o1, D, o —]+16cAppe||F1[—, 22, - - — —“J-cappellFL|Z, =, 1, -, - —, —]
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2 2 2 dx3 dx3

|

® Problem 313: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ax
x4 (8c-dx3) \Jc +dx3

Optimal (type 3, 81leaves, 7 steps):

Jerdx® dArCTa”h{;EJCf} dArcTanh{@]
+

.
24 ¢c? x3 288 ¢5/2 32c5/2
Result (type 6, 326 leaves):
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1 1 dx3 dx3
—c-dx3+ 8cd2x6Appe||F1[1, -1, 2, -— } /
24c?x3+/c+dx3 2 ¢ 8c
1 dx® dx8 1
(8¢ -dx?) 160AppeIIF1[l, S T J— —]+dx3 AppeIIFl[Z, -,
2 c 8c 2
3 1 5 c 8¢
[10cd2x6Appe||F1{—, R T —] /((SCfdx3)
2" 2 20 dx® dx3
3 1 5 c 8¢ 5 1 7
[5dx3Appe||F1[—, R —]+chAppeIIFl[—, ~ 2, -,
2 2 2 dx3 dx3 2 2 2

d x3
2, 3, -———,
c
c 8c
dx3 dx3

d x3
—— | -4 Appel | F1|2,
8c
5 3
-cAppel l F1|—, —,
2 2

7
.

® Problem 314: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ax
x7 (80—dx3) \Jc +dx3

Optimal (type 3, 107 leaves, 8steps):

W SdW dZNcTanh{@} 7d2ArCTanh{\/°inx3 ]
_ N N )

48 c? x5 192 ¢3 x3 2304 c7/? 256 c7/2
Result (type 6, 332 leaves):

1 4¢2 cd 1 dx3 dx8
52—+ — - 40cd3x3Appe||F1[1, 01,02, -, —
192 ¢3~/c +d x3 X 2 c 8¢
1 dx® dx8 1
(8¢ -dx?) 16cAppe||F1[1, 21,02, - —]+dx3 Appe||F1{2, -,
2 c 8c 2
3 1 5 c 8c
[70cd3x3Appe||F1[—, 1o - —] /[(780+dx3)
2" 2 2 dx3 dx3
3 1 5 c 8c 5 1 7
[5dx3Appe||F1[—, R —]+16cAppeIIFl[—, Z 2, —
2" 2 2" dx3 dx3 2" 2 2

® Problem 315: Result unnecessarily involves higher level functions.

7
J ax
(80—dx3) \Jc +dx3

Optimal (type 4, 630 leaves, 14 steps):

d x3

2, 3, -———,
c

c 8c
Codx3 dx3

d x3

—— | -4 Appel | F1|2,

8c

5 3
-cAppel I F1|—, —,
2 2

1,

NN

dx3

1, I
c

c 8c

dx3 dx3
dx3

1, 3, - —
c

c 8c

dx3 dx3
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/3 cl/e (cl/3+d1’3x> (c1’3+d1’3x>2
22 Jcdxd 104 ¢ /7c+dx3 32c7/6 Ar(:Tan{—C e } 32 C7/6N0Tanh{7uue . } 32 C7/6ArCTanh{\/C+dx3 }
A/ c+d X A/ c+d x 3+Vc
- - - + - +
7 d2 748’3 ((1+\/§) cl/3+d1/3x) 3/3 83 9 d8/3 9 d8/3

c2/3 _cl/3 g1/3 y , ¢2/3 x2 1-+/3 ) cl/3dl3x
52x 3412 -/3 ¢*3 (c1/3 4 d¥3x) . ~ EllipticE[arcsin| ) [ -7-4v3] /

((l+ﬁ) Cl/3+dl/3x) (l+\/?) cl/8 4 dl/3 x

(1—r) cl/8.4dt/3 x
(l+\/?) cl/3.4d1/3 x

104 /2 ¢#/3 (c1/3 +dP3x) PR Xd X gy pt cF[Ar cSi n[

((l*\/3_) Cl’3+d1/3x)2 ], -7-4 \/37}

c1/3 (c1/3 4 di/3 x)
7 d8/3 A e +dx3

2
( 1++/3 ) cl/3 . gLi/3 X) b3 (c1/34db3 x) '
1/4 48/3 3
7x3d ([1+\/?) c1/3+d1’3x)2 ¢ dx

Result (type 6, 347 leaves):

1 2 1 5 dx® dx8
————————2x% |-5 (c+dx®) + (1600 ¢® Appel I F1| —, —, 1, —, - —, —| / (8c-dx?)
35d2+/c +d x3 3 2 3 c 8¢
2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
40cAppeIIF1[f, T, o, o —]+3dx3 AppeIIFl[f, I S —]_4Appe||F1 D TR .
3 2 3 c  8c 3 2 3 c  8c 3 2 3 ¢ 8c
5 1 8 dx3 dx3
1664 c2dx® Appel I FL[~, —, 1, —, ——, ——| / (Bc-dx3)
3 2 3 c 8c
5 1 8 dx3 dx3 8 1 11 dx® dx3 8 3 11 dx3 dx3
64cAppeIIF1[f, =1, -, —]+3dx3 AppeIIFl[f, o2, =, o ““ ] _anmppellF1[—, =1, &, o —}
3 2 3 c  8c 3 2 3 c 8¢ 3 2 3 c  8c

® Problem 316: Result unnecessarily involves higher level functions.

X4
J dx
(Scfdx3) \Jc+dx3

Optimal (type 4, 601 leaves, 12 steps):



472 | 1.1.3 General.nb

\/?01/6 (c1/3+d1/3x) (Cl’3+d1’3x>2 S
4C1/6ArCTan e —— 4C1/6AI’CTanh e 1/6 c+d x
2+/c+dx? [ g ] {301,6 s | ac ArcTanh[V3 : |
- - + - +
ds/3 (<1+\/§) c1/3+d1/3x> 3+/3 d5/8 9ds/3 9 d%/3

1-+/3 ) cl/3 . gi/3 g

c2/3 _cl/3 g1/3 x 4+ d2/3 x?
31/4/2-+/38 /% (c1/3 .+ d3x) Bl lipticE[ArcSin| |

, -7-443
((1+ﬁ)cl/3+d1/3x>2 (1+\/37>Cl/3+d1/3x} ] /

(1—r) cl/8.4dt/8 x
(l+\/?) cl/3.4d1/3 x

2+/2 cl/8 (/8 +d3x) PR Xd X gy pt cF[Ar cSi n[

((l*\/3_) Cl’3+d1/3x)2 ], -7-4 \/37}

cl/3 (c1/3 + dl/3x)

d5/3

A e +dx3

2
1++/3 ) cl/3 . gLi/3 X) cl/3 (cl/3,41/3
1/4 45/3 (c2+d™ x) N 3
3 d ((l+\/3 ) c1/3+d1’3x)2 crdx

(

Result (type 6, 170 leaves):

5 1 8 dx® dx3
64cx5Appe|IF1{—, -1, = -—, —} /[5 (8c-dx®)~/c+dx®
3 2 3 c 8c
5 1 8 dx3 dx® 8 1 11 dx® dx® 8 3 11 dx3 dx®
64cAppeIIF1{f, T —}+3dx3 AppeIIFl[f, T2, 5o T2 ] _apppellFL[ -, T, 5 o2 —}
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
® Problem 317: Result unnecessarily involves higher level functions.
X
dx
(8Bc-dx3)~c+dx?
Optimal (type 3, 141 leaves, 8steps):
ArcTan{—vsicl/6 (cl’3+d1/3x)} ArcTanh{i(cl/%de) } NcTanh[W}
\c+d x3 3cl/6q/c+dx3 3¢
_ . _
6 /3 c5/6d2/3 18 ¢5/6 g2/3 18 ¢5/6 d2/3
Result (type 6, 168 leaves):
2 1 5 dx® dx3
[ZchzAppeIIFl[—, -1, - -— —} /((8cdx3)\/c+dx3
3 2 3 C 8c
2 1 5 dx3® dx3 5 1 8 dx3® dx3 5 3 8 dx3 dx3
4OCAppeIIF1{7, S, o, o —}+3dx3 AppeIIFl[f, Zo2, -, “Z | -anmppellF1]Z, 1, -, -, T
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
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® Problem 318: Result unnecessarily involves higher level functions.

1
J ax
x? (8c-dx3) ~c+dx®

Optimal (type 4, 632 leaves, 14 steps):
V3 cl/8 (c1/34dl 3 x) ]

d/3 ArcTan
AJc+dx3 d/3+/c +dx3 [ Jedx®

(cl’3+d1/3 X>2 }

d1/3 ArcTanh {

d1/3ArcTanh{ “;:;Xa }

3¢l/6+/c+dx3 c
_ N _ N _ _
8c2x 8 c2 ( 1 +\/?) cl/3 +d1/3x) 48 /3 cli/6 144 c11/6 144 c11/6
c2/3 _ cl/3 g1/3 y 4 ¢2/3 x2 1-+/3 ) ct3.dt3x
314/2-+/3 d/3 (c1/3 . di3x) EllipticE[ArcSin[( | |, -7-4V3] /
( l+\/?) Cl/3+dl/3X)2 (1+\/?) cl/3 4 di 3 x
/3_¢l/3 g1/ / 1-V3 ) ¢34l
d1/3 (c1/3 4 i3y | St d T E||ipticF{ArcSin{—< Je -], -7-av3]
cl/3 (cl/3+d1/3x) L(1+ﬁ)cl’3+dl/3x) <1+ﬁ]cl’3+d1/3x
16 c>/3 2 Je+dx3 |+
1+\/? cl/3 . d1/3 1/3 (c1/3,41/3 )
(( ) ) 42 31/4c5/3 cl’® (c1+dt2 x) TS
((1+\/?) C1'3+d1'3x)
Result (type 6, 350 leaves):
1 2 1 5 dx3 dx3
500d x3 Appel I F1[ =, =, 1, =, -~ —] / (8c-dx3)
40 x+/c +dx3 3 2 3 ¢ 8c
2 1 5 dx® dx3 5 1 8 dx® dx3 5 3 8 dx® dx3
40cAppel IF1[ =, =, 1, =, -——, ——|+3dx® |Appel IF1|=, =, 2, —, - ——, ——|-4Appel IF1[=, — 1, -, - —, —— N
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3 5 1 8 x3 dx®
1/¢2|-5 (c+dx®) - [32cd?x® Appel IF1[ =, =, 1, —, - ——, ——| / (8c-dx?) |64cAppel IF1[=, =, 1, -, - ——, —— |
3 2 3 c 8c 3 2 3 c 8c
8 1 11 dx® dx8 8 3 11 dx® dx3
3dx® [Appel IF1|—, =, 2, —, -——, ——| -4Appel IF1[=, —, 1, —, -—, }
3 2 3 C 8c 3 2 3 C 8c

® Problem 319: Result unnecessarily involves higher level functions.

1
J ax
x5 (80—dx3) \Jc +dx3

Optimal (type 4, 654 leaves, 15 steps):
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V3 c1/6 (c1/3.dL3 x) (c1/3+d1/3 )2 s
d*® ArcTan| —————+| d*3ArcTanh| ———— 4/3 Werdx
\/c+dx3 d\/0+dx3 d4/3+/c +dx3 { [ondx® } [3C1,5 g ] d4/ ArcTanh[ o~ }
- + - + _
32c¢2 x4 16 ¢3 x 16 ¢3 ((1 +ﬁ) cl/3 , gL/ x) 384 /3 cl7/6 1152 c17/6 1152 c17/6
c2/3 _cl/3 g1/3 5 , ¢2/3 x2 1-+/3 ) cl34+dl3x
314/2-+/3 d¥® (cM/3 .+ d3x) ~ EllipticE[arcsin| | |, -7-4V3] /
([1++3]) ot avx] 173 ) 1 giex

d4/® (c/3 4 d1/3 x) c?/3-cl/3 dl8 x+d?/® x2

((l+\/?) 01"3+d1'3x>2
Je+rdx3d | -

(17\/37) cl/8.dt/3 x

|, -7-4+/3
cl/3 (c1/3 + g1/ x) <l+\/?) c1/3.d1/3 ¢ } ]

1++/3 ) cl/8 +di/3x 2
[(L+vE) )

EIIipticF{ArcSin{
32 CS/S

8+/2 31/4¢83 TS
((1+\/?) c1/3+d1/3x)
Result (type 6, 364 leaves):
1

160 c3 x*+/c +dx3

dx® dx8

2 1 5
5c2+5cdx3+10d2x6[750c2d2x6Appe||F1{—, B T —}
3 3 c 8c

/((80dx3)

2 1 5 dx3 dx® 5 1 8 dx® dx® 5 3 8 dx3 dx®
40cpppel IFL[=, =, 1, =, ———, —|+3dx3 |Appel IF1[—, =, 2, - ——, —| -apppellF1[=, =, 1, -, ——, —]||[|+
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3® dx8
64cd®x® Appel IFL| =, =, 1, —, - —, —| / (8¢ -dx®)
3 2 3 c 8c
5 1 8 dx3 dx® 8 1 11 dx® dx® 8 3 11 dx® dx®
64CAppeIIF1{7, U P —}+3dx3 AppeIIFl{f, T2, &, o “Z ] _anmppellF2[—, =1, &, o
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
® Problem 320: Result unnecessarily involves higher level functions.

1
J dx
x8 (Scfdx3) \Jc+dx3

Optimal (type 4, 678leaves, 16 steps):

+
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e +dx3 37d+/c+dx?3 3d%2+/c+dx3 3d7/3+/c+dx3
- + - +

56 c2 x’ 1792 c3 x4 56 ¢4 x 56 ¢4 ((1+\/3*) cl/3 +d1/3x)

d7/3 ArcTan { V3 cl® (c1/3.d10 x) } d7/3 Ar cTanh { M} d7/3 Ar cTanh [ \c+d x3 }

N e+dx® 3cl/6q/c+dx? 3¢
4 — -
3072 /3 c23/6 9216 c23/6 9216 ¢23/6

1/3 1/3
c2/3 _cl/3 gl/3 x 4 d2/3 x2 1—\/3)0 +dt/°x

|, -7-4v3] /

3><31/4‘/2—\/? d7/3 (Cl/3+dl/3X>

EIIipticE[ArcSin{
((lJr\/?) cl/3+d1/3x)2 (1+\/3T) cl/3 . di/8 x

/ / / , ,r 1/3,41/3
33/4 47/3 (Cl/3 L diss x) (CZ 37?;1133“?2: x)z2 Ellipti cF{Ar cSi n{%} -7-4+3 ]
1+V3 | cl/3+dt3 x + cl/3.dl’3 x

C:L/3 <Cl/3 +dl/3X)
112 ct1/3 Je+rdx3 |+

2
1/3 1/3 , , g
((l+\/3 ) Cc +d X) 28\/2_011/3 c1'3(c1'3+d13x) l—c+dx3
((1+ﬁ) c1’3+d1/3x)2

Result (type 6, 378 leaves):

1 2 1 5 dx3® dx3
-5 (32¢®-5c?dx®+59cd?x®+96dx?) + 38750c2d3x9AppeIIF1[f, -1 - -—, —} / (8c-dx?)
8960 c* x7 /¢ + d x? 3 2 38 ¢ 8c
2 1 5 dx® dx® 5 1 8 dx3 dx® 5 3 8 dx® dx®
40cAppel IF1[=, =, 1, =, —=—, —=]+3dx® |Appel IF1|>, =, 2, =, -~ ——|-4Appel IF1[>, =, 1, -, -—, —— -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3
3072cd4x12Appe|IF1{—, -1, - -—, —} / (8c-dx?)
3 2 3 c 8c
5 1 8 dx3 dx8 8 1 11 dx® dx® 8 3 11 dx® dx8
64cAppel IF1[=, =, 1, —, -—— —“].3dx® |Appel IF1|—, =, 2, —, -——, ——|-4Appel IFL[—, —, 1, =~ - — ——
3 2 3 c  8c 3 2 3 c  8c 3 2 3 c  8c

® Problem 321: Result more than twice size of optimal antiderivative.

X3
J dx
(8Bc-dx3)~c+dx?

Optimal (type 6, 66 leaves, 2 steps):

4 dx® 4 17
x4 1. @ AppellFl{a, 1, 3L

32c+/c+dx3

dx3 dx3
8c
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Result (type 6, 168 leaves):

4 1 7 dx® dx3
[14cx4AppeIIF1{3, o g, o208 }]/ ((8cdx3)\/c+dx3

3 c 8c

4 1 7 dx3 dx3 7 1 10 dx3 dx8 7 3 10 dx3 dx3
56cAppeIIF1{f, o1, -, - }+3dx3 AppeIIFl[f, Zo2, —, - ““ ] _anmppellF1[—, =, 1, —, -
3 2 3 c 8¢ 3 2 3 c 8c 3 2 3 c 8c
® Problem 322: Result more than twice size of optimal antiderivative.
1
J ax
(8c-dx?)Jc+dx3
Optimal (type 6, 64 leaves, 2 steps):
dx3 1 1 4 dx3 dx3
X1+ 95 Appel IFL[ 5, 1, 5, 5, 90, 08
8c/c+dx3
Result (type 6, 166 leaves):
1 1 4 dx® dx3
320xAppeIIF1[—, -1, - -— —} / (Bc-dx?®)yc+dx®
3 2 3 c 8c
1 1 4 dx3 dx3 4 1 7 dx3® dx8 4 3 7 dx3 dx3
32cAppel IFL[=, =, 1, —, - —, | ~3dx® |AppellFL[=, =, 2, = - —, —— | -apppel IFL[-, =, 1, -, ~—, —
3 2 3 c 8c 3 2 3 c 8¢ 3 2 3 c 8c

® Problem 323: Result more than twice size of optimal antiderivative.

1
J ax
x? (8c-dx3)~c+dx®

Optimal (type 6, 66 leaves, 2 steps):
dx3 2 1 1
1.9 AppeIIFl[—g, 1, %, 3, %, -4

16 c x?+/c +dx?3

Result (type 6, 347 leaves):




1.1.3 General.nb |477

1 1 1 4 dx® dx8
64dx® Appel I F1[=, =, 1, =, - —, —]|
3 2 3 c 8c

/[(80+dx3)

16 x2~/c +dx3

1 1 4 dx® dx8 4 1 7 dx® dx8 4 3 7 dx® dx8
320AppeIIF1[—, =1 -, —}+3dx3 AppellFl[—, R — —}74AppeIIF1{—, o1 -, e -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
4 1 7 dx3 dx3 4 1 7 dx3 dx3
1/c2|c+dx®- 7cd2x6AppeIIF1{f, T —} / (8¢ -dx3) 560AppeIIFl{f, . DR
3 2 3 [ 8c 3 2 3 c 8c
7 1 10 dx3 dx3 7 3 10 dx® dx8
3dx® [Appel IF1|—, =, 2, —, -——, ——| -4Appel IF1[—, —, 1, —, -—, }
3 2 3 c 8c 3 2 3 c 8c

® Problem 324: Result more than twice size of optimal antiderivative.

1
J ax
x8 (80—dx3) \Jc +dx3

Optimal (type 6, 66 leaves, 2 steps):

dx3 5 1 2
1+? Appe||Fl[—§, l, 5, *5, —-—, — ——

40c x5~/c+dx3

Result (type 6, 364 leaves):

1

640 c3x5+/c +dx3

1 1 4 dx® dx®
3264 ¢?d?x® Appel I FL[—, —, 1, —, - —\ —] / (8Bc-dx3)
3 2 3 c 8c

-16c?+7cdx®+23d? x5+

1 1 4 dx® dx8 4 1 7 dx® dx3 4 3 7 dx® dx8
320AppeIIF1[—, I T — —}+3dx3 AppellFl[—, P — —}74AppeIIF1[—, o1, -, e — -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
4 1 7 dx3 dx3
1610d3x9AppeIIF1{f, o1, -, - —} / (8¢ -dx3)
3 2 3 c 8c
4 1 7 dx® dx8 7 1 10 dx3 dx3 7 3 10 dx® dx8
56cAppe||F1{—, U T — —}+3dx3 AppellFl[—, S — —]74AppeIIFl - o1, = o
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c

® Problem 329: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ix
X (80—dx3) (c +dx3)3/2

Optimal (type 3, 76leaves, 7 steps):
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ArcTanh[—vC*dﬂ } ArcTanh{—““dxs }

2 3Vc Ve

+ —

27c?+/c+dx® 3242 12¢2%

Result (type 6, 310 leaves):

1 1 dx3
2 |1-|8cdx®Appel IF1[1, =, 1,2, - —,
27¢2+/cedx® 2 c

1 dx3 dx3
16cAppe||F1[1, =01, 02, - —, —} +dx3
2 c 8c

31 5 ¢ 8¢
15cdx® Appel | F1[=, =, 1, -, - —— —|
2" 2" 7 2" dxd dxe

1 5 c 8c
2’ 2" dx3 dx3

dx3

8c

1)/

1
Appel | Fl[z, N Pp—
2

/[(78c+dx3>

3 5 1
[5dx3Appe||F1{—, -1, - -— —}+160Appe||F1{—- S
5 2 2

(8c-dx?)

7

5

dx® dx8

c 8c
c 8c
dx3 dx3

-4 Appel I F1(2, —, 1, 3,
5 3
-c Appel lF1| —, —,
2 2

® Problem 330: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ix
x4 (80—dx3) (c +dx3)3/2

Optimal (type 3, 100leaves, 8steps):

dArcTanh{ [c-dx? } 11dArcTanh[ (cxdx? ]
25d 1 3+/¢ c
- - + +
7/2 7/2
216 c3+/c+dx3® 24c?x3+/c+dx3 2592 ¢ 96 ¢
Result (type 6, 326 leaves):
1 1 dx3 dx3
_gc-25dx3+[200cd2x6Appe||F1[1, Z1,02, - — —} /
216 c3x3+/c+dx3 2 ¢ 8c
1 dx3 dx3 1 dx3
(8c-dx3) 16cAppe||F1[1, 21,02, - —]+dx3 Appe||F1{2, 22,3 - —
2 c 8c c
3 1 5 c 8c
[330cd2x6AppeIIFl{—, -1, - -—, —} / (8c-dx?)
2 2 2 dx3 dx3
3 1 5 c 8c 5 1 7 c 8c
[5dx3AppeIIFl[f, R —]+16cAppeIIFl[f, S N
2 2 2 dx3 dx3 2 2 2 dx3 dx3

d x3

8c

-4 Appel | F1|2,

5 3
-cAppellF1|—, —, 1,
2 2

dx3 dx3
3 dx3
-, 1’ 3' S
2 c
7 c 8c
2" dx3 dx3

® Problem 331: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ax
x” (8c-dx3) (c +dx3)3/2

dx3

8c

8c

)

d x3

8c

)

}
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Optimal (type 3, 128leaves, 9steps):

dZArcTanh[ “;:/d;@ } 109 dZArcTanh{ (c-dx? }

245 d2 1 3d .

— + + —

9/2 9/2
1728 c*~/c+dx3® 48c2x%+/c+dx3® 64c3x3+/c+dx3 20736 ¢ 768c

Result (type 6, 336 leaves):

C

1 1 dx3 dx3
~36c2+81cdx®+245d2 x5 - 1960cd3x9Appe||F1[1, ~o1,02, - —, } /
1728 c* x8+/c + d x3 2 c 8¢
1 dx® dx8 1 dx® dx3 3 dx3 dx3
(8¢ -dx?) 16cAppeIIF1[l, S T J— —]+dx3 AppeIIFl[Z, ~,2,8, - —, —]74AppeIIFl 2, —, 1,3, -—, —} N
2 c 8c 2 c 8c 2 c 8c
3 1 5 c 8¢
[3270cd3x9Appe||F1[—, -1 5 — —] /((780+dx3)
2" 2 2" dx3 dx3
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8c
[5dx3Appe||F1[—, R —]+16cAppeIIFl[—, Z2, - -— — | -cappellFL[Z, =, 1, -, - —, —} ]
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2 2 2 dx3 dx3

® Problem 332: Result unnecessarily involves higher level functions.

7
dx
J(Sc—dxg’) (c +dx3)3/2

Optimal (type 4, 629 leaves, 14 steps):
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/3 cl/e (Cl/3+d1/3x) (c1’3+d1/3x)2 3
32c¢cY6 ArcTan | —————~L 32 ¢l ArcTanh | ———— 1/6 Verdx
2x2 56 /¢ + d x3 { s } [301,6 dea] 32 c1/6 ArcTanh | o |
- - + - +
27d2[crdxd  27d3 (143 ) cP4diix| 27+/3 d8/3 81d?%/3 81d®/°
c2/3 _ gl/3 g1/3 x . g2/3 2 1-/3 ) cl/3dl3x
282 -+/3 ¢ (¢} +dl % x) . EIIipticE[ArcSin[( ) ] —7—4\@} /
((1+ﬁ) Cl/3+dl/3x) (1+\/§) cl/3 +dl/3 x
cl/3 (c1/3 , g1/3 ¢
0 x 33/4 (8/3 ( ) . AJe+dxd | -
(173 ) e s gox)
2/3_a1/3 41/3 2/3 42 1-4/3) c1/3.d1/3
56 /2 cl/® (c1/3 + dt/2 x) c*P e di x+d s EIIipticF{ArcSin[(\)c—x}, 77—4\/3_]
((lM/F) c1’3+d1’3x) (1+\/?) cl/3.d1/3 x
27 w34 gers | LTI o s
((1+ﬁ) 01’3+d1’3x)
Result (type 6, 337 leaves):
1 2 1 5 dx3 dx8
2 x2 5-[1600c2Appe||F1{, N }]/ (8c-dx?)
135d2+/c +dx3 3 2 3 ¢ 8c
2 1 5 dx3® dx8 5 5 1 8 dx3® dx8 5 3 8 dx® dx3
40cAppeIIF1[f, Zo1, o, o —]+3dx AppeIIFl[f, T2, o, - —]—4AppeIIF1 R A .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx® dx8
896 dx® Appel I FL[~, —, 1, — - — | / (8c-dx?)
3 2 3 c 8c
5 1 8 dx® dx® 5 8 1 11 dx3 dx® 8 3 11 dx3® dx®
64cAppeIIF1[f, Zo1, -, - —]+3dx AppeIIFl[f, T2, 5T T2 ] _apppellFL[ -, T, 2 o —}
3 2 3 c 8¢ 3 2 3 c 8c 3 2 3 c 8c

® Problem 333: Result unnecessarily involves higher level functions.

X4
dx
J(Scdx?’) (c+dx3)%?

Optimal (type 4, 635 leaves, 14 steps):
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1/6 (o1/3,q1/3 13,413 x| 2
4ArcTan[M] 4ArcTanh{&}
2x? 2+/c+dx® Joudns P s
_ . ) ) )
27¢cd \/m 27¢cd5/3 ( (1 ++/3 ) cl/3 , g1/3 x) 27 /3 ¢5/6 ¢5/3 81 c5/6 5/3

3 a1 gia y g2 VT ) g

2 _ 1/3 , 41/3 2B e d S xdBx2 i i cElAr oS (1— o

4N0Tanh[m} V3 (ct/3 4 dl3x) (1T ] ov2eaiox)? iptic [ cSi n[ o) cl/3+d1’3x}’ V3 }
3+Vc

) +

81 CS/G d5/3

01/3 Cl/3+d1/3x
9 x 3%/4 ¢2/3 ¢5/2 ( L Jevdx3

( (l+ﬁ) cl/3.d1/3 X)

(1—r) cl/3.d/3 x

(l+\/?) ct/84d1/3 x

232 (cVohdi3x) | e lEedC gt cF[ArcSing

i |, -7-4v3]
((lﬂ/?) cl/3+d1’3xJ

cl/3 (cl/3,dLl/3 x
27 x 31/4 ¢2/3 ¢5/3 L) e v dx

((2144/37) c34dt3 x|

Result (type 6, 340 leaves):

1 5 dx3 dx3

2 1
—_— X% |-— 1600cAppeIIF1[—, -1 - -— —} /[d (8c-dx?)
135 /c+dx3 cd 3 2 3 c 8c
2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
40cAppe||F1[—, -1, S, o —]+3dx3 AppeIIFl[—, =2, -, -, —]74AppeIIF1{—, o1, -, e, -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3 5 1 8 dx3 dx3
32x3AppeIIF1{—, =1 -, —} / (8c-dx?) 64cAppeIIF1[f, T, o, - —]+
3 2 3 c 8c 3 2 3 c 8c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx3 AppeIIFl[—, S —}74AppeIIF1[—, A T
3 2 3 c 8c 3 2 3 c 8c

® Problem 334: Result unnecessarily involves higher level functions.

J X
dx
(8C—dX3> (C +dX3)3/2

Optimal (type 4, 632 leaves, 14 steps):
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A/ c+d x3
+

(c1/3+d1/3 x)2

ArcTan { /3 o [Red ) } ArcTanh[—]
3c1/6+/cedxd

2 x2 24+/c+dx3
- 162 c11/6 g2/3

54 4/3 Cll/6 d2/3

27ctferdxs  2762d3 ([1443 ) ¢3¢t

2—\/3_ (C1/3+dl/3x> ((1 \/37) 3 qie )2
+ cl/3.+dl/3 x

Ar cTanh[ (c-dx? }

2/3_c1/3 g1/3 y . d2/3 x2 . . . 1-+/3 | ct/34di3 x
S R Sl EII|pt|cE[ArcS|n[¥
(1“/3 >01/3+d1/3x

|, -7-4v3|

3Ve
.
162 C11/6 d2/3
01/3 01/3 d1/3x
9 « 33/4 ¢5/3 42/3 (et ) e +dx3

( (l+ﬁ) cl/3.d1/3 X)z

c2/8_cl/3 d/3 x+d?/3 x2 . . . (17r)c1/3+d1/3x
Bl lipti cF|ArcSi n{(lﬁ)c—adgx] -7-443 ]

2102 (oregien) 2t
+ Cc + X

cl/3 (cl/3,dLl/3 x
27 x 31/4 ¢5/3 ¢2/3 L) e v dx

1443 ) cl34dt3 )
((1+v3) )

Result (type 6, 336 leaves):

1 2 1 5 dx3 dx3
— 2x?|-|250Appel IF1|—, —, 1, —, - —, — / (8c-dx?)
135+/c + d x3 3 2 3 c 8¢
2 1 5 dx® dx8 5 1 8 dx® dx8
40cAppel IFL[=, =, 1, =, - —— ——]+3dx® |Appel IF1[=, =, 2, -, -~ —, —
3 2 3 c 8c 3 2 3 c 8c
s2cdx®Appel 1F1[2, 11 8 0
La s S apeinals ba 2|

S+ dx3 dx3 8
LTS (AppellFl[g, :

5 1 8
(8c-dx3) [64cAppeIIF1 7253 5.

5 3
}74AppeIIF1 =S,
3" 2

c2

® Problem 335: Result unnecessarily involves higher level functions.

1
J i
x2 (8c-dx3) (c +dx3)3/2

Optimal (type 4, 653 leaves, 15 steps):

C

dx3

8c
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(c1/3+d1/3x)2

3¢cl/6+/c+dx8

V3 16 (c1/3.d1/3 x) }

d/3 ArcTan
2 43+/c +dx3 43d13+/c+dx3 { \c+dx?

d1/3ArcTanh[

+ - + -
27c2x[c+dx® 216 ¢3 x 216¢3 ((1+V3 ) c/3 + d¥3 x| 4323 1778 1296 c17/0
d1/3ArcTanh[7“°+dx3} 23 13 1_+/3 ) cl/3 ., d1/3
c _c dl/3 x + d2/3 x2 C + X
e~ lagJ2 /3 dv3 (o4 d 3 x) EllipticE[ArcSin| ) [ -7-4v3] /
1296 c17/6 ((1+ﬁ) cl/3 . g3 x)? (1+ﬁ) cl/3 4 dl/3 x
C1/3 Cl/3+d1/3x
144 x 33/4 c8/3 ( ) . Ne+dx® |+
((1+V3])c13+d x|
/3_g1/3 g/ / (1-4/37) ct/3.dt/3
3 (o] + X 2P el P Al xed?E X El |pt|cFArcS|n#,—7—4 3
43 dL/3 (cl/3 4 g1/3 SR S R NI o ) NeS
((1+ﬁ) cl/3.d1/3 X) <1+\/?) cl/3.d1/3
108 /2 31/4¢8/3 S k) B PAPINE
((l+\/37) cl/3.dt/3 X)
Result (type 6, 356 leaves):
1 2 1 5 dx® dx®
— 4375dx2AppeIIFl[f, -1 - - — / c (8c-dx?)
270/ ¢ + d x3 3 2 3 ¢ 8¢
2 1 5 dx3 dx8 s 5 1 8 dx3 dx3 5 3 8 dx3 dx8
40cAppe||F1[—, S, o, o —}+3dx Appe||F1[—, T2, o, -, —}—4Appel|Fl{—, =1, -, —] -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 C 8c
5 1 8 dx3® dx8 5 1 8 dx3® dx3
c3x c+ X3+ c d? x° Appe - =1, - - — c-dx ¢ Appe - =1, = - — |+
1/ (4¢®x)[185¢ +215dx® + |1376 ¢ d? x® Appel | F1| 1 / (8c-dx?) |64 c Appel | F1] 1 ]
3 2 3 c 8c 3 2 3 c 8¢
8 1 11 dx® dx8 8 3 11 dx® dx3
3dx® AppeIIFl{—, - 2, —, ——, —]—4Appe||F1 - =1, — - —
3 2 3 c 8c 3 2 3 C 8c

® Problem 336: Result unnecessarily involves higher level functions.

1
J ix
x5 (8c—dx3) (c +dx3)3/2

Optimal (type 4, 675leaves, 16 steps):
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d4/8 ArcTan { /3 o (edx) } d*/% ArcTanh [ et x)”
2 91+/c +dx3 113d+/c +d x3 113 d4/3+/c +d x3 Jc+d x3 3¢1/6/c+d x3
_ . _ _ N _
27 ¢2 x4 m 864 c3 x4 432 c4 x 432 c4 ( (1 . \/?) cl/3 4 gi/3 X) 3456 \/? c23/6 10368 c23/6
d*/3 Ar cTanh[ crdx 2/3 _1/3 1-+/3 ) cl/34dl/3

c _c dl/3 x + d2/3 x2 C + X

2:@” +1183~/2-4/3 d*3 (c1/3 .+ dM3x) , EIIipticE[ArcSin{( | |, -7-4V3] /
10368 c23/ ((1+\/§> c1/3+d1/3x) (1+ﬁ) cl/3 4 g1/3 x

Cl/3 (Cl/S + d1/3 X)

(173 ] cr2 o aox)”

288 x 33/4 Cll/3

Jerdx3d | -

(lfﬁ) cl/3.dl/3 x

113d%3 (c1/3 +dt3x) | S e dC gy pticF|AreSin| ———— —
(13 | ot x

((l+\/37) cl/3.,dt/3 X)Z

|, -7-4v3|

216 /2 31/4c11/3 CORa) e vdx3

((14&/?) cl/3.dt/3 X)Z

Result (type 6, 364 leaves):
1

4320 c* x*+/c +d X3

-135c2 +675¢cdx®+1130d? x5 -

2 1 5 dx3 dx8
9025002d2x6AppeIIF1{7, . P —} / (8c-dx?)
3 2 3 c 8c

2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx® dx3
40cAppe||F1[—, S, o, o —}+3dx3 AppellFl[—, S N —4Appe|IFl{—, . T —] "
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3
7232c d*x? Appel I F1[ =, =, 1, —, - —, ] / (8c-dx?)
3 2 3 ¢ 8c
5 1 8 dx3 dx3 8 1 11 dx® dx8 8 3 11 dx3 dx3
64cAppel IF1[ =, =, 1, —, -——, ——]+3dx* |Appel IF1[=, =, 2, —, -—, ——|-4Appel IFL|~, —, 1, —, - —, —
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c

® Problem 337: Result unnecessarily involves higher level functions.

1
J ix
x8 (8c—dx3) (c +dx3)3/2

Optimal (type 4, 699 leaves, 17 steps):
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2 139+/c +d x3 6095d+/c +dx® 953 d?+/c +dx?

- + - +

37 4 4 5
27 ¢2 x7 /c+dx3 1512 c®x 48384 c* x 3024 c> x

, , , ; / 2
M} d7/3 ArcTanh[w] d7/3 Ar cTanh [—m ]

—— d’/3 ArcTan
953 d7/3 C+dX3 { A/ c+d x3 3¢1/6+/c+d x3 3\/?

— + — —

3024 c5 ( (1 4 \/37) cl/3, g1/3 X) 27648 \/37 c29/6 82944 c29/6 82944 c29/6

1-+/3 ) cl/3 1 dl/8 x

2/3 _ pol/3 d1/3 d2/3 2
9532 3 d7 (1P dlix) | S A EllipticE[ArcSin[(
(l+\/37) cl/3+d1/3x>2 (1+\/:T) cl/8 4 dl/8 x

1/3 1/3 dl/3
2016 x 3374 ¢14/3 ¢ <C ’ X> . e +dx® |+
((1+\/?) 01/3+d1/3x)

|, -7-4v3] /

(Lﬁ) cl/3.4dl/2 x
(1+\E) cl/3.4d1/3 x

C2’3icl’3 d1’3 X+d2’3 x2

(13 ) croediox)?

1/3 1,’3+ 1/3
1512 /2 3t/4cuas | S0 o dx3

(173 ) cvararax)®

953d7/3 (c1/3 4+ d1/3 x) EIIipticF[ArcSin[ } —7—4\5}

Result (type 6, 378 leaves):
1

241920 c®x7+/c +d x3

[5 (864 c® - 1647 c2d x®+9153 ¢ d*x°® + 15248 d® x°) +

2 1 5 dx3 dx3
6100250c?d3 x® Appel | F1| —, —, 1, —, - —, —
3 2 3 c 8c

2 1 5 dx3 dx3 5 1 8 dx3® dx3 5 3 8 dx3 dx8
40cAppel IF1[=, =, 1, =, -——, —=|+3dx® |Appel IF1|>, =, 2, -, -——, ——| -4Appel IF1[=, =, 1, -, -—, ——||]|-
32 3 c ' 8c 3 2 3 c ' 8c 3" 2 3 c ' 8c
5 1 8 dx3 dx3
4879360d4x12Appe||F1{—, -1, - -—, —] / (8c-dx?)
3 2 3 C 8c
8 x3 dx3 8 1 11 dx3® dx8 8 3 11 dx3 dx8
64cAppel IF1[=, =, 1, —, -——, ——[.+3dx® |Appel IF1|—, =, 2, —, -——, ——| -4Appel IFL[—, =, 1, = - — ——
3 c ' 8c 3 2 3 c ' 8c 32 3 c ' 8c

® Problem 338: Result more than twice size of optimal antiderivative.

x3
dx
J(SC ~dx3) (c+dx3)%?
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Optimal (type 6, 66 leaves, 2 steps):

4 dx3 {4_ 3 7 dx* dx?
X 1+—C Appel | F1 3,1, >0 3 T T

32c2+/c+dx3

Result (type 6, 338 leaves):

1 1 1 1 4 dx3 dx3
_— 22X |-—+ 256cAppe||F1[—, -1, - -— — / d(8c-dx?)
27 e+ dx3 cd 3 2 3 c 8c
1 1 4 dx3 dx3 4 1 7 dx3 dx3 4 3
32cAppe||F1[—, =1, -, —]+3dx3 AppeIIFl[—, =2, -, -, —]74AppeIIF1{—, =1,
3 2 3 c 8c 3 2 3 c 8c 3 2
4 1 7 dx3 dx3 4 1 7 dx3 dx8
7x3AppeIIF1[—, =1 -, o — —] / (8c-dx?) SGCAppeIIFl{f, -1, -, - —%
3 2 3 c 8c 3 2 3 c 8c
7 1 10 dx3 dx3 7 3 10 dx3 dx3
3dx3 AppeIIFl[—, o2, o —}74AppeIIF1[—, R P
3 2 3 c 8c 3 2 3 c 8c

® Problem 339: Result more than twice size of optimal antiderivative.

J
dx
(8C —dX3> (C +dX3)3/2

Optimal (type 6, 64 leaves, 2 steps):

dx® 1 4
X 1+TAppe||F1[§, L35

8c2+/c+dx3

Result (type 6, 334 leaves):

7
3

dx3

Cc

dx3

8c
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1

1 1
———————2x ||176 Appel IF1[ =, =, 1, — - —, —| / (8c-dx%)
27+/c +dx3 3 2 3 ¢ 8c
1 1 4 dx® dx8 4 1 7 dx® dx8 4 3 7 dx3 dx8
32cAppe||F1[—, Y T — —]+3dx3 AppeIIFl[—, N — —]74AppeIIFl e T — .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
- 7cdx3Appe||F1[g,§,1,§J‘Ci,%}
(Bc-dx?) [56cAppe||F1[;i, BT RIS (AppeHFl[; 12,0 0 S aappeltFa[] 20, 00 %m
CZ
® Problem 340: Result more than twice size of optimal antiderivative.
1
dx
x® (8¢ -dx3) (c+dx3)3/2
Optimal (type 6, 66 leaves, 2 steps):
dx3 2 3 dx® dx3
1+ 2% pppellFL[-2, 1, 3, 5, 95, - 9%
16 c2x2+/c +dx3
Result (type 6, 351 leaves):
1 1 1 4 dx3 dx8
_27¢-59dx3 - 736002dx3AppeIIF1[f, P —— —] / (8c-dx3)
432 c3x2+/c +dx3 3 2 3 ¢ 8c
1 1 4 dx3 dx3 4 1 7 dx3 dx3 4 3 7 dx® dx3
32cAppe||F1[—, -1, -, - —}+3dx3 AppellFl[—, Zo2, -, -, —}—4Appe||Fl{—, o1, -, - "
3 2 3 C 8c 3 2 3 c 8c 3 2 3 c 8c
4 1 7 dx3® dx3
413cd?x® Appel IFL[ =, =, 1, =, - ——, ——| / (8¢ -dx3)
3 2 3 c 8c
4 1 7 dx® dx3 7 1 10 dx® dx3 7 3 10 dx3 dx3
56cAppe||F1[—, -1, -, - —}+3dx3 AppellFl[—, T2, o2 “Z ] _amppellFL[ -, S, 2, o2 T8
3 2 3 c 8c 3 2 3 C 8c 3 2 3 C 8c

® Problem 341: Result more than twice size of optimal antiderivative.

1
J ix
x8 (80—dx3) (c +dx3)3/2

Optimal (type 6, 66 leaves, 2steps):




488 | 1.1.3 General.nb

dx3 5 3 2
1+? Appe||Fl[—§, l, 5,*5 oy -

40c2x°+/c +dx3

Result (type 6, 364 leaves):

1 1 1 4 dx® dx8
-432¢?+1269cdx®+2981d?x®+ |382528c?d?x8 Appel IF1|—, —, 1, —, - —, —
3 2 3 c 8c

} /[(8cdx3)

17280 c*x>+/c +d x3

1 1 4 dx® dx8 4 1 7 dx3 dx3 4 3 7 dx® dx8
32cAppe||F1{—, S —}+3dx3 AppellFl[—, S S ——— 74AppeIIF1{—, o1 -, —] -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
4 1 7 dx3® dx8
20867cd3x9AppeIIF1{f, . TR, —] / (8c-dx?)
3 2 3 c 8c
4 1 7 dx® dx8 7 1 10 dx3 dx3 7 3 10 dx® dx8
56cAppe||F1[—, o1, -, - —}+3dx3 Appe|||=1[—, T2, —, - "] amppellF1[ -, =1, &, o2 20
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c

® Problem 342: Result unnecessarily involves higher level functions.

Jz(xm

5+3ﬁ)a+bx3

dx

Optimal (type 4, 737 leaves, 5steps):

31/4 1+\/? 1/6 1/3,pl/3
) \/T 33/4 31/6 Ar cTan { ( ) al’® (a x) } AL/6 A cTan[ (17\/3*) A a+h x3 }
a+bX V2 A a+bx3 /4
. a+b x . \533 \/? .
p2/3 ((1 +\/3_) a1/3 +bl/sx) 2+/2 p2/3 N2 3174 p2/3
3174 a1/6 Ar cTanh [ 31/4 a1/6 [(1+\/?J al/3-2pt/3 x) } 31/4 41/6 Ar cTanh { 3L/4 (17\/37J al/t (al/3.bl/3 x) }
V5 Jamr ) vz amx )
A2 b2/3 22 p2/3
a2/3 _ al/3 pl/3 y 4 h2/3 x2 1-+/3 ) al’8;pl3x
3141/2-+/3 al’® (al3 4+ b3 x) EllipticE[ArcSin[ ) } 7774v3_] /
( l+\/?) a1/3+b1/3x)2 (1+\/?) al’s 4 pl/8x

/ ; / ; _/3 ) al/3,p1/3
22 al/? (al/3  plax| | EEENEXNC gt F[Arcsi n{—(l 3)e "] 743
(173 ) avemrax)® (173 ) at2:b22 x

al/3 (a1/3 +b1/3 X>
h2/3 Ja+bx® |+
((1 +/3 ) a1/3 Jrb1/3 X)Z al/s3 (a1/3+b1/3x)
31/4 pn2/3 - ~’a+bx3

(13 ] at2epix)
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Result (type 6, 250 leaves):

2 1 5  px3 b x3
10 (26+15V?)ax2 a+bx? AppeIIFl[f, -1, - - 77] /
3 2 3 a 10a+6+/3 a

(5+3V3) (2(5+3V3 | a+bx?) |10 (5+3ﬁ)aAppe||F1[3, i, 1, E, 7ﬁ, 7L],
3 2 3 a 10a+6+/3 a

5 1 8 b x3 b x3 5 1 8 b x3 b x3
AppeIIFl[f, -— 2, = -—, —7] - (5+3 V3 ) Appel TF1| — — 1, — - —— -
3 2 3 a 10a+6+/3 a 3 2 3 a 10a+6+3 a

® Problem 343: Result unnecessarily involves higher level functions.

J xa-bx3
2 (5+3\/3_)a—bx3

Optimal (type 4, 757 leaves, 5steps):

3bx3

|

dx

3174 (1,+/3 ) al/6 (al/3_pi/3
\/73 33/4 g1/6 ArcTan{ ( & fa ) } al/t Al’cTan[ (1-V3)Jabx® }
2~/a-bx V2 Jabx® V2 334 a
+ + +
p2/3 ( (1 . ﬁ) al/3 _pls3 x) 22 b2/3 N2 31/4p2/3
31/4 (1./3 ) al/s (al/3_pl/3 31/491/6 ((1,4/3 | al/3.2 p1/3
31/4 41/6 pr CTanh[ ( | a6 (a x) } 31/4 g1/6 pr cTanh{ al’® (| |a x| }
V2 \Ja-bx3® N2 \/a-bx3®
N _
2 \/? p2/3 \/? p2/3

a2/3 . al’3 pl/3 x 4 ph2/3 x2 1-+/3 ] al’3 - pl/3x
31442-/3 al’? (al’® - p1/3x) ~ EllipticE[ArcSin| | | -7-4V3] /

(l+\/?)a1/3—b1/3x) (1+\/?)a1/3—b1/3x

/ / / / 1.4/3 )al"3—b1’3x
22 al’® (al/3-pl/3 a5at 0 b o op Ao n L A
al’® (a x) iptic [ cSi n[ (1073 ) at i x

, 5 . -7T-4+/3
((1+v3 ) at2brax) ] }

al/s (al/s _pl/3 x>
p2/3 a-bx3 |+

((1+V§) al/3 7b1/3X)2

al’3 (alf37b1/3 X)

31/4 b2/3
(1.3 ) a3 b3 x)?
(27 )

a-bx3

Result (type 6, 244 leaves):
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2 1 5 pbx3 b x3
u)p6+15J§jaXZVafbﬁ NmalFlPﬂ -— 1, -, —, 4———————ﬂ /
3 2 3 a 10a+6+V3 a
2 1 5 bx3 b x3
(5+3v§j p(5+3v5jafbxﬂ 10(5+3V§)aNmHIF1Pﬂ S A
3 2 3 a 10a:6+/3 a
5 1 8 bx3 b x3 5 1 8 bx3 b x3
3bx® NmﬂlFlﬂa -— 2, = — ————————J-(5+3J§)NmalF1—a -1, - — — ]
3 2 3 a 10a+6+/3 a 3 2 3 a 10a+6+/3 a

® Problem 344: Result unnecessarily involves higher level functions.

J x -a+bx3
2

5+3\/?)a+bx3

dx

Optimal (type 4, 774 leaves, 5steps):

31/4 g1/6 Ar T [31/4 (13 ) ab® (ah®-btx) }
a cTan
2+ -a+bx3 V2 +/-asbx3
- + +
p2/3 ((17\/?) a1/37bl/3x) 22 p2/3
31/4 31/6 ((14+/3 ) al/3:2 pt/3 31/4 (1.+/3 ) al/é (al/3_pl/3
31/4 41/6 ArcTan{ at (| | a x) ] 33/4 51/6 ArcTanh{ ( |2 (a x) } AL/t ArcTanh[ (1-V3 )V -asbx® ]
N2 A/ -atbx3 V2 +/-a+bx3 V2 3343
+ - +
\/? p2/3 2 \/2* p2/3 \/7 31/4 H2/3
a2/3 . al/3 pl/3 x 4 ph2/3 x2 1++/3 ] al’3 - pl/3x
31/4+/2 /3 al/ (a1/37b1/3x) N ’ EIIipticE[ArcSin{ ) } —7+4ﬁ] /
((17\/?) a1/3—b1/3x)2 (17\/?) al/3 —pl/3x

1V | a2 x
(l—\/?) al/s_pt/3 x

| -7+4v3]

22 al/3 (al/3 - pt/3x) \/ Féhﬁ)bmx*b“ X)zz Ellipti CF{Ar cSi n[
(1, 3 ) al/3-ptix

al/s (al/S —bl/3x)
b2/3 | - A -a+bx3

( (1 - \/?) al/3 _pl/3 X)z 31/4 p2/3 \/_ ( ’am (a7 x) \/m

(17\/37] al/3_pl/3 x)z

Result (type 6, 245 leaves):
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2 1 5 bx3 b x3
- u)p6+15v5jax2 —a+bx3 NmalFlja -1, =, —, Agggggggﬁ /
3 2 3 a 10a+6+V3 a
2 1 5 bx3 b x3
(5+3ﬁ) (2 (5+3ﬁ)afbx3) 10 (5+3ﬁ)aAppe||F1[—, S
3 2 3 a 10a+6+V3 a
5 1 8 bx3 b x3 5 1 8 bx3 b x3
3bx? AppellFl[f, -— 2, = —, 7]—(5&@) Appel lF1|—, — 1, -, —, — ]
3 2 3 a 10a+6+/3 a 3 2 3 a 10a+6+/3 a

® Problem 345: Result unnecessarily involves higher level functions.

J X/ -a-bx3
)

5+3ﬁ)a_bx3

Optimal (type 4, 768 leaves, 5steps):

dx

St 16 pr ot [3 ats ((1V3 ) a2 260 x] |
a cTan
2+/-a-Dbx3 V2 +/-a-bx3
- + +
p2/3 ((1 _ \/g) al/3 . pl/3 X) 2 p2/3
14 (1.4/3 ) al/6 (gl/3,pl/3 14 (1,/3 ) al/6 (al/3,pl/3
31/4 a1/6 ArcTan { 3 (1 3 ) a <a b x) ] 33/4 al/ﬁ Ar cTanh { 8 (1 3 ) a (a b X> } al/G ArCTanh[ (17\/37) 4/ -a-b x3 ]
V2 4/ -a-bx3 V2 ~/-a-bx3 V2 3343
+ - +
22 p2/3 2 ﬁbz/s ﬁ31/4 p2/3
a2/3 _al/3pl/3y 4 ph2/3 x2 1++/3 ) al’8 4 pl/3x
31442++/3 al’? (al’® 4 b1/3x) ’ EllipticE|[ArcSin| | | -7+4V3] /
((17\/?) a1/3+b1/3x)2 (1,\/?) al/3 ; pl/3 x

(l+ﬁ) al/34pl/3 x
(l—\/?) al/3.pl/3 x

|, -7+4V3]

22 al/3 (al/3 4 b3 x) \/ ‘E‘?g’\aﬁ)bf:*?z: X)zz Ellipti CF{Ar cSi n[
1-v3 | al’3+b1/3x

al’3 (al/3 1 b1/3 )
((17\/?) al/3 . pl/3 X) 31/4 b2/3\/— (’al/s (al/2+bt/2 x) m

(17\/37] al/3.p1/3 x)z

Result (type 6, 253 leaves):
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- (10 (26 +15V3 | ax?\/-a-bx? Appe||F1{E, e ,ﬁ, ,L] /
32 3 a 10a+6+3 a
(5+3V3) (2(5+3V3 |a+bx?) |10 (5+3ﬁ)aAppe||F1[3, 2 7E, LA B
3 2 3 a2  10a+6+3 a
8 bx3 b x3 5 1 8 bx3 b x3

3bx3

|

5 1
Appel IFL| =, ==, 2, - - ——, -
30 2 3'  a
10a+6+/3 a

® Problem 346: Result unnecessarily involves higher level functions.

J x~/a+hbx3
2 (5—3\/3_)a+bx3

Optimal (type 4, 738leaves, 5steps):

}-(5+3v3_)Appe||F1 e
3 2 3 a 10a+6+/3 a

dx

34al/s (13 ) al/3-2b13x)
— 31/4 1/6 ArcTan{ }
2 a+ b X3 \/7 </ a+b x3
p2/3 ((1 . ﬁ) al/3 L pl/3 x) A2 p2/3
314 (1,+/3 ) al/t (al/3.pl/3 31/4 (1_.+/3 ) al/6 (al/3.pl/3
31/4 q1/6 Ar cTan{ ( |20 (e ) ] 33/4 1/6 ArcTanh{ ( Jae fa ) } al/é ArcTanh[ [1:+/37) Vabx? }
7z e 7z T
+ + -
2 ﬁbz/s 2 ﬁbz/s ﬁ31/4 p2/3

a2/3 _al/3pl/3y 4 ph2/3 x2 1-+/3 ) al’8 pl/3x

31442-/3 al’? (al’® 4 p1/3x) ’ EllipticE|[ArcSin| | | -7-4V3] /
(1+\/?)a1/3+b1/3x>2 (1+\/?)a1/3+b1/3x

22 at® (at/e piiax) | EIAUBINC gy op|argsn | LI
((1+\§) a1/3+b1/3x) (1+\/?) al/3.pt/3x

al/3 (al/S Jrb1/3 X>
b2/3 Va+bx® |+

R

2
((l+ V3 ) a1/3+b1/3x) al’3 (al/3+bt/3 x) /
1/4 B2/3 3
3 b \/ ((’1+V3 )a1’3+b1/3x)2 arbx

Result (type 6, 250 leaves):
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b x3 b x3

5 }/
3 a 10a-6+/3 a
2 1 5 b x3 b x3
10 (—5+3\E)aAppellFl{—, s —
3 2 3 a 10a-6+/3 a

5 1 8 b x3 b x3 5 1 8 b x3 b x3
Appel IFL[ =, - =, 2, — - —, -————— |+ (-5+3V/3 | Appel IFL[ =, —, 1, - - —, - —————
3 2 3 a 10a-6V3 a 3 2 3 a 10a-6+V3 a
® Problem 347: Result unnecessarily involves higher level functions.
J x+ a-hbx3
2

5—3\/3_)a—bx3

Optimal (type 4, 758 leaves, 5steps):

2 1
10 (—26+15ﬁ)ax2 a+bx3 AppeIIFl{f, e
3 2

(75+3V3*) (2 (75+3ﬁ)a7bx3)

3bx3

|

dx

1/4 -1/6 34 (1+ﬁ) al/t (al/3-b13x)
5 \/T 31/4 gt/ ArcTan{ }
a-bx N2 \/a-bx3
p2/3 ((1+ﬁ) al/37b1/3X) 22 b2/3
31/4 31/6 Ar cTan { 34ale [(1-V3 ] atea2biox) ] 33/4 31/6 Ar cTanh { 34 [1-V3 ) ate (atiopiex) } al/6 ArcTanh[ (1v3) Jabxe }
VE Aabx VT abx T
+ + -
\/? p2/3 2 \/? p2/3 \/7 31/4 H2/3
a2/3 . al/3 pl/3 x 4 ph2/3 x2 1-+/3 ] al’3 - pl/3x
31/4+/2 /3 al/3 (a1/37b1/3x) N ’ EIIipticE[ArcSin{ ) } —7—4ﬁ] /
(1+\/?)a1/3—b1/3x>2 (1+\/?)a1/37b1/3x

R

/ / / / ,r 1/3_p1/3
22 al/® (al/? - pl3x) | LAY DT gy pti oF[ArcSin [u
al’® (al/? - bl/3x) ((2+37) at3-b13x) (1437) at3-pt3x
b2/3 a-bx3 |+

( (1 ¥ ﬁ) al/s _pt/3 X)Z 31/4 p2/3 \/ ) Jabxd
(

1+ﬁ) al/3 pt/3 x)2

Result (type 6, 242 leaves):
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10 (26—15ﬁ)ax2\/a—bx3 Appe||F1E, é, 1, E, g, b ] /

3 a 10a-6+3 a
5 bx8 b x3

5373 (2(-5+3V3 ) arbx] [10 [50av3)ampelip|2, S0, 2 20 2 g
3 2 3 a 10a-6V3 a

I1F1 > ! 2 8 b bx® 5+3+/3 | Appel | F1 > 1 1 8 bx b X
Appe {—, -— 2, -, —, 7]+(— + ) pe - =1 - — —
3 2 3 a 10a-6+3 a 3 2 3 a 10a-6+/3 a

® Problem 348: Result unnecessarily involves higher level functions.

J x~/-a+bx3
2 (5—3\/3_)a—bx3

Optimal (type 4, 774 leaves, 5steps):

3bx3

|

dx

31/4 (1,\/3*) al/e (a1’3—b1/3x) }

, m 33/4 51/6 ArcTan{ (14v/3 )y -asbx® ]
—a+bx V2 4/ -a+bx3

al/é ArcTan[

- ) V2 34qa .
b?/3 ((1-+/3 ] al3 bl x| 22 b3 V2 31/4p2/3
31/4 31/6 Ar cTanh [ 34 (1/37) al® (al3-b1 o x) } 31/4 31/6 Ar cTanh { 34l ((1-V3 ) atea2bix) }
V2 o/ -a+bx3 V2 i/ -asbx?
. _
2 \/? p2/3 \/? p2/3
a2/3 . al/3 pl/3 x 4 ph2/3 x2 1++/3 ] al’3 - pl/3x
31/4+/2 /3 al/ (a1/37b1/3x) N ’ EIIipticE[ArcSin{ ) } —7+4ﬁ] /
((17\/?) a1/3—b1/3x)2 (1,\/?) al/3 _pl/3y

2/3,41/3 B1/3 2/3 2 /37 ) al/z ptse
2+/2 al/3 (al/3 _pl/3x) | 2 TraTbTIx T EIIipticF{ArcSin[—(l 3 ) X}, -7+443 |
((1,\/?) a1"37b1"3><)2 (l—\/?) al’3-pt/3 x

al’® (al/3 - pl/3x)
b2/3 | - \-a+bx3 |+

( (1 B \/?) al/3 _pl/3 X)z 31/4 2/3 \/_ ( ’am (a7 x) \/m

(17\/37] al/3_pl/s3 x)z

Result (type 6, 243 leaves):
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2 1 5 bx3 b x3
- u)p6715J§jax2 —a+bx3 mma|F1ja -1, =, — 4———————ﬁ /
3 2 3 a 10a-6+3 a
2 1 5 bx3 b x3
(75+3v§j p(75+3v5ja+bxﬂ P0(5+3V3)aAmmIH%[—,—,L A
3 2 3 a 10a-6+/3 a
5 1 8 bx3 b x3 5 1 8 bx3 b x3
3bx® delFlﬂa -—, 2, 7,4—7,4———————{-+p5+3xﬁ?)wmm|F1—a -1 - — — ]
3 2 3 a 10a-6+3 a 3 2 3 a 10a-6+/3 a

Problem 349: Result unnecessarily involves higher level functions.

Jz(xv:ibx:3

5_3J§ja+bﬁ

Optimal (type 4, 768 leaves, 5steps):

dx

33/4 al/6 ArcTan { 31/4 (1,\/3*) al/e (al’3+b1/3x) } (lm/?) _a-bx3 ]
2\ —a—bX3 V2 A/ -a-bx3 V2 334+ a

- + +

p2/3 ( (1 _ ﬁ) al/3 L pl/3 x) 22 b2/3 V2 3l/4p2/3

al/é ArcTan[

31/4 41/6 ((17\/3*) al/s_ o b1’3><> } 31/4 <1+V?) al/e (al,'3+b1,'3x) }
V2 +/-a-bx? V2 \-a-bx3
ﬁ p2/3 2 \/7 p2/3

31/4 al/GArcTanh[ 31/4 al/GArcTanh{

a2/3 _al/3pl/3y 4 ph2/3 x2 o . 1++vV3 ) al/3  p1/3 x
34N 2++/3 al’? (al?+b'3x) ElllptlcE[ArcSm{

((17\/?) a1/3+b1/3x)2 (17\/?) al/3 4+ pl/3x

},77+4V§q /

(l+ﬁ) al/34pl/3 x
(l—\/?) al/3.pl/3 x

|, -7+4V3]

22 al/3 (al/3 4 b3 x) \/ ‘E‘?g’\aﬁ)bf:*?z: X)zz Ellipti CF{Ar cSi n[
1-v3 | al’3+b1/3x

al’3 (al/3 1 b1/3 )
((17\/?) al/3 . pl/3 X) 31/4 b2/3\/— (’al/s (al/2+bt/2 x) m

(17\/37] al/3.p1/3 x)z

Result (type 6, 253 leaves):
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10 (—26+15\E)ax2 —a-bx3 Appe||F1{E, 75, 1, é, 7ﬁ, 7L}

3 2 3 a 10a-6+/3 a

(75+3V3T) (2 (75+3ﬁ)a7bx3) 10 (75+3\E)aAppellFl{E, i, 1, E, -
37 2 3

5 1 8 b x3 b x3
Appel IFL[=, -2, 2, — -\ -
3 2 3 a 10a-6+/3 a

® Problem 350: Result unnecessarily involves higher level functions.

3bx3

J\/m (2 (5t3\/3_)a+bx3)

Optimal (type 3, 318leaves, 1step):

dx

1/4 +\/7 1/6 1/3 ,pls3
(23 | arcan| 2 L (2 V3| arcTan[ L2 L0 )
N2 +/a+bx3 N2 3%4+a
2 ﬁ 33/4 35/6 p2/3 3 \/? 33/4 35/6 p2/3

/

b x3

a

31/4 (1;/3 J al/6 (a1'3+b1"3x)

31/4 g1/6 ((1+ﬁ) al’?-2 b1’3><) }

(2—\/?) ArcTanh[ s Tz Jabe

(2—\/3_) ArcTanh{

}

3./2 31/4 a5/6 b2/3 6“/2 31/4 a5/6 b2/3

Result (type 6, 249 leaves):

(5+3V3_)W(2 (5+3V3 ) a+bx?) |10 (5+3V3_)aAppe||F1E, % 1,

2 1 5 bx?® b x3
[10 (26 +15+/3 | ax? Appel IFL[—, =, 1, =, - —, - ——— |
3 2 3 a 10a+6+/3 a

5 1 8 bx3 b x3
AppeIIFl[f, -2, - —
3 2 3 a 10a+6+/3 a

® Problem 351: Result unnecessarily involves higher level functions.

3bx3 ]+(5+3ﬁ)Appe||F1

JW (2 (5t3ﬁ)abx3)

Optimal (type 3, 324 leaves, 1step):

dx

5

b x3
- | +
10a-6+/3 a
1 8 b x3 b x3

]+(-5+3\/?)Appe||F1 E, B
3 2 3 a 10a-6+/3 a

b x3 b x3

a 10a+6+V3 a

L 8 b x3 b x3
3 a 10a+6+/3 a

|
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31/4 1“5 1/6 1/3_p1/3 I
(2 - \/3_) ArcTan[ | S i ] (2 - \/?) ArcTan[Liﬁ) a0 ]
V2 +Ja-bx® N2 3%4+/a
2 \/2_ 33/4 55/6 p2/3 3 \/? 33/4 35/6 p2/3

31/4 (’17\/?) al/e (31’3—b1"3x> } 31/4 q1/6 (<l+\/?) al/’3. 2 b1’3x) }

(Zfﬁ)ArcTanh[ (Z—ﬁ)ArcTanh{

N2 ~Ja-bx3 N2 ~Ja-bx3
6\/731/4 a5/6 p2/3 3\/2_31/4 a5/6 p2/3
Result (type 6, 243 leaves):
2 1 5 bx3 b x3
10 (26+15ﬁ)ax2AppellFl{—, -1, - —, 7} /
3 2 3 a 10a+6+/3 a
2 1 5 bx8 b x3
(5+3ﬁ) Ja-bxd (2 (5+3ﬁ) afbx3) 10 (5+3ﬁ) aAppeIIFl[—, U T 7} .
3 2 3 a 10a+6+/3 a
5 1 8 bx3 b x3 5 3 8 bx3 b x3
3bx? AppeIIFl[f, I S 7]+(5+3ﬁ) AppeIIFl[f, 1, -, = ]
3 2 3 a 10a+6+/3 a 3 2 3 a 10a+6+/3 a
® Problem 352: Result unnecessarily involves higher level functions.
X
dx
A/ -a+bx3 (—2 (5+3\/?) a+bx3)
Optimal (type 3, 328leaves, 1step):
31/4 (1.+/3 ) al/6 (al/3_pl/3 3174 q1/6 ((1,+/3 ) al/3,2pl/3
(Z—W)ArcTan[ ( 2 [ Xw (2—\/37)ArcTan{ 2 | 2 x)]
\/7 \/ —a+b x3 \E \/ —a+b x3
+ +
6\/2731/4 a5/6 p2/3 3ﬁ31/4 a5/6 p2/3
31/4 (1+ﬁ) al/e (a1/3—b1’3x) (1—\5) %a+bx3
(2—\/3_)ArcTanh[ } (2—\/3_)ArcTanh{—}
N2 4/ -asbx3 V2 334 a
2ﬁ33/4 a5/6 p2/3 3@33/4 a5/6 ph2/3
Result (type 6, 244 leaves):
2 1 5 bx3 b x3
~ |10 (26+15\/?)ax2AppeIIF1[f, “o, o 7] /
3 2 3 a 10a+6+/3 a
2 1 5 bx3 b x3
5+3ﬁ) (2 (5+3\/3_) a-bx3) \/-a+bx® |10 (5+3ﬁ) aAppeIIFl[—, S T
3 2 3 a 10a:+:6+/3 a
5 1 8 bx3 b x3 5 3 8 bx3 b x3
3bx® AppelIFl{—, - 2, -, —, 7}(5&\5) AppeIIFl{—, -, - — 7} ]
3 2 3 a 10a+6+/3 a 3 2 3 a 10a+6+/3 a
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® Problem 353: Result unnecessarily involves higher level functions.

X

\/-a-bx3 (72 (5+3ﬁ)afbx3)

Optimal (type 3, 330leaves, 1step):

dx

(2 B \/?) ArcTan [ 31/4 a1/6 ((1+\/?) al/s-2 b1/3><> } (2 B \/3_) ArcTan { 3l/4 (1—\5) al/t (al/3+b13 x) ]

V2 A/ -a-bx3 V2 A -a-bx3
+ +
3 \/? 31/4 55/6 p2/3 6 ﬁ 31/4 35/6 p2/3
3L/4 (1+ﬁ) al’® (al/3.:b1/3x) 1.3 )/ abxd
(2-V3 ) ArcTanh | | (Lﬁ)ArcTanh[( |V -a-bx ]
V2 A/ -a-bx3 N2 3%4+a
2 \/? 33/4 35/6 p2/3 3 \/? 33/4 35/6 p2/3

Result (type 6, 252 leaves):

- 110 (26+15ﬁ)ax2Appe||F1[E, R 7ﬁ, 7L} /
3 2 3 a 10a+6+/3 a
[(5+3V?) \/-a-bx3 (2 (5+3x/?)a+bx3) 10 (5+3x/?)aAppe||F1[3, i, 1, 5, _f, _L]_
3 2 3 a 10a+6+/3 a
3bx3 Appe||F1{E, P _ﬁ, LI |+ (5+3V3) AppeIIFl[E, SIS _ﬁ, L
3 2 3 a 10a+6+/3 a 3 2 3 a 10a+6+/3 a

® Problem 354: Result unnecessarily involves higher level functions.

X
J ax
Ja+bx3 (2 (5-3V3) a+bx3)
Optimal (type 3, 310leaves, 1step):
(2 . \/37) A cTan { 31/4 51/6 ((17\/7> al/?-2pl2 x| ] (2 . \/37) A cTan { 31/4 (\l*\/?) al’s (al/3.p1/3 x| }
V2 +Ja:bx3 N2 A a+bx3
- - +
3+/2 31/4 g5/6 p2/3 6 \/? 31/4 35/6 p2/3
314 (13 ] al® (2t x) (13 ) arbxt
(2++/3 ) ArcTanh| ] (2473 ) ArcTanh| ]
V2 +Ja+bx3 . V2 3¥4a
2 \/? 33/4 35/6 p2/3 3+/2 33/4 g5/6 p2/3

Result (type 6, 249 leaves):

|



1 5 b x3 b x3
PTALoLL
3 a _10a+6+3 a

(75+3\§) (2 (75+3\/?) afbx3) \Ja+bx3

5 1 8 b x3 b x3
AppeIIFl{f, S
3 2 3 a 10a-6+3 a

® Problem 355: Result unnecessarily involves higher level functions.

10 (2645@) a x2 Appel | Fl{g,

/

10 (75+3V3T) a Appel | Fl[; % 1,

3bx® ]+(5—3\/?)AppellFl[§,

J\/m (2 (5)i3\/3_)a—bx3)

Optimal (type 3, 316 leaves, 1step):

dx

31/4 (1+\/?) al/6 (a1’3—b1'3x) ]
V2 Ja-bx3

6 \/? 31/4 35/6 K2/3

(2+V3_)ArcTan{

31/4 g1/6 ((lf\/?J al/3.2 b1'3x) }
V2 +Ja-bx3
3 \/? 31/4 35/6 p2/3

(l+\/3_) \/ a-b x3
V2 334 a ]

3+/2 33/4 a5/6 b2/3

1/

10 (_5+3ﬁ) a Appel | Fl[g, % 1,

2+\/?)ArcTan{

31/4 (17\/3*) al/e (a1’3—b1’3x) }
V2 +Ja-bx3
2 \/27 33/4 35/6 p2/3
Result (type 6, 242 leaves):

(2+\/?)ArcTanh[ (2+\E)ArcTanh{

+

2 1 5 bx3 b x3
10 (26715\/?)ax2AppeIIFl{—, -1, -,
3 2 3 a 10a-6+3 a

[(_5+3\/?) Ja-bx3 (2(-5+3V3 ) a+bx?]

5 1 8 bx3 b x3
AppeIIFl{f. -2, - — —
3 2 3 a 10a-6+/3 a

® Problem 356: Result unnecessarily involves higher level functions.

3bx3

X

J(2 (5-3V3)a-bxi)/-abx®

Optimal (type 3, 320leaves, 1step):

dx

5

’

3

%(5_3%3_) Appe||F1{E, 3, 1,
3' 2

b x3

8 bx8
3 a

b x3

)

b x3

-—— |+
a 10a-6+/3 a

b x3

10a-6+vV3 a

b x3

10a-6+/3 a

a 10a-6+V3 a

b x3

|

1.1.3 General.nb | 499



500 | 1.1.3 General.nb
31/4 (17\/?) al/e (a1’37b1’3x) w3 /77 bx®
} (2+ﬁ)ArcTan{—<1J;J3 ?X ]
3/4 \[a

2++/3 | ArcTan
( ) [ \/7\ —a+b x3
2 \/? 33/4 35/6 h2/3 3 \/2_ 33/4 35/6 p2/3
1/4 M/i 1/6 1/3_p1/3 1/4 41/6 7\/* 1/3, 1/3
(ZJr\/Bi)ArcTanh[3 (/3 )& (e Xw (2+\E)ArcTanh{3 il (CRED ich X)}
Jz [ abx V2 [Camx
3 \/2_ 31/4 35/6 p2/3

6 1/2 31/4 a5/6 b2/3

Result (type 6, 243 leaves):
5 bx3 b x3 ]

2 1
10 (26—15ﬁ)aXZMpeIIF1[—, . , /
3 2 a 10a-6+3 a
1

2
10 (75+3ﬁ)aAppellFl[—, -1, -, , —————
3 2 3 a 10a-6+/3 a

w

5 bx® b x3

[(5+3ﬁ) [acox? (2(-5+3v3 | asbx]
5 8 bx3 b x3 5 8 bx3 b x3
3bx® [Appel IFL[ -~ 2, — —— ——————|+(5-3"3 | Appel IF1[ — ~ 1, - —, J
3 2 3 a 10a-6/3 a 3 2 3 & 10a-6vV3 a
® Problem 357: Result unnecessarily involves higher level functions.
X
dx
\/-a-bx3 (2 (5-3V3 | a+bx?)
Optimal (type 3, 322leaves, 1step):
31/4 (1—r) al/t (a1’3+b1/3x) '1+\/? _ab x3
(2+ﬁ)ArcTan[ : } (2+\/3_)ArcTan{(\ | V-a-bx ]
V2 A -a-bx® V2 3¥4ya
2ﬁ33/4 a5/6 p2/3 3\/2*33/4 a5/6 h2/3
31/4 g1/6 ((1_+/3 | al/3_2 p1/3 31/4 (1,4/3 | al/6 (al/3.pl/3
(2+x/3_)ArcTanh[ 2 |2 X)} (2+x/3_)ArcTanh{ ( | X)}
3ﬁ31/4 a5/6 p2/3 6\531/4 a5/6 h2/3
Result (type 6, 252 leaves):
2 1 5 b x3 b x3
~ |10 (26—15\/?)ax2AppeIIF1[f, TP /
3 2 3 a _10a+6vV3 a
5 b x3 b x3
+

2 1
10 (—5+3\/?)aAppellFl[f, -1, - — - —
3 2 3 a 10a-6+/3 a

(_5+3ﬁ) \/-a-bx3 (2 (_5+3ﬁ)a_bx3)
bx? L%(sfsﬁ) AppeIIFl[E, E, 1 E, 7ﬁ, 7L] J
3 2 3 a 10a-6+/3 a

3 s 1,8 .
3bx° |[Appel IF1|—, —, 2, —, )
3 2 3 a 10a-6+/3 a




® Problem 361: Result unnecessarily involves higher level functions.

a+bx3

[

Optimal (type 3, 85leaves, 6 steps):

Z\EArcTanh{ chfxB ] 2+/bc-ad ArcTanh{ﬁbi c‘ddxa}
c V c-a

- +
3a 3a+vb
Result (type 6, 160 leaves):

“2bdx®/c+dx3 Appe||F1{£, _%, 1, E, . -i}

2 d x3 b x3

/

1 c
(a+bx3) (3|odx3Appe||F1[E -

1
2’ ’2' dx3  bx3
5 c a

20 dx3 7ﬁ]

3 1
b ¢ Appel | Fl[—, -1,
2" 2

® Problem 362: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

a+bx3

[asae

Optimal (type 3, 115leaves, 7 steps):

[c . dx? (2bcfad)ArcTanh[V°*an} 2+/b “/bc-ad ArcTanh{

Ve
- +

N

a 3
R ——]—ZadAppeIIFl -
2

N | o

3ax® 3a2+/c 3a?

Result (type 6, 407 leaves) :
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1 1 d x3 b x3
6bcdx®Appel IFL[1, =, 1,2, - —, - —]| /
9x3 (a+bx3)+Jc+dx? 2 ¢ a
1 d x3 b x3 1 d x3 b x3 3 d x3 b x3
74acAppeIIF1{1, ~1,02, - —, 7—}+x3 2bcAppe||F1[2, Z,2,3 - —, +adAppe||F1[2, =1, 3, - — 7—} N

2 c a 2 c a 2 c a

1 5 c a
[5bdx3 (3ac+bcx3+4adx3+3bdx6)AppeIIFl[ , =1, = - — 7—]7

2 2 dx3 b x3

N[N N w

5 1 c a 5 3 7 c a
3 (a+bx3) (c+dx?) 2adAppeIIFl{f, =, 2, S ——]+bcAppeIIFl{f, B P _—] )/
2 2 dx3 b x3 2 2 2 d x3 b x3
3 1 5 c a 5 1 7 c a
a —5bdx3AppeIIFl[f, S +2adAppeIIFl[f, I S
2 2 2 d x3 b x3 2 2 2 d x3 b x3
5 3 7 c a
bcAppel IFL[=, =, 1, = - ——, - —]
2 2 2 dx3 bx®
® Problem 363: Result more than twice size of optimal antiderivative.
x3+/c+dx3
— dx
a+bx3
Optimal (type 6, 64 leaves, 2 steps):
4 3 4 17 b x3 dx®
X C+dX Appe||Fl{§, 1,*5, g,*T,*T
4a [1+9¢
C
Result (type 6, 426 leaves):
1 1 1 4 d x3 b x3 1 1 4 dx3 b x3
X 32a2c2AppeI|F1[—, -1, - -—, 7—] / 78acAppeIIF1[—, I
10b (a+bx3)/c+dx® 3 2 3 ¢ a 3 2 3 ¢ a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
3x3 2bcAppeIIF1[—, I N 7—}+adAppeIIF1[—, 1, -, - 7—} .
3 2 3 c a 3 2 3 c a
4 1 7 dx® b x3
_7ac (8ac+11bcx3+3adx3+8bdx6)AppeIIFl[f, S R
3 2 3 c a
7 1 10 dx3 b x3 7 3 10 dx3 b x3
12x® (a+bx®) (c+dx3) 2bcAppeIIF1{—, - 2, —, -—, 7—}+adAppeIIF1[—, -1, — -—, 7—] /
3 2 3 c a 3 2 3 c a
4 1 7 dx® b x3
~l4acAppel IF1[—, =, 1, -, - —\ - — |+
3 2 3 c a

7 1 10 dx® bx3 7 3
2bcAppeIIF1[—, S — 7—]+adAppeIIFl - o1, =
3 2 3 c a 3 2

3x8




® Problem 364: Result more than twice size of optimal antiderivative.

[

a+bx3

Optimal (type 6, 64 leaves, 2 steps):

x2~/c +dx3 AppellFlE, 1, -1,

w|o

Result (type 6, 163 leaves):

2 1 5 dx3 b x3 2 1 5 dx3 b x3
5acx?+/c+dx3 AppeIIFl{f, -= 1, = -— ——] / (a+bx®) |10acAppel IF1| —, -~ 1, — - —— - ——|+
3 2 3 c a 3 2 3 c a
5 1 8 dx3 b x3 5 1 8 dx3 b x3
3x3 72bcAppeIIF1{—, -— 2, = -—, 7—]+adAppeIIF1{—, -1 - - -—
3 2 3 c a 3 2 3 c
® Problem 365: Result more than twice size of optimal antiderivative.
i/ ¢ +dx3
—_——dx
a+bx3
Optimal (type 6, 59 leaves, 2 steps):
1 1 4 b x° dx3
x~/c+dx3 AppeIIFl{g, L -5 5 7TX, 7%
a :|.+ﬁ
C
Result (type 6, 161 leaves):
1 1 4 dx3 b x3 1 1 4 dx3 b x3
8acxc+dx3 AppeIIFl{—, e — 7—] / (a+bx®) |8acAppel IF1|—, - — 1, —, - —, - — |+
3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 1 7 dx3 b x3
3x3 —2bcAppeIIFl{f, R N ——]+adAppeIIFl{f, P, _7]
3 2 3 c a 3 2 3 c a

® Problem 366: Result more than twice size of optimal antiderivative.

[

a+bx3

Optimal (type 6, 62 leaves, 2 steps):
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Verdx® AppellF1[-%, 1, -1 250X dx
ax 1+d%3
Result (type 6, 344 leaves):
1
10x~/c +dx3
10 (c +dx3) 2 1 5 dx3 bx®
-+ |25c (2bc-3ad)x®Appel IFL[ S, T 1, o ] / (a+bx?)
a 3 2 3 c a
5 1 8 dx3 b x3 5 3 8 dx3
3 2bcAppe||F1[—, T2, o, -, ——]+adAppeIIF1[—, o1, -, o -
3 2 3 c a 3 2 3 c
5 1 8 dx3 b x3 5 1
16bcdx6AppeIIF1{f, U P, _—} / (a+bx®) |-16ac Appel IF1| -, —, 1,
3 2 3 c a 32
8 1 11 dx3 b x3 8 11 dx3
3 x3 2bcAppeIIF1[—, I N 7—}+adAppeIIF1{—, N P
3 2 3 c a 3 3 c

® Problem 367: Result more than twice size of optimal antiderivative.
\Jc+dx3
a +b X3

Optimal (type 6, 64 leaves, 2steps):
mAppellFl{fg, 1, -1 L e ad

3
2 ax? l+de

Result (type 6, 344 leaves):

2
—10acAppeIIFl[f, ~1,
3" 2

-
=)




1.1.3 General.nb |505

1
8x2+/c+dx3
4 (c+dx3) 1 1 4 dx3 b x3 1 1 4  dx3 b x3
B R T (4bc-3ad)x3AppeIIF1{f, . DR _—} / (a+bx?) —8acAppeIIFl[f, T, -, o - .
a 3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
3x3 2bcAppeIIF1[—, B S, 7—]+adAppeIIF1[—, o1, -, - 7—] v
3 2 3 [ a 3 2 3 c a
4 1 7 x3 b x3 4 7 dx3 b x3
7bcdx6AppeIIF1{f, o1, -, - _—] / (a+bx3) |-14ac Appel | F1| -, 1, R _—]+
3 2 3 c a 3 3 c a
7 1 10 d x3 b x3 7 3 10 dx3 b x3
3x3 2bcAppeIIF1[f, o2, o ——}+adAppeIIF1{—, N T -—]
3 2 3 c a 3 2 3 [ a

® Problem 371: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(C +dX3)3/2
—  dX
x (a+bx3)

Optimal (type 3, 104 leaves, 7 steps):

Zd\m 203/2ArcTanh{W] 2(bc-ad)3/2ArcTanh{@]

Ve Vbc-ad
- +
3b 3a 3ahd?
Result (type 6, 325 leaves):
1
9b+/c+dx3
1 dx3 b x3 1 d x3 b x3
2d |3 (c+dx®) +|6ac (-2bc+ad) x* Appel I F1[1, —, 1, 2, - —, - —] / (a+bx®) |-4acAppel IF1[1, =, 1, 2, -—, - —]+
2 c a 2 c a
1 dx3 b x3 3 dx3 b x3
x3 2bcAppe||F1{2, Z2,3 -, - +adAppe||F1[2, Z1,8 -, _—] .
2 c a 2 c a
3 1 5 C a 3 1 5 c a
[5b2c2x3Appe||F1[*, -1, -, -—, _7} / <a+bx3) (—destppellFl[f, - 1, = - v - +
2 2 2 d x3 b x3 2 2 2 dx3 b x3
5 1 7 c a 5 3 7 c a
2adAppeIIF1{f, R S ——]+bcAppeIIF1{f, o1 -, - _—] J
2 2 2 dx3 b x3 2 2 2 dx3 b x3

® Problem 372: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(c+dx3)3/2
—  dx
x4 (a+bx3)

Optimal (type 3, 116 leaves, 7 steps):
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cerdx® \E(ZbcffSad)ArcTanh[ I } 2 (bc-ad) ArcTanh[ﬁ}

- 4 -
3axs 3a? 3a2b
Result (type 6, 414 leaves):

1 1 d x3 b x3
c|[6d (be-2ad) x®Appel IFL[1, — 1,2, -~ -—]| /
9 x3 (a+bx3)x/c+dx3 2 ¢ a
1 dx3 b x3 1 d x3 b x3 3
_4acAppe||F1[1, Zo1, 2, - ——]+x3 2bcAppel IF1[2, =, 2,3 -~ -~ +adAppe||F1[2, ~ 1, 3,
2 c a 2 c a 2
3 5 c a
[5bdx3 (3a(c+2dx®) +bx® (c+3dx3)) Appel IFL[=, =, 1, =, - —— - — |-
2 2 dx3 bx®
5 1 7 c a 5 3 7 c a
3 (a+bx?®) (c+dx?) 2adAppeIIF1[— - 2, - -— —}+bcAppeIIF1[—, -1, - -— ——} ]/
2 2 27 dx® bxe 2 2 2 dx* bx®
3 1 5 c a 5 1 7 c a
5bdx®Appel IF1[=, —, 1, =, - ——, ———|.2adAppel IF1[~, =, 2, =, ——— ——|+
2 2 2 d x3 x3 2" 2 2 d x3 b x3
5 3 7 c a
bcAppeIIFl{f, 1, -, - -—] J
2 2 2 dx3 b x3

® Problem 373: Result more than twice size of optimal antiderivative.

x3 (c+dx3)3/2
———— dXx
a+bx3

Optimal (type 6, 65 leaves, 2 steps):

X4WAppellF1[;i, 1, -3, I, -2, o<

Result (type 6, 382 leaves):
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1

110 b2 +/c +d x3

X |4 (c+dx®) (14bc-11ad+5bdx?) +

1 1 4 d x3 b x3 1 1 4 dx3 b x3
32 a2 ¢2 (14bc—11ad)AppeIIFl[f, T, o, - _—} / (a+bx?) 8acAppe||F1[ S T
3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 3 7 dx3 bx3
2bcAppe||F1[— T2, -, o, ——}JradAppeIIFl{—, B TR
3 2 3 C a 3 2 3 C
4 1 7 d x3 b x3 4 1 7 d x3 b x3
7ac (27b?c2-88abcd+55a2d?) x> Appel IFL[—, =, 1, —, - —, - —| / (a+bx3) —14aCAppeIIFl{f, T
3 2 3 c a 3 2 3 c a
7 1 10  dx®  bx3 7 3 10 dx3 bx3
2bcAppe||F1{—, o2, o ——]+adAppeIIF1{—, N P —}
3 2 3 c a 3 2 3 C a
® Problem 374: Result more than twice size of optimal antiderivative.
x(c+dx3)3/2
— ax
a+bx3
Optimal (type 6, 65leaves, 2 steps):
2 3 2 3 5 b x3 dx3
Verdx® Appel IF1[2, 1, -8, 5 bX  d
2a l+£
Cc
Result (type 6, 437 leaves):
1
35b(a+bx3)wc+dx3
2 1 5 dx3 bx3 1 5 dx3 b x3
2||25ac? (-7bc+4ad) Appel IF1| —, —, 1, —, - —, - — lOacAppeIIFl[ -1, - -—, -—— | +3x%°
3 2 3 c a 2 3 c a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
2bcAppel IFL[ =, =, 2, -, - ——, -~ |vadAppel IF1|>, =, 1, -, - ——, - —[[|+
3 2 3 c a 3 2 3 c a
5 1 8 d x b x3
2d |-8ac (1Oac+20bcx3+3adx3+10bdx5)AppeIIFl{—, -1, - -—, 7—}+15x3 (a+bx®) (c+dx?)
3 2 3 C a
8 1 11 d x3 b x3 8 3 11 d x3 b x3 5 1
2bcAppeIIF1{f, I S, ——}+adAppeIlF1[f, R T _—] / —16acAppeIIFl[f, -,
3 2 3 c a 3 2 3 c a 3 2
8 dx3 b x3 8 1 11 dx3 b x3 8 3 11 dx3 b x3
1, - -— -—|+3x% [2bcAppel IF1|~, =, 2, —, -——, -— | +adAppel IFL| =, —, 1, —, - — - —]
3 c a 3 2 3 c a 3 2 3 c a
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® Problem 375: Result more than twice size of optimal antiderivative.
(C +d X3> 32
—dx
a+bx3
Optimal (type 6, 60leaves, 2 steps):

cxWAppenm[g, 1, -3, 4 e ax

N W

Result (type 6, 434 leaves):

1 11 4 dx3 b x3 1 1 4 dx3
X | |16 ac? (75bc+2ad>AppeIIF1[—, -1, - -—, 7—] / 78acAppeI|F1{—, 1, -, - -
10b (a+bx3) \/c+dx3 3 2 3 ¢ a 3 2 T3 ¢
4 1 7 dx3 b x3 4 3 7 dx3 b x3
3x3 |2bcAppel IF1[—, =, 2, =, -——, -—|+adAppel IFL|—, =, 1, -, - —, - —|||+
3 2 3 c a 3 2 3 c a

4 1 7 dx® bx®
~7ac (8a<:+16bcx3+3adx3+8bdx6)AppellFl{g, oL -] +12x% (a+bx®) (c+dx®)

[d

3 c a
7 1 10 d x3 b x3 7 3 10 dx3 b x3 4 1
2bcAppe||F1[—, Zo2, — - " |iadaAppel IFL|—, =, 1, — - —, 7—] / 714acAppeIIFl[—, -,
3 2 3 C a 3 2 3 c a 3 2
7 d x3 b x3 7 1 10 d x3 b x3 7 3 10 d x3 b x3
1, - -—— -——|+3x% |2bcAppel IF1|~, =, 2, —, -——, -—|+adAppel IFL| =, ~, 1, —, - — - —]
3 c a 3 2 3 c a 3 2 3 c a

® Problem 376: Result more than twice size of optimal antiderivative.

(C +dX3>3/2
— dx
x2 (a+bx3)

Optimal (type 6, 63 leaves, 2steps):
ccrdx® Appel IFL[-%, 1, -% 2 _0¢  dx

3
ax 1+d4
[

Result (type 6, 450 leaves):
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1 2 1 5 d x3 b x3 2 1 5 dx3 b x3
c|l25¢ (2bc:—5ad)x3AppeIIFl[f, T, o, o 7—} / —10acAppeIIF1{f, . TR, 7—]+
10x (a+bx®)+/c+dx3 3 2 3 ¢ a 3 2 3 ¢ a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
3x°8 2bcAppeIIF1{—, - 2, = -—, 7—}+adAppeIIF1{—, -1 - -—, 7—} +
3 2 3 C a 3 2 3 c a
5 1 8 dx3 b x3
16a(bcx3(1OC+9dx3)+2a(5c2+50dx3—d2x6)>AppeIIFl[—, -, 1, —,——,——}—
3 2 3 c a
8 1 11 dx3 b x3 8 3 11 dx3 b x3
30x% (a+bx?) (c+dx?) 2bcAppeIIF1{—, - 2, —, -—, 7—}+adAppeIIFl[—, -1, — -—, 7—] /
3 2 3 [ a 3 2 3 c a
5 1 8 dx3 b x3
a —16acAppeIIFl[—, -1, -, - , _7]+
3 2 3 c a
8 1 11 dx3 b x3 8 3 11 dx3 b x3
3x°8 2bcAppe||Fl{—, - 2, —, -—, 7—]+adAppe|IF1 - = 1 - -— 7—}
3 2 3 C a 3 2 3 C a

® Problem 377: Result more than twice size of optimal antiderivative.

(C +dX3>3/2
——dx
x® (a+bx3)
Optimal (type 6, 65leaves, 2 steps):
c\c+dx® Appel IF1[-2, 1, -3 1 b dc

dx3
c

2ax? _[1+

Result (type 6, 449 leaves):



510 | 1.1.3 General.nb

1 1 1 4 dx3 b x3 1 4 dx3 b x3
c 16c<4bc77ad>x3mma|F1Lﬂ . PR 7——ﬁ / 78acmmm|F1jf . DR
8xZ (a+bx3) \/c+dx? 3 2 3 ¢ a 2 3 ¢ a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
3x°8 2bcAppeIIF1{—, - 2, = -—, 7—}+adAppeIIF1{—, -1 - -—, 7—} +
3 2 3 C a 3 2 3 c a
4 1 7 dx3 b x3
7a(bcx3 (80+9dx3)+a(8c2+80dx3—4d2x6)>AppeIIFl[—, -1, - - — ——}—
3 2 3 c a
7 1 10 dx3 b x3 7 3 10 dx3 b x3
12x% (a+bx?) (c+dx?) 2bcAppeIIF1{—, -2, — - - — +adAppeIIF1[—, -1, — -— 7—] /
3 2 3 [ a 3 2 3 c a
4 1 7 dx3 b x3
a -—14a(:AppeIIFl[4q S T, _4447]+
3 2 3 c a
7 1 10 dx3 b x3 7 3 10 dx3 b x3
3x°8 2bcAppe||Fl{—, - 2, —, -—, 7—]+adAppe|IF1 - = 1 - -— 7—}
3 2 3 C a 3 2 3 c a
® Problem 381: Result unnecessarily involves higher level functions.
1
dx
x (a+bx3)~Jc+dx3
Optimal (type 3, 85leaves, 6 steps):
2ArcTanh[—vc+dx3 } ZWArcTanh[iﬁ (edx? }
Ve Vbc-ad
- +
3a+/c 3a+vbc-ad
Result (type 6, 162 leaves):
3 1 5 c a
10bdx®Appel IFL|—, —, 1, —, - —, - — / 9 (a+bx3)/c+dx3
[ {2 2 2 dx3 bX:J ( )
3 1 5 c a 5 1 7 c a 5 3 7 c a
[—5bdx3deIF1Pa 7,1,7,74—7,7447}+2admmmlplﬁﬂ Z2, - -—— - ] +bcaAppellF1] =, 7,1,7,74—7,74—7}]
2 2 2 dx3 b x3 2 2 2 dx3 b x3 2 2 2 dx3 b x3

® Problem 382: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J dx
x* (a+bx3) ~Jc+dx®

Optimal (type 3, 117 leaves, 7 steps):

3 (2bc+ad)ArcTanh[“c+dx3 } 2b3/2ArcTanh[L W}
Ve +dx Ve Vbcad

— + —

3acx® 3aZcd¥? 3a2+/bc-ad
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Result (type 6, 409 leaves) :

1 1 dx3 b x3
6bdx6AppeIIF1[1, 21,02, - f—] /
9 x3 (a+bx3)x/c+dx3 2 ¢ a
1 dx3 b x3 1 dx3 b x3 3 dx3 b x3
74acAppeIIF1{1, ~o1,02, - —, 7—}+x3 2bcAppe||F1[2, Z,2,3 - —, +adAppe||F1[2, =1, 3, - — 7—} N
2 c a 2 c a 2 c a

1 5 c a
[5bdx3 (3ac+bcx3+2adx3+3bdx6)AppeIIFl[ , =1, = - — —]—
2 2

" dx® bxd

3
2
7

E!

5 1 c 5 3 7 c a
3 (a+bx3) (c+dx?) 2adAppeIIFl{f, ~, 2, B ]+bcAppeIIFl{f, B P _—] )/
2 2 dx3 b x3 2 2 2 d x3 b x3
3 1 5 c 5 1 7 c a
ac —5bdx3AppeIIFl[f, S +2adAppeIIFl[f, I S
2 2 2 dx3 b x3 2 2 2 d x3 b x3
7 C a

5 3
b ¢ Appel | Fl[—, 1,
2" 2

|

® Problem 383: Result more than twice size of optimal antiderivative.

2" dx3 7b?}

J\ 3X1/ 3
dx
(a+bX> C+dX

Optimal (type 6, 64 leaves, 2 steps):
SN AppellFl[;l, 1, 3, L, b 40

4a~/c+dx3

Result (type 6, 165 leaves):

4 1 7 dx3 b x3 4 1 7 dx3 b x3
- 7acx4Appe||Fl{—, -1, - -—, 7—} / 2 (a+bx¥) Jc+dx? 714acAppeIIFl[—, -1, - - - — |+
3 2 3 C a 3 2 3 c a
7 1 10 d x3 b x3 7 3 10 d x3 b x3
3 x3 2bCAppeIIF1{7, T2, o, o ——]AfadAppeIIFl[f, o, o _—}
3 2 3 c a 3 2 3 c a

® Problem 384: Result more than twice size of optimal antiderivative.

J\ X
dXx
(a+bX>\C+dX

Optimal (type 6, 64 leaves, 2 steps):
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dx3 2 1 5 b x3 dx3
X2 [1+ 95 Appel IFL[Z, 1, 5, 5, -2, -9
2a~/c+dx3
Result (type 6, 163 leaves):
2 1 5 dx3 b x3 2 1 5 d x3 b x3
- 5acx2Appe||Fl{—, -1, - -—, 7—} / (a+bx®)\Jc+dx? 710acAppeIIFl[—, -1, - - - —
3 2 3 C a 3 2 3 c a
5 1 8 d x3 b x3 5 3 8 d x3 x3
3 x3 2bCAppeIIF1{7, Z2, -, -, ——}+adAppeIIFl{—, B _—}
3 2 3 c a 3 2 3 c a
® Problem 385: Result more than twice size of optimal antiderivative.
1
J dx
(a+bx3)~Jc+dx?
Optimal (type 6, 59 leaves, 2 steps):
dx3 1 1 4 b x3 dx3
x| [1+ %5 Appel IFL[ S, 1, 5, 5, -0, -0
a/c+dx3
Result (type 6, 161 leaves):
1 1 4 d x3 b x3 1 1 4 d x3 b x3
_ 8achppe||F1[f, o1, -, - 7—} / (a+bx3) \Jcdx3 78acAppeIIFl{f, B DR
3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
3 x3 2bcAppeIIF1{f, T2, -, o ——}JradAppeIIFl{f, . TR 7—}
3 2 3 c a 3 2 3 c a

Problem 386: Result more than twice size of optimal antiderivative.

1
J ax
x2 (a+bx3) NJeo+dx3

Optimal (type 6, 62leaves, 2 steps):
dx3® 1 1 2
1+ pppellFL[-3, 1, 2, 2, -2, 90X

ax/c+dx3

Result (type 6, 345 leaves):
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1
10x+/c +dx3
10 (c +d x3) 2 1 5 dx3 bx3 2 1 5 dx® bx3
L. |25(@2bc-ad) x3Appel IF1][—, =, 1, =, -, _—] / (a+bx?) —10acAppeIIF1[f, S .
ac 3 2 3 c a 3 2 3 [ a
5 1 8 dx3 b x3 5 3 8 dx3 b x3
3 x3 2bcAppeIIF1[—, =2, -, -, 7—]+adAppeIIF1[—, B R 7—] -
3 2 3 c a 3 2 3 c a
5 1 8 dx3 b x3 5 1 8 dx3 b x3
16bdx6AppeIIF1{f, . T _—} / (a+bx?) —16acAppeIIF1{f, . T _—%
3 2 3 C a 3 2 3 c a
8 1 11 dx3 b x3 8 3 11 dx3 b x3
3 x3 2bcAppeIIF1[f, Y N ——}+adAppeIIF1{—, o1, 5, o _—]
3 2 3 c a 3 2 3 c a
® Problem 387: Result more than twice size of optimal antiderivative.
1
J dx
x* (a+bx3) ~fc+dx3
Optimal (type 6, 64 leaves, 2 steps):
dx3 2 11 b x3 dx3
LS5 Appel IFL[-2, 1, 5, 5, - 20, 98
2ax?~/c+dx3
Result (type 6, 344 leaves):
1
8x2+/c+dx3
4 (c+dx?) 11 4 dx® bx3 11 4 dx® bx3
-— 4+ |16 (4bc+ad) x*Appel IF1|—, — 1, —, - —, 7—} / (a+bx?) 78acAppeIIF1[—, -1, - - - — |+
ac 3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 3 7 dx3 b x3
3 x3 [ZbcAppeIIFl[, Y N ——]+adAppeIIF1[f, 1, -, - _—] ]+
3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 1 7 d x3 b x3
7bdx6Appe||F1[—, Y T — 7—] / (a+bx3) 714acAppeIIFl[—, S T — 7—]+
3 2 3 c a 3 2 3 c a
7 1 10 d x3 b x3 7 3 10 dx3 b x3
3x°8 2bcAppeI|F1[—, - 2, —, -—, 7—}+adAppe||Fl{—, -1, — -—, 7—]
3 2 3 c a 3 2 3 c a
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® Problem 391: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ix
X (a+bx3) (c+dx3)3/2

Optimal (type 3, 114 leaves, 7 steps):

2ArcTanh[ fcxdx? } 2b3/2ArcTanh[L W}
2d N Vbc-ad

- - +

3/2 _ 3/2
3c (bc-ad) [c+dx3 3ac 3a(bc-ad)

Result (type 6, 396 leaves):

1 dx3 b x3
[Zd 6abx3Appe||F1[1, “o1,02, -, -—] /
2 C a
1 dx*  bx® 1 dx3  bx3 3
—4acAppeIIF1{l, . T J—— 7—]+x3 2bcAppe||F1[2, 22,3 - —, - +adAppeIIF1[2,
2 c a 2 c a
3 1 5 c a
[be3 (2ad+b (C+3dx3))Appe||F1[—, -1 - -— 7—]7
2" 2 2" dx3 bx3
5 1 7 c a 5 3 7 c a
3 (a+bx?) 2adAppeIIF1{—, S — 7—]+bcAppeIIF1{—, o1 -, 7—] ]/
2 2 2 dx3 b x3 2 2 2 d x3 b x3
3 1 5 c a 5 1 7 c a
[c -5bdx®Appel IF1[=, =, 1, =, -——, - —|.2adAppel IF1[>, =, 2, -, - —, - —|
2 2 2 dx3 b x3 2 2 2 d x3 b x3

5 3 7 c a
beAppel IFL[=, =, 1, = ~——, - —]
2" 2 2" dx®  bx3

/ (9 (bc-ad) (a+bx?) x/c+dx3)

® Problem 392: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1
J ix
x4 (a+bx3) (c +dx3)3/2

Optimal (type 3, 158 leaves, 8steps):

3/ c+d x3 5,2 Vb /c+dx3
d(bc-3ad) 1 (2bc+3ad)ArcTanh{ = ] 2b ArcTanh{ﬁ}

— — + —

2 ~5/2 2 _ 3/2
3ac?2 (bc-ad)+c+dx® 3acxd+c+dx? sa’c 3a% (bc-ad)

Result (type 6, 501 leaves):

|
-
w

|

|
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1 dx® bx® 1 dx®  bx3
6bcd (bC—3ad)x6AppeIIF1{l, 21,02, - 7—] / (bc-ad) —4acAppeIIFl[1, To1, 2, - 2
2 C a 2 [ a
1 d x3 b x3 3 dx3 b x3
x3 2bcAppe||F1{2, ~,2,8 - — 7—}+adAppellFl[2, ~01,8 - — 7—] -
2 c a 2 c a
3 1 5 c a
[dexs(—Sazd(c+2dx3)+bzcx3 (c+3dx3)+ab(3c2—cdx3—9d2x6)>AppeIIFl[—, -1, - - -+
2 2 2 dx3 b x3

3 (-b?cx?® (c+dx®) +a’d (c+3dx?) -ab (c?-3d*x°))

5 1 7 c a 5 3 7 c a
ZadAppeIIFl[f, I N ——]+bcAppeIIF1[f, R PR ]/
2 2 2 dx3 b x3 2 2 2 dx3 b x3
3 1 5 [ a 5 1 7 c a
a(-bc+ad) [—dex?’AppeIIFl[f, “1 5, -—— -——|+2adAppel IFL[Z, =, 2, - - — ]
2 2 2 d x3 b x3 2 2 2 d x3 b x3
5 3 7 c a
bcAppel lIF1|—, — 1, —, - —, - —— ] /{gczx3 a+bx® x/c+dx3]
{2 2 2 dx3 b x3 ( )
® Problem 393: Result more than twice size of optimal antiderivative.
X3
dx
(a+bx3) (c+dx3)>?
Optimal (type 6, 67 leaves, 2 steps):
4 dx? 4 3 7 b x3 dx®
x [1e 95 Appel IFL[S, 1, 3, 1 -2, -
4ac~/c+dx3
Result (type 6, 332leaves):
1 1 1 4 dx3 b x3 1 1 4 dx3 b x3
X |-4- 32a2cAppe||F1[—, =1 -, 7—} / (a+bx3) 78acAppeIIF1[—, o1 -, o
6 (-bc+ad)c+dx® 3 2 3 ¢ a 3 2 3 ¢ a
4 1 7 d x3 b x3 4 3 7 d x3 b x3
3 x3 2bcAppeIIF1{f, Z2, -, -, ——}+adAppeIIFl{f, B _—} +
3 2 3 c a 3 2 3 c a
4 1 7 dx3 b x3 4 1 7 dx3 b x3
7abcx3Appe||F1[—, o1, -, - 7—} / (a+bx3) |-14acAppel IFL|—, —, 1, —, - —, 7—%
3 2 3 C a 3 2 3 C a
7 1 10 dx3 b x3 7 3 10 d x3 b x3
3x3 2bcAppeIIF1{f, B ——]AfadAppeIIFl{f, N P _—}
3 2 3 c a 3 2 3 c a

® Problem 394: Result more than twice size of optimal antiderivative.

J\ X
X
(a+bx3) <C+dX3)3/2
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Optimal (type 6, 67 leaves, 2 steps):

2 dx3 2 3 5 b x3 dx3
X2 [1+ 95 Appel IFL[Z, 1, 3, 5 -2, -9
2ac+/c+dx3
Result (type 6, 366 leaves):
1
15+/c +dx3
2 1 5 dx3 b x3 2 1
x? 25a<3bc+ad)AppeIIF1{f, -1, - -—, 7—} / (-bc+ad) (a+bx?) 710acAppeIIF1[f, — 1, —
3 2 3 c a 3 2 3
5 1 8 dx3 b x3 5 3 8 dx3 b x3
3x3 2bcAppeIIF1{—, R 7—}+adAppeIIF1{—, =1, -, - 7—} i
3 2 3 c a 3 2 3 c a
5 5 1 8 dx3 b x3 5
2d |- —— . 8abx3AppeIIF1{f, Zo1, -, - _—] / (-bc+ad) (a+bx3) —16acAppeIIF1{f,
bc2-acd 3 2 3 c a 3
8 1 11 dx3 b x3 8 3 11 dx3 b x3
3x3 2bcAppeIIFl{—, o2, &, o 7—}+adAppeIIFl[—, -1, =, - 7—}
3 2 3 c a 3 2 3 c a

® Problem 395: Result more than twice size of optimal antiderivative.

1
dx
J(a+bx3) (c+dx3)%?

Optimal (type 6, 62leaves, 2 steps):

dax® 1 4
x [1+2% appellFL[2, 1, &, 4 bx o

ac~/c+dx3

Result (type 6, 362 leaves):
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1 4d

- +
bczZ-acd

X

6+/c+dx3

1 1 4 dx3 b x3 4 dx3 b x3
16a(—3bc+ad)AppeIIFl{—, -1, -, -— ——} / (bc-ad) (a+bx3> —8acAppeIIF1{—, -1, -, - . - +
3 2 3 c a 3 c a
4 1 7 d x3 b x3 4 3 7 dx3 b x3
3x°8 2bcAppeIIFl{—, - 2, - -—, 7—}+adAppeIIFl{—, -1, - -—, —} -
3 2 3 c a 3 2 3 c a
4 1 7 x3 b x3 4 1 7 d x3 b x3
7abdx3AppeIIF1[—, -1, - - — ——} / (-bc+ad) (a+bx3) —14acAppeIIF1[—, -1, —, - . - +
3 2 3 c a 3 2 3 c a
7 1 10 dx3 b x3 7 3 10 d x3 b x3
3x3 2bcAppe||F1{—, o2, o ——]+adAppeIIF1{—, N P 7—}
3 2 3 c a 3 2 3 c a
® Problem 396: Result more than twice size of optimal antiderivative.
1
dx
x2 (a+bx3) (c+dx3)3/2
Optimal (type 6, 65leaves, 2 steps):
dx3 1 3 2 b x3 dx3
1+ pppellFL[-3, 1, 3, 2, -2, 90X
acxi/c+dx3
Result (type 6, 408 leaves):
1 2 1 5 dx3 b x3
25¢ (6b%c?-3abcd«5a’d?) x® Appel IFL[ =, —, 1, —, - — - —| /
30c?x+/c+dx3 3 2 3 ¢ a
2 1 5 d x3 b x3
(bc-ad) (a+bx?) —10acAppeIIF1[—, -1, - -—, 7—}+
3 2 3 c a
5 1 8 dx3 x3 5 3 8 dx3 b x3
3x3 2bcAppeIIF1[7, T2, o, -, ——]+adAppeIIF1[f, D _7] .
3 2 3 c a 3 2 3 c a
15bc(c+dx3) 5 1 8 d x3 b x3
1/ (-bc+ad)2 —5d(3c+5dx3)+[8bcd (3bc-5ad) x®Appel IF1|—, —, 1, —, - —, 7—} /
a 3 2 3 c a
5 1 8 d x3 b x3
(a+bx?) —16acAppeIIF1[f, Zo1, =, - - ¥
3 2 3 c a
8 1 11 dx3 b x3 8 3 11 d x3 b x3
3x3 2bcAppeIIF1[f, I M ——]+adAppeIIF1 A P _—}
3 2 3 c a 3 2 3 c a
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® Problem 397: Result more than twice size of optimal antiderivative.

1
J ix
x3 (a+bx3) (c +dx3)3/2

Optimal (type 6, 67 leaves, 2 steps):

1+ 9% pppel IFL[-2, 1, 2, 1 0 ox

2acx?i/c+dx3

Result (type 6, 418 leaves):

1 12bc (c+dx®) -4ad (3c+7dx?) 1 1 4 dx3
16c (12b®c*+3abcd-7a®d®) x* Appel IF1|—, —, 1, —, -—,
2062t o ant a(bo-ag) S
1 1 4 dx3 b x3
(bc-ad) (a+bx®) 8acAppeIIF1{f -1, - -— ——]+
3 2 3 c a
4 1 7 X b x3 4 3 7 dx3 b x3
3x3 2bcAppeIIF1[—, Zo2, -, -, 7—]+adAppeIIF1[—, 1, -, - 7—] .
3 2 3 c a 3 2 3 c a
4 1 7 d x3 b x3 4 1 7
7bcd (3bc-7ad)x6AppeIIF1[f R _—} / (bc-ad) (a+bx3) —14acAppeIIF1[f C1, -, -
3 2 3 c a 3 2 3
7 1 10 d x3 b x3 7 3 10 dx3 b x3
3x8 2bcAppeIIF1[f, - 2, — -—, _—}+adAppeIIF1{f, -1 - -— —7]
3 2 3 c a 3 2 3 c a

® Problem 402: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

[

8c-dx3)?

Optimal (type 3, 88leaves, 7 steps):

W SNCTanh{@} ArcTanh{W]

C

N
24c (8c-dx3) 288 c3/2 96 ¢c3/2

Result (type 6, 316 leaves):
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1 1 dX3 dx3
24dx3Appe||F1{1, S T W /
72-Jcrdx® 2 c ' s8c
1 dx3 dx3 1 dx® dx3 3 4G dyd
(8c-dx®) |16cAppel IFL[1, =, 1, 2, -——, ——]+dx® |Appel IF1[2, =, 2,8, -—, —| -4Appel IF1[2, =, 1,3, -—, e
2 c 8c 2 c 8¢ 5 c 8 e
-3- = +5dx3Appe||F1[ Loy d—a}dGcAppellFl[g%2,;,—ﬁ,%}chppellFl[;;l,;,ﬁ’%}
-8c+dx®

® Problem 403: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

o

x4 80—dx3)

dx

Optimal (type 3, 124 leaves, 8steps):

A c+d x3 A e+dx3
d~/c +dx3 W 7dArcTanh[ SW} dArcTanh[ S }
_ N _
96c? (8c-dx®) 24cx®(8c-dx3) 1152 ¢5/2 128 ¢5/2

Result (type 6, 338 leaves):

1 1 dx3 dx3
8cd® xS Appel IF1[1, —, 1,2, - — ] /
96 c2x3+/c+dx3 2 ¢ 8c
1 dx3 dx3 1 dx3 dx3 3 dx3 dx8
(8c-dx3) 16cAppe||F1{1, Zo1, 2, - ]+dx3 AppellFl{z, 22,8 - ]-4Appe|||:1 2, ~,1,3 - —, = .
2 c 8c 2 c 8c 2 c 8c
3 1 5 c 8c
1/ (-8c+dx®)|4c?+3cdx®-d?x®+ |10c d?x® Appel I F1[ =, =, 1, =, s —] /
2 2 2 dx3 dx3
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8c
[5dx3AppeIIFl[—, S T —]+16cAppeIIF1[f, I S —]—cAppeIIFl R TR } ]
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2 2 2 dx3 dx3

® Problem 404: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J \/ C c+dx3
X7

—dx3)

dx

Optimal (type 3, 164 leaves, 9steps):
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5d%/c + dx® Jevdx? 7d+Jc+dx3 stzNCTanh{%} 4 A cTanh [ S|

+ —

1536 ¢® (8¢ -dx3) ) 48cx® (8c-dx3) ) 384c?x3 (8c-dx?) 18432 c7/2 2048 c7/2

Result (type 6, 349 leaves):

1 1 dx3 dx3
40cd3x9Appe||F1{1, Zo1,2, - —, /
1536 c3 x6+/c +d x3 2 ¢ 8c
1 dx3 dx3 1 dx3 dx3 3 dx® dx3
(8c-dx3) 16cAppe||F1{1, 21,2, - ]+dx3 AppellFl{z, 2,38 - — ]-4Appe|||:1[2, 21,8 - —, —} ‘
2 c 8c 2 c 8c 2 c 8c
3 1 5 c 8c
1/(-8c+dx?) 32c3+6002dx3+23cd2x675d3x9+(1Ocd3x9AppeIIFl[—, -1, -, -—, —] /
2 2 2 dx3® dx3
3 1 5 c 8c 5 1 7 c 8c 5 3 7 c 8c
[5dx3AppeIIFl[f, R —]+160Appe|lF1[f, T2, -, o, —]—cAppeIIFl[—, B —} ]
2 2 2 dx3 dx3 2 2 2 dx3 dx3 2 2 2 dx3 dx3

® Problem 405: Result unnecessarily involves higher level functions.

Jx7xlc+dx3

(8C—dx3)2

dx

Optimal (type 4, 663 leaves, 15 steps):
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13x2+/c +dx3 746 c+/c +dx3 x5+/c +dx3

+ + +
21 d2 21d8/3((1+ﬁ) c1/3+d1/3x) 3d (8c-dx3)
76 c7/6 ArcTan[—ﬁ il Gt} ] 76¢7/6 ArcTanh[7@1/3*0‘1“)2 } 26 67/6 Ar cTanh | Yerdx®
N c+dx3 3ct/6q/c+dx® 6c ctan [ 3¢ ]
_ . _
3/3 d8/3 9 d8/3 9d8/3
c2/3 _cl/3 ¢1/3 x 4 d2/3 x2 1-+/3 ) ¢cl/3 4 dl/3x

373\ 2-/3 c*/® (c13 4 d¥3x) EllipticE|[ArcSin| ) | -7-4V3] /

((l+\/?) cl/3+d1/3x)2 (1+ﬁ) cl/8 4 di8x

cl/3 (gl1/3 4 g1/3
7 x 3%/4 8738 ( ’ ) . Ae+dx3d |+
((1+\/?) 01/3+d1/3x)

(17\/?) 01/3+d1’3 X
(1+ﬁ) cl/3.4d1/3 x

746 /2 43 (c1/3 4+ dP3x) (“?3’?)“””’2’”)2 El i pticF|ArcSin|
14+4/3 | ct/84dl/8 x

1/3 1/3+ 1/3
21 34 ges | S LTRIT fo gys

((l+ﬁ) cl/3.d1/3 X)

| 7-aE)

Result (type 6, 344 leaves):

2 1 5 dx3 dx8
2x? |5 (c+dx?) (-52c+3dx?) + 1040003AppeIIF1{7, -1, - -— — /
3 2 3 ¢ 8c
2 1 5 dx3® dx8 5 1 8 dx3® dx8 5 3 8 dx® dx®
40cAppel IF1[ =, =, 1, =, -——, ——]+3dx® |Appel IF1|=, =, 2, -, -——, ——|-4Appel IF1[=, — 1, —, - —, ——
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3 5 1 8 dx3® dx8
1193602dx3AppellF1[f, -1, - -—, —} / 64cAppeIIF1[f, -1, - -—, —]+
3 2 3 c  8c 3 2 3 ¢ 8c

8 1 11 dx® dx3 8 3 11 dx3 dx3
Appel IFL[—, =, 2, —, -——, ——|-4Appel IF1[-, —, 1, —, - —, —]
3 2 3 c 8c 3 2 3 c 8c

3dx®

m/ (105"2 (-8c+dx?) m)

® Problem 406: Result unnecessarily involves higher level functions.

Jx4x/c+dx3

(Bc-dx?)?

dx

Optimal (type 4, 641leaves, 14 steps):
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(c1/3.d13 x)2 ]

5¢1/6 ArcTan {—ﬁ il Gl k) }
7+/c+dx3 x24/c +dx3 Jesdx? 36176 \[crd X3
- +

3d5/3((1+\E)Cl/3+dl/3x)Jr?,d(Sc—dx3)+ 3+/3 d5/8 9 d5/3

5c1/6 Ar cTanh[

(1 \/37) c1/8,d1/3 x
(1+\/7) cl/8,d/3 x

ey 7N2-/3 ct/8 (cl/? 4 di3x) CPPclP AV x-dEXE gy pt cE{Ar cSi n[

| (13 | et2eatox]? | -7-4+3]
\/?

5c¢1/8 Ar cTanh[

9 d5/3

Cl/3 C1/3+d1/3x
2, 33/4 §5/3 ( ) . [+ dx3

((1+\E) cl/8,dt/3 XJ

(17\/?) cl/3.d/3 x
(l*’\/?) 01"3+d1"3 X

7+/2 ct/3 (/8 1 dl3x) PRI XX gy gt cF[Ar cSi n{

i [, -7-4v3]
((1+ﬁ) cl’3+d1"3x)

Cl/3 C1/3+d1/3x
3y 31/4 ¢5/3 ( ) i [c+dx3

( (l+\/?) cl/34dl/3 X)

Result (type 6, 357 leaves):

1 5 (c+dx®) 2 1 5 dx3 dx3
X2 |- ——+|200c2 Appel IFL[—, =, 1, ~, - ——, —| / d(-8c+dx?)
15 /¢ + d x3 d(-8c+dx3) 3 2 3 c 8c
2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8
40cAppe||F1[— S, o, o —]+3dx3 AppellFl[— T2, o, - —] apppel 1FL[Z, 21, =, -
3 2 3 c 8¢ 3 2 3 c 8¢ 3 2 3
5 1 8 dx3 dx3
224 ¢ x3 AppeIIFl[f B T —] / (8c-dx?)
3 2 3 c  8c
5 1 8 dx3 dx3 8 1 11 dx3 dx3 8 3 11
64cAppeIIF1[f o1, -, - —]+3dx3 AppeIIFl[f, o2, o2 "] _amppellF1[ -, &1,
3 2 3 c  8c 3 2 3 c 8¢ 3 2 3

® Problem 407: Result unnecessarily involves higher level functions.

[iossze

dx3

Optimal (type 4, 644 leaves, 14 steps):
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VE elE (cl/adix) (c1/3:1/3 x)2 ]

\Jc+dx3 x2+/c+dx3 ArcTan[ c+d x3 } ArcTanh[gCl,ex/mdxg

+ +
24 ¢ d2/3 ((hﬁ) C1/3+d1/3x) 24c (8¢ -dx3) 48 \/3 c5/6 ¢2/3 144 ¢5/6 2/3

2/3_~1/3 g1/ 2/3 2 17\/37) cl/3.dt/3 x
— 2-+/3 (c13.dl/3x) | EECRAEXdTE gy ticEArcSin(—,7774\E
ArcTanh[ cudx? } ( : ) ((l+ﬁ)c1/3+d1’3x)2 P { [(1+ﬁ) c1/3+d1’3x} }
Cc
14405/6 d2/3 - i
16 x 3%/4 c2/3 ¢2/3 G G ud I PN
((l+ﬁ) c1/3+d1/3x)
/ / / / 1-4/3 ) c1/3.d1/3
(C1/3+d1/3x> Cz3,c13d13x+d23x22 ElllptICF{Arcsl n[()c—)(}‘ _7_4\/?}
((14-\/37) c1/3+d1/3x) (1+\/3_) cl/3.dt/3 x
122 31/4c2/3 ¢23 ) e dx®
(13 | ctoearix)?
Result (type 6, 353 leaves):
1 5 (c+dx®) 2 1 5 dx® dx3
X +|100cAppel IFL[ =, =, 1, =, - ——, ——| / (8c-dx?)

120 /¢ - d x3 c (8c-dx3) 3 2 3 c 8c

2 1 5 dx® dx8 5 1 8 dx® dx3 5 3 8 dx® dx3
40cAppe||F1[—, S, o, o —]+3dx3 AppellFl[—, T2, o, - —]—4AppeIIF1 R .
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3
32dx3AppeIIF1{—, P, —} / (-8c+dx?)
3 2 3 c 8c
5 1 8 dx3 dx3 8 1 11 dx® dx3 8 3 11 dx3 dx3
64cAppeIIF1[f, o1, -, - —]+3dx3 AppeIIFl[f, o2, &, o “Z ] camppellFL[ -, Z1, o, o —}

3 2 3 c 8¢ 3 2 3 c 8c 3 2 3 [ 8¢

® Problem 408: Result unnecessarily involves higher level functions.

\Jc+dx3

x2 (Scfdx?’)2

dx

Optimal (type 4, 665 leaves, 15 steps):



524 | 1.1.3 General.nb

A3 ¢cl/e <c1’3+d1’3x) ] (c1/3+d1/3x)2 ]

d/3 ArcTan
AJc+dx3 di/3+/c +dx3 \Jc+dx3 [ \c+d x3 3¢l/64/c+d x3

— + —

+ +
48 c2 x 48 ¢?2 ((1+ﬁ) c1/3 4 d1/3 x) 24cx (8c-dx3?) 48 /3 cl1/6 144 c11/6

di/s ArcTanh[

2/3_¢1/3 g1/ 2/3 y2 /3 ) cl/3.d1/3
V2 -3 dls (clBadtx) | e e dC g pti cE[ArcS) n[w—dx} -7-443 |
((1V3 ) c22eatax)® (1:/3) e1/3:d12 x

di’3 Ar cTanh[ V?d X }

C

144 c11/6

cl/3 (cl/3,di/3 x
32 x 33/4¢5/8 ( ) ~ AJc+dx3

((l+ﬁ) cl/3.,d1/3 X)

(lfﬁ) cl/3.d3 x
(1+\/3_) cl/3.dt/3 x

di/3 (¢34 qlex) | St SRS g pticF[ArcSin|

8 |, -7-4v3|
((1+\/37) c1/3+d1/3x)

cl/3 (C1’3+d1/3 X)
24+/2 31458 ~ yJc+dx3

(1443 ) couaio x|

Result (type 6, 372 leaves):

1 5(6c-dx3) (c+dx?) 2 1 5 dx® dx3
- . y +[125dx2Appe||F1{, 1o, — —] /((SC—dx?’)
30 /¢ + d x3 8c? (8cx-dx*) 3 2 3 c 8c

2 1 5 dx3 dx3 5 1 8 dx3 dx3 5 3 8 dx3 dx3
40<:Appe||F1[—, S, o, o —}+3dx3 AppellFl[—, T2, o, -, —}—4AppeIIF1{—, R P —] -
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3
4d2x5AppeIIF1{—, =1 -, o —} / c (8c-dx?)
3 2 3 c  8c
5 1 8 dx® dx3 8 1 11 dx3 dx3 8 3 11 dx® dx3
64CAppeIIF1[7, U T —}+3dx3 AppeIIFl{f, T2, & o "] camppellFA[ -, S 1, &, o2 5
3 2 3 ¢ 8c 3 2 3 c  8c 3 2 3 ¢ 8c

® Problem 409: Result unnecessarily involves higher level functions.

\Jc+dx3

x5 (Scfdx?’)2

dx

Optimal (type 4, 687 leaves, 16 steps):



74/c+dx3 d+/c +dx3
- - +

d4/3+/c +dx®
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\ECLG (c1/3+d1’3x) }

\c+d x3

(c1/34d1/3 X)Z ]

3cl/6/c+dx3

17 d4/3 ArcTan { 17 d*/3 Ar cTanh [

i/ c+dx3

+ - + -
768 c? x4 96 c3 x 9603((1A+wﬁ?)c1“A»d”3x) 24cx* (8c-dx3?) 3072 /3 cl7/6 9216 c17/6
2/3_~1/3 41/ 2/3 2 17\/?JC1/3+d1’3X
 \2-4/3 d48 (13 dl3x) | LEePdEXdPE gy nti cE[ArcSin (13 ) ereearex , -7-4+/3
17 d4/3ArCTanh{ crdx® ] \/7 < " ) ((l+\/?) cl’3+d1/3x)2 P [ {<l+\/37) c1’3+d1/3x] \/7}
3¢
9216 c17/6 ) :
1/3 1’3+d1’3X>
64 x 33/4 ¢8/3 o [e NJc+dx3
((1+\/37) cl/3+d1/3x)2
/ / / / 1-4/3 ) c1/3.d1/3
d4/3 (C1/3+d1/3x> Cz3,c13d13x+d23x22 ElllptICF{Arcsln[M:—x}‘ _7_4\/?}
((14-\/37) c1/3+d1/3x) (1+\/3_) cl/3.,d/3 x
1/3 1’3Jr 1/3
48 /2 31/4¢8/3 ) e dx®
(2473 ) ctoaatsx]
Result (type 6, 362 leaves):
2 1 5 dx3 dx8
-5 (c+dx®) (24c?+57cdx®-8d*x®) + 5750c2d2x6AppeIIF1{f, -1l = - /
3 2 3 c 8c
2 1 5 dx3 dx3 . 5 1 8 dx3 dx3 5 3 8 dx3 dx3
40cAppe||F1[—, -1, o, o —]+3dx AppeIIFl[—, N — —]74AppeIIF1[—, =1, -, - —] -
3 2 3 c 8¢ 3 2 3 [ 8c 3 2 3 c 8¢
5 1 8 dx3 dx3 5 1 8 dx3 dx3
2566d3X9AppellF1[f, -1, - -—, —] / 64CAppeIIF1[7, S PR
3 2 3 c 8c 3 2 3 c 8c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx® AppeIIFl{—, - 2, — -—, —]74AppeI|F1{—, -1, — -— —] J]/ (3840c3x4 (SCfdx3)x/c+dx3)
3 2 3 c 8c 3 2 3 c 8c

® Problem 410: Result unnecessarily involves higher level functions.

A/ c +dx3

x8 (807dx3)2

dx

Optimal (type 4, 711leaves, 17 steps):
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54/c +dx3 53d+/c+dx3 d?+/c+dx3 d’/3+/c +dx3
- - - + +

672 c2x’ 21504 c3 x4 5376 c* x 5376 c4 ((1“#3 ) cl/3 +d1/3x)
7,3 V3 cl/8 (c1/3.di 3 x) 7,3 (c1/3+dt/3x)? Jedxt
Jeraw 13d73 ArcTan | =5 =] 13 d7S arcTanh [ S | g d7/3 ArcTanh [ Lo0< |
c+dx \c+d x3 3ct/6/c+dx3 3¢
- + - -
24cx’ (8c-dx3) 12288 /3 ¢23/6 36864 c23/¢ 36864 c23/¢

) P ) 3 ) c1/3.d1/3
J2-/3 d73 (cV/3 4 di 3 x) (73‘?)"113::12;*)2 El1ipti cE[ArcSi n[W} -7-44/3]
1+V3 | ct/24di’3 x + Coo X

1/3 1/3+d1’3
3584 x 33/4 ¢11/3 c le ) Je.dx?

(173 ) ct2ua2x)?

/ / ) ) /3 ) cl/a gL
c237c13d13/x+d2/3)<22 EIIiptiCF[AI’CSin[%}’ 77—4\/?}
([1+ﬁ) ct 3+d13x) (1“/37) ¢t x

1/3 (1/3,41/3
2688 /2 31/4 ¢11/3 o [P e sdx3

((1+ﬁ) cl/8,dt/3 X)2

d7/3 (cl/3 4 dl/3 X)

Result (type 6, 377 leaves):

2 1 5 dx® dx3
15250 c2d®x® Appel I FL[ =, =, 1, =, - —, —]|
3 2

/

3 c 8c

[-5 (384c*+648c3dx®+243¢c?d*x®-25¢c d®x® -4d* x'?) +

2 1 5 dx® dx3 5 1 8 dx3 dx8 5 3 8 dx® dx3
40cAppel IF1[ =, =, 1, =, -——, ——|+3dx® |Appel IF1|~, =, 2, -, -——, ——|-4Appel IF1[>, =, 1, -, -—, —|
3 2 3 c 8c 3 2 3 c 8c 3 2 3 c 8c
5 1 8 dx3 dx3 5 1 8 dx® dx3
128cd4x12AppellF1{f, -1, - -—, —} / 64cAppeIIF1{f, -1, - -—, —]+
3 2 3 ¢ 8c 3 2 3 ¢ 8c
8 1 11 dx3 dx3 8 3 11 dx3 dx3
3dx3 AppeIIFl{—, S —— —]—4AppeIIF1{—, N PR 